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Analytical solution of the tokamak equilibrium. Il. The free-boundary case
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The free-boundary tokamak equilibrium problem is investigated by a surface current equivalence
method applied on the plasma boundary. In addition, use is made of a spectral representation for
the internal plasma flux surfaces as presented in Paper I [G. O. Ludwig, Phys. Plasma 24, 092502
(2017)]. The surface current distribution is determined by the Cauchy condition imposed by the
external equilibrium coils on the plasma boundary. A self-consistent approximate analytic
equilibrium is calculated for an up-down asymmetric configuration of the plasma contained by a
simplified set of poloidal field coils representing an ITER-like tokamak. Published by AIP Publishing.

[http://dx.doi.org/10.1063/1.4997794]

I. INTRODUCTION

The design of tokamak devices depends on detailed mag-
netohydrodynamic equilibrium calculations of axisymmetric
plasma configurations. In particular, the design depends on
the determination of currents in external poloidal field coils
that contain plasma of a specified cross-sectional shape. The
calculations must include the corrections in the plasma shape
necessary to make the equilibrium consistent with the field
produced by a finite set of current-carrying coils.

Little pure analytical work has been done on the free-
boundary problem. The solution of the problem is formulated
in its general form by means of the virtual-casing principle and
the containing magnetic field concept.>™ Early approximate
plasma equilibria in external multipole configurations were
determined in order to analyze free-boundary configurations
for a plasma ring.” However, the toroidal current density distri-
bution in this early model is not self-consistent because it is
assumed uniform inside the plasma, but the vacuum self-field
is calculated for a current loop centered on the magnetic axis.
Free-boundary equilibria of sharp-boundary tokamak plasmas
inside a circular conducting shell were solved in the high-beta
approximation using conformal mapping and Fourier transfor-
mations.” The sharp-boundary model reduces the plasma
description to a constant pressure volume surrounded by skin
currents. This restriction has been partly removed in further
advances of the conformal mapping methods,” but complica-
tions remain for arbitrary, noncircular cross-sections, and the
method has not been applied for finite sets of equilibrium coils.
Usually, the external equilibrium solution in an analytical
work is described using orthogonal toroidal coordinates and
large aspect ratio expansions.*”®

Due to the inherent nonlinearity, the free-boundary prob-
lem has been treated mostly using fully numerical codes.
Early numerical efforts using iterative methods”'® originated
a multitude of equilibrium solvers presently used in the
design of modern tokamaks. A detailed account of the numer-
ical methods used in these codes is presented in Ref. 11.
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In the present article, the “direct” and “inverse” aspects
of the free-boundary problem are reexamined taking advan-
tage of both the equivalent surface current density description,
closely related to the virtual-casing principle, and the analytic
simplifications introduced by a spectral representation of the
plasma flux surfaces. The spectral representation is detailed in
Paper I, where it was used to determine the approximate inter-
nal equilibrium solutions of an ITER-like tokamak. In Sec. II
of the present article, the ill-posed “direct” problem, related
to the external equilibrium field solution is reviewed, and the
currents in a system of simplified poloidal coils of the ITER-
like tokamak are approximately calculated in order to contain
the initially determined internal equilibrium. Due to the finite
number of external coils, this containment is not fully ade-
quate, and an adjustment of the plasma boundary conditions
is necessary. This problem is dealt with in Sec. III, where the
equivalent surface current density on the plasma boundary is
determined in consistency with the containing field imposed
by the external coils. In principle, the free-boundary equilib-
rium problem is solved at this stage because the adjusted sur-
face current density fully determines the internal plasma
current density distribution. This “inverse” problem for the
plasma current density can be solved by the introduction of
appropriate models for the internal solution, determining the
self-consistent current distribution in an approximate form
only. The adjustment of the internal equilibrium flux surfaces
and the related current distribution in the ITER-like tokamak
is carried out in Sec. IV. As a further application, the poloidal
flux and the equivalent surface current density distributions
on the plasma boundary, corresponding to the start of burn
conditions of ITER, are determined in Sec. V. Section VI
gives the conclusions.

Il. EXTERNAL EQUILIBRIUM FIELD ADJUSTMENT

The “direct” fixed-boundary equilibrium problem involves
the determination in the entire space of the equilibrium mag-
netic field B = Esehc —&—Em formed by the plasma self-field
Ese]f and the containing field Eext produced by external sour-
ces, for a given plasma shape. The approximate analytic solu-
tion of the Grad-Shafranov equation, presented in Paper I,'
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completely specifies the internal equilibrium magnetic field,
that is, the self-field Ese]f associated with the plasma current,
and the containing field By at the plasma boundary. Now, in
order to solve the fixed-boundary problem in all space, the
equilibrium field must be extended beyond the plasma bound-
ary. The extension of this field into a vacuum constitutes an
ill-posed problem, requiring the solution of a Cauchy-type ini-
tial-value problem for an elliptic partial differential equation.
Nevertheless, an approximate solution can be found using the
integral formulation of the problem and minimizing the qua-
dratic error between the exact containing field Eext, determined
from the internal solution, and the field produced near the
plasma boundary by either an external surface current distribu-
tion or currents in a finite set of external coils.

Using the definitions and notation introduced in Sec. IV
of Paper I, the total poloidal flux function ® = @y — ©p
between the symmetry axis and a given flux surface is given
in terms of the toroidal current density j; by Ampere’s law in
flux coordinates (p, 0, {)

N© = nV - (V) = <2nughcr. (1)

The flux linked by the magnetic axis is denoted by ®,, and
®p is the poloidal flux between the magnetic axis and the
flux surface, which is produced by the toroidal plasma cur-
rent. This equation for @ can be formally solved in terms of
the Green’s function for an impulsive toroidal ring current,
defined by

NG (7, 7) = —2nh:*(F — ) )
S(F =) =278 (7 — 7).

Here, the two-dimensional delta function is normalized in
such a way that

”SI%O(SZ(F— () =1, 3)

where d*r({) = (/g/h;)dpd0 is the differential area ele-
ment in the coordinate surface { = constant, and the quota-
tion mark indicates the coordinates of the sources.

From the Biot-Savart law for the vector potential, the
Green’s function for the axisymmetric Ampere’s equation
may be written as

G(f’;f’) _ <7rhghz cos (Al )> | @
AL

=7
where (...), = (2n)"" g”(...)dé denotes the toroidal angle
average. It follows that the flux function is given by the sur-
face integral

O(F) = “(’“s jr(7G (7 7) d*r(). 5)

!
T

Consider a general solution i of the homogeneous equa-
tion A’y = 0 of volume V. Multiplying Ampére’s law by
W/h% and the homogeneous equation by ®/h?, subtracting
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the results, integrating over the total volume V(a) of the
plasma, and applying Green’s second integral identity with
azimuthal symmetry, one obtains

. 2 o (D(a) . >
[, grveercr =4, (Knbs g n v Jart),
©

where d/(0) = hyd0 is the differential arc length along the
coordinate curve 0, and Kr="hK -V{=—i-V®/(2nuoh;)
defines the toroidal component of the equivalent surface cur-
rent density K. The second term on the right-hand side of
this equation can be written as

(D(a)ip(a) <§”/lvo;i ) o)
—vf | (T03g0) 410

Tty
W ) 7
@f v (3wt i)
Eh 7
:_q)(a){) —=.dl(0) =0, (7
tp(a) Mo

where B, = V x (yV{/2n) = —V{ x V//2n is the induc-
tion field corresponding to the axisymmetric flux function .
The line integral of B), / iy around the closed path {p(a) gives
the linked current. This current is null for the homogeneous
equation solution, whence the integral consistency condition

J LT(a)jrl//er(C) = fi;ip(a)Kﬂ// ar(o). ®)

Taking y = constant leads to the integral equivalence of jr
and K7 in terms of the total toroidal plasma current /7 (a)

“ jrdzr(C):ﬂg Krd((0) = Ir(a). 9)
Sr(a) p(a)

The integral consistency condition (8) corresponds to a con-
tour integral taken exactly on a flux surface coinciding with
the plasma boundary. With proper replacements (@ — p), this
condition is valid for any internal magnetic surface desig-
nated by the radial coordinate p. Furthermore, since Green’s
function may be expressed in terms of solutions of the homo-
geneous Ampere equation, the consistency condition allows
writing the self-flux in the outside region (vacuum region) in
terms of the equivalent surface current density K7(0) on the
plasma boundary

(Dself(F) = ,u0+

lp(a)

Kr(0)G(7;0) de(0). (10)

The total poloidal flux in the outside region is given by gy
added to the poloidal flux @ produced by the external sources

() = uoil Kr(0)G(7: 0) d0(0) + D7)

lp(a)
(vacuum region). (11)
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At the plasma boundary p = a, the constant flux condition
®(0) = ®(a) provides a link between the internal and exter-
nal sources (Dirichlet condition)

() = uoi{; Kr(0)G (0 0') de(0') + Doy, (0)

tp(a)
(plasma boundary). (12)

Just outside the plasma boundary, the total poloidal flux pro-
duced by the external sources can be written as

o) (0) :(D(a)—ﬂoif K (0)G(0;:0) ae(e)),  (13)

o)
where &(JL) designates a poloidal contour in the vacuum
region near the plasma boundary.

In an axisymmetric system, the component of the mag-
netic field tangential to a flux surface is calculated in terms

of the total poloidal flux ® by

n-vVo
27‘5//15 ’

B.=h(ixB) -V{=h(BxV() -n=— (14)
where 7 is the unit vector normal to the flux surface.
Accordingly, just outside the plasma boundary, the tangential
component of the magnetic field due to external sources is

5(+)

i x By, (0) = he(0)BLE, (0)V¢

= (£ i .0 /
= (22 fi;wKr(@ )i - VG(0;0') aeo )) Ve

15)

The normal component of B is continuous across a surface
layer of current K = h;KrV{, but the tangential component
experiences a discontinuity defined by

—

ix (B = B)) = mok. (16)

Therefore, the tangential component of the magnetic field
due to external sources is given just inside the plasma bound-

ary lp(a) by

) (9) = Ho
en(0) 2mh: (0)

— K7 (0). a7)

i#( )KT(H’)ﬁ -VG(0;0) aeo)
0

Integration over the boundary yields

§ B0 = pof K@)
lp(a) 4

i -VG(0,0) ,
x (iw Wdﬂ(@))d((@)

—u0§> K (0)de(0),
tr(a)
(18)

where
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VG (0:0) 1 inside

ff; VBT ) 40(0) = { 1/2  ontheboundary (19)
@ 2mh(0) .
0 outside

in accordance with Gauss’ theorem and Ampere’s law. Hence,
for integration exactly on the plasma boundary, the containing
field can be written as (Neumann condition)

Ho
BT exi 0) =
’ t( ) 2nhg(9)

,UOKT<0)
> .

jﬁ kr(0)i - VG (0: ) dele)
tr(a)

(20)

Now, in order to extend the containing field into the vac-
uum region, consider the poloidal flux produced by an exter-
nal surface current density K7 ex:

Do (7) = u@ Krea P)GFEF) dt), Q1)
!

where ¢ designates the external source support, which coin-
cides with a flux surface in the vacuum region. This is an
application of the virtual-casing principle.” To attain equilib-
rium, the magnetic field produced by the current K7 ¢y flow-
ing on ¢ must be such that its tangential component on /p(a)
coincides with the containing field B.ex(0) related to the
current K7(0). Hence, the desired current Krey is deter-
mined by a Fredholm integral equation of the first kind

{;Km(ﬁ )i - VG(0;7) de(7)

— he (0)Kr(0) — jﬁ

tp(a)

Kr(0)i-VG(0;0) aeo),
(22)

which constitutes an ill-posed problem, since the addition of
a rapidly oscillating term to K¢y will not change the value
of the integral. This equation can be numerically solved for
K7 exi by means of regularization techniques that eliminate
the oscillating terms in the solution. Conversely, the above
equation constitutes a usually well-conditioned Fredholm
equation of second kind for K7 (0).

The external current carrying surface is not required
to be flux-conserving (superconducting) as in most first-
generation short-pulsed tokamaks. An approximate solution
for Krex can be obtained limiting the external sources to a
finite set of coils. For a circular coil with current density

o = LO2(F — 7o), ” PF-F)dS =1, (23)
Sk

the corresponding poloidal flux is
O (F) = uo“ WG 7) dS, = uliG(F; 7). (24)
Sk

Each coil produces a magnetic field component tangential to
lp(a) given by
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n- V(I)k ,uolk R .
B..(0) = — _ VG(0:7), (25
#(0) 2h(0) 21k (0) (0:70), @5

so that the coils currents I, at fixed positions 7 can be deter-
mined by a least-squares technique in order to satisfy the
approximate external equilibrium equation

> 1 -VG(0;7) = mnh: (0)K1(6)
k
_jL Kr(0)i-VG(0;0) ae(0'). (26)
p(a)

Hence, the total poloidal flux of the vacuum equilibrium field
is given by the sum of the flux produced by K7 flowing on
the plasma boundary ¢p(a) and the flux produced by the
external coils:

(D(F) = (Dself(F) + (Dext(F)
= “Off Kr(0)G(7;0') dl(0') + o > LG (7).
p(a) k
(27)

Near the plasma boundary, the last term approximates the flux
produced by the surface current K7 oy flowing on the contour £.

Using the expression for the equivalent surface current
density on the internal flux surfaces

Kp(p,0) = Y _ [Vl d®r
e 2nugh:  2mugh: dp

i( ho(p, 0) >1T(p) 08)

o \2my/2(p,0) | K(p)’

the poloidal angle average <q)se|f(0)>0 over the plasma bound-
ary defines the external self-inductance of the plasma loop by
the Faraday (flux linkage) method

1 12(a, 0) o
~ K(a) < <\/§(a, 9)) (G(0;0))y >9, (29)

where (cf. Sec. IV in Paper I)

1 / h3(a,0) >
K(a)=—{ —C2— ) . (30)
(@ uo<\/§(a70) 0

Therefore, the value of the total poloidal flux at the
plasma boundary is given by

a 2(a,0/
®(a) = L.(a)lr(a) =§§E ) < ( \h/%((‘; 99))> G (0 9’)>9/
+ g Y IG(0;7%). G1)

L.(a)

In order to eliminate superconducting solutions, which do not
change the equilibrium field inside the contour ¢, it is assumed
that

Z (@(0)) = 1o Zlk<G(9§ 7))o = 0. (32)
7 7
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The total magnetic flux ®(a) on the plasma boundary is gen-
erated by the plasma current plus the currents in the external
coil system. Since the plasma edge is a constant flux surface,
the internal and external inductances can be calculated exactly
by the method of flux linkages. The integration in all space
used in the energy definition of the inductances is replaced by
a surface integral intercepting all the magnetic flux of the sys-
tem, the inductances being thereby characterized by the link-
age of that flux with the currents in the system. Of course, the
plasma boundary shape must be consistent with the external
equilibrium field. Appendix A briefly reviews how to handle
the Green’s function singularity in the calculation of L, («).

The total poloidal flux produced by the poloidal field
coils of the ITER-like tokamak, shown schematically in
Fig. 1 of Paper I, can be approximated by the sum of the flux
produced by six thin cylindrical solenoids representing the
segments of the central solenoid CS, and the flux produced
by six circular loops representing the equilibrium field coil
PF. This simplified geometry of the poloidal field coil system
is presented in Table I, and is sufficient for the purpose of the
present article. In general, the central solenoid is required to
approximate an ideal transformer in the plasma region, that
is, around the major axis (R, 0) of the tokamak. Therefore,
the currents are symmetrically distributed in the solenoid seg-
ments, with respect to the equatorial plane Z= 0. Moreover,
the currents are adjusted in order to cancel the dipole and
quadrupole contributions of the central solenoid:

(Wb)

-30

2 (a) -Bse1r (are)

-40

-3 -2 -1 0 1 2 3

(T)

B.(a,0)
o

-3 -2 -1 0 1 2 3
6 (rad)

FIG. 1. Adjustment of currents in the poloidal field coils to fit the plasma
self-flux difference (upper graph) and containing a magnetic field (lower
graph). The dots show the sampled distributions of the poloidal flux differ-
ence and the containing field calculated from the equivalent surface current
density on the plasma boundary, and the continuous lines show the corre-
sponding distributions produced on the boundary by the poloidal field coils.
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TABLE 1. Simplified geometry of the poloidal field coil system of the
ITER-like tokamak.

Central Equilibrium
solenoid R,(m) Z;(m) AZ (m) field coils R;(m)  Z; (m)
CS1U 1.677 +1.014 1.977 PF1 3.880  +7.584
CS1L 1.677 —1.014 1.977 PF2 8.338  +6.509
CS2U 1.677  +3.041 1.977 PF3 12.014  43.055
CS2L 1.677 —3.041 1.977 PF4 11.955 —2.465
CS3U 1.677 +4.974 1.789 PF5 8.396  —6.748
CS3L 1.677 —4.974 1.789 PF6 4273  —17.559
62
aqu) (R, Z:Ry, Zs, AZ,) =0
= R=R,Z=0
(33)
84
6R4(D(RZR“Z“AZ) =0,
R=Ry,Z=0

where ®y(R,Z; R, Zy, AZy) is the poloidal flux produced by
the segment s of the central solenoid (cf. Appendix B). Hence,
the currents in various segments are distributed in terms of,
say, the current /g1y in the segment CS1U as follows:

Icsie = Icsiys
Icsor = Icsoy = 0.4851941 51y,
Iesse = Icssy = 1.89882Ucs1y.

(34)

In this way, the poloidal flux produced by the central sole-
noid is uniform to order p* around the major axis (R, 0).
Now, Table II lists the parameters of an internal equilib-
rium for the ITER-like tokamak shown in Fig. 6 of Paper I.
The Dirichlet and Neumann parameters listed in this table
completely define the plasma boundary and the equivalent
surface current density distribution K7(0) on the boundary,
according to the spectral representation of the internal flux

TABLE II. Parameters which describe the equilibrium of the ITER-like
tokamak shown in Fig. 6 of Paper I. The plasma pressure and toroidal cur-
rent profiles are defined as in Paper 1.

Parameter set Values
Dirichlet Ro(a) =6.2m Zy(a) = 0.550 m
a=2.000m e(a) = 1.757
S>(a) = 0.110 Az (a) = —0.00344
S3(a) = —0.00735 As(a) = —0.00817
Neumann R{(a) = —0.0503 Zy(a) = —0.00117
e'(a) =0.128 m™'
S)(a) = 0.0409 m™ Ab(a) = —0.00161 m™
S8%(a) = 0.00495 m™ Al(a) = —0.00972 m™"
Magnetic axis R, =6.240 m Zn=0551m
Km = 1.624
Matching radius p, =0577Tm
Peaking factors or = 0.7 o = ar/2
O = Oy + or o = 3o /2
Plasma current Ir(a) = 15MA Ip(a) = 9.78 MA
Poloidal flux ®p(a) =784 Wb ®(a) = 106.9 Wb
Internal energy U(a) =731.6 MJ
Safety factors q(0) = 1.058 g(a) = 3.095
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surfaces presented in Paper I. The spectral representation is
reproduced below as applied to the ITER-like tokamak:

R(p;, 0) _ @ + gcos(? + (Z)z[&(p)(l —cos0)
+As(p)sin 0]— <Z> [Sz(p)(l — cos (26))
2
—Az(p)sin (20)]— (Z) [S3(p)(l —cos (30))
—As(p)sin (30)],
Z(p,0) _Zo(p) P\
ey ep)a +; sin 0 + (a) [A3(p)(1 — cos 0)

—S3(p)sin 0]— (a> {Ag(p 1 — cos (20))

18, (p)sin <29)]_<§)2[A3<p)<1 ~ cos (30))

+S3(p)sin (39)].
(35)

This representation includes the Shafranov shift, elongation,
triangularity and quadrangularity effects, in an up-down
asymmetric configuration.

For consistent equilibrium, the distributions of poloidal
flux @,y (0) and tangential magnetic field Bf_yexl((?) produced
by external sources on the boundary, according to Eqgs. (12)
and (20), must satisfy the Dirichlet condition

(Dext(e) = q)(a) - (Dself(g) = Le(a)IT(d)

- uoﬂﬁ Kr(0)G(0;0') ae(e)
p(a)

6 6
=y » LG (0:7,) + uo;ww; P, (36)

s=1

and the Neumann condition

Br,ext (0) =

Ho AP / /
Kr(0)n-VG(0;0) de(o
2nth;(0) ﬁp( ) (@) (0:7) ae(@)

,UOKT(H) Ho o A -
- ~ I - NVG(0; 7
2 27‘Ehg(9) Z g (0:75)

s=1
6
+> Lt - VG(6; m).

k=1

(37)

The above Dirichlet and Neumann conditions (Cauchy con-
dition) are not independent. They may be used separately or
in a combined form to determine the currents in the poloidal
field coils, I and I, that best fit the equilibrium. When the
containing field B, e (0) is adjusted separately (Neumann
condition), one must take into account the superconducting
constraint (32), which gives the poloidal angle average flux
contribution of the central solenoid and equilibrium field
coils on the plasma boundary:
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6 6
Lo ;A(G(e; 7))o+ to ;Ik<G(0; 7)) =0.  (38)

This constraint is properly taken into account when adjusting
the poloidal flux ®.(0) (Dirichlet condition), which explic-
itly gives the external inductance contribution of the plasma.
In the present application, there are seven independent exter-
nal currents that can be adjusted, and the different approaches
give similar, though not identical results. Adjusting the
Neumann and superconducting conditions only (this adjust-
ment has a better quality), the equilibrium listed in Table II
can be fitted with the following values of the coil currents:

Tesiy = Iesi = 5.674MA,

Icsoy = Icsor, = 2. 7153 MA,

Iessu = Ieszr = 10.77T MA,

Ipr1 = 16.38MA,  Ipp = —3.802MA,
Ippzs = —3.744MA, Ipps = 0.2406 MA,
Ipps = —14.53MA,  Ipps = 34.37MA.

(39)

The adjustment prescribed by Egs. (36) and (37), taken sepa-
rately or in a combined form [with the possible addition of
constraints given by Eqgs. (32) and (34)] is quite robust for a
reasonable number of coils, and can be carried out starting
with proper signs and order of magnitude values of the
coil currents. The above adjustment, for example, started
with Ippi = Ippe = 10’ MA and Ippy = Ipr3 = Ipps = Ipps
= —10” MA (note that even the sign of Ipp, changed during
the adjustment procedure). Of course, the tokamak designer
must have some feeling for the effect of each coil in the
plasma equilibrium.

Figure 1 shows the adjustment of the boundary condi-
tions (36) and (37) obtained with the above values of the cur-
rents in the poloidal field coils. The figure shows the
sampled distributions, used in the adjustment, both for the
plasma self-flux difference ®(a) — Dgr(0) and for the
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containing field B, (0) calculated from the equivalent surface
current K7(0). In the present article, a likely excessive num-
ber of sampling points were used, as shown in Fig. 1, but this
depends on the variation of ®y;;(0) and B.(0) along the
boundary (the variation is larger for a low aspect ratio toka-
mak). Also, the figure shows the poloidal flux @ (0) and
the tangential component of the magnetic field Bmxt(é)) pro-
duced on the plasma boundary by the poloidal field coils. A
better fit is obtained if the currents in the twelve poloidal
field coils are independently adjusted, i.e., without using
condition (34), but this does not constitute a practical
solution.

In this section, it was shown how to adjust the currents
in the poloidal field coils of a tokamak configuration to
approximately obtain a desired plasma boundary shape. This
procedure is part of the tokamak design. However, due to the
finite number of poloidal field coils, this adjustment may not
be completely satisfactory, as shown in Fig. 1. In Sec. III,
the adjustment of the plasma boundary to the prescribed
external field is considered, which constitutes the properly
named free-boundary equilibrium problem.

lll. PLASMA BOUNDARY ADJUSTMENT

The plasma boundary must conform to the boundary
conditions (36) and (37) imposed by the poloidal field coils.
For this purpose, the external equilibrium problem can be
reduced to a system of equations by taking moments of Eq.
(26). Defining the Neumann coefficients at the plasma
boundary for the external coils

N = (i - VG(0; 7) cos nb),

(40)

N = (i - VG(0;7) sinn0) ,
where n = 0, 1,2..., one obtains a system of symmetric and
antisymmetric badly conditioned linear moment equations
for the coil currents:

ZN&I;( = (e (0)Kr(0) cos n0), — 2n((hg(0")K1(0)it - VG(0;0'))y cosnb),
k

STONEL = 1l (0)Kr(0) sinnd) ) — 27 ((ho(0)Kr(0)it - VG (0:0/)) sinnd),.
k

The coil currents, which must satisfy the additional con-
straint (32), can be determined by a least-squares fitting pro-
cedure based on these moment equations. This gives nearly
the same values for the adjusted coil currents, as determined
in Sec. II. However, the objective of the present section is to
find the equivalent surface current density K7(0) that approx-
imately satisfies the moment equations.

Introducing the symmetric, N,(f) , and antisymmetric,
N,(,a), Neumann coefficients of order » for the plasma bound-
ary, the above equations can be written in the simplified
form

(41)

SN =NYIr(a)

¢ “ 42)
S NI =N ().

k

The Neumann coefficients were introduced in a different
context in Ref. 12, where it was shown how to handle the
singularity of the normal component of Green’s function gra-
dient in the left-hand side of the above equations. This proce-
dure is reviewed in Appendix B.
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The superconducting constraint (32) and the Neumann
moment Egs. (42) may be combined in a norm that quantifies
the boundary condition mismatch between the plasma and
the simplified poloidal field coil system of the ITER-like
tokamak:

6 6
(D
Norm = —|—
ZI:,UORO ;MORO )
: 0 N L o ’
+ NS — N NO_—_ NN
6 I 6 I 295 1/2
+{N@ S N@ Ny
2 Mg 2N
43)

The currents I; and [, that best fit the equilibrium listed
in Table II can be obtained searching for a minimum of
the norm, resulting in values similar to the ones obtained in
Sec. II. Conversely, for fixed current values, the plasma
boundary parameters can be adjusted to satisfy the combined
conditions (36) and (37), searching again for a minimum of
the norm. The boundary is characterized by the Dirichlet
parameters a, Ro(a), Zo(a), e(a), S2(a), Asx(a), S3(a), Az(a),
which specify the plasma shape, and the Neumann parame-
ters Ry (a), Zy(a), ¢'(a), Sh(a), Ay(a), S4(a), A%(a), which
determine the radial derivatives of the Fourier coefficients at
the plasma boundary (cf. Sec. V of Paper I). Note that the
flux and current values in norm (43) are normalized in terms
of the major radius Ry(a) and the plasma current I7(a). The
Neumann coefficients correspond to gradients completely
normalized by Ro(a) as well. Therefore, similar plasma
shapes can be obtained scaling the geometry and/or the cur-
rents (the coil geometry must be normalized accordingly).
The values of Ry(a) and Ir(a), plus the coil positions and
currents, are input into the minimization procedure.

Figure 2 shows the decrease in the norm for each itera-
tion step in a minimization procedure using Newton’s
method. The norm rapidly decreases by more than two orders
of magnitude, but the final result depends on the numerical

0.01 ¢
B °
& 0.001
2
10
[ ) [}
10-3
0 1 2 3 4
Step

FIG. 2. Adjustment of the Cauchy condition on the plasma boundary to the
external sources. The figure shows the decrease in the norm of the poloidal
flux and Neumann moment mismatch, between plasma and poloidal field
coils, for each iteration step.
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precision of the calculations. Table III lists the adjusted
Dirichlet and Neumann parameters for an ITER-like equilib-
rium consistent with the values of the currents fixed in Sec.
II for the poloidal field coils, and Fig. 3 shows the adjustment
obtained in the Cauchy condition at the plasma boundary.
This result can be compared with the relatively large mis-
match in the Cauchy condition shown in Fig. 1 for the initial,
non-adjusted plasma boundary. Finally, Fig. 4 compares the
distribution of the equivalent surface current density on the
plasma boundary for the initial and adjusted Cauchy condi-
tions. This comparison indicates that the internal equilibrium
solution must also be modified to conform to the boundary
conditions imposed by the poloidal field coils, a problem that
is treated in Sec. IV.

IV. INTERNAL EQUILIBRIUM FIELD ADJUSTMENT

In Sec. 111, the equivalent surface current density K7(0) on
the plasma boundary was adjusted to satisfy the Cauchy bound-
ary condition imposed by the poloidal field coils. According to
the integral consistency condition (8), the surface current den-
sity completely specifies the internal current density distribu-
tion. This “inverse” problem can be solved in an approximate
form only, within the order of the spectral representation given
by Eq. (35), using the methods presented in Paper 1.

The Fourier coefficients of the spectral representation
are described by piecewise continuous approximations as
discussed in Sec. V, Paper I. However, extra degrees of free-
dom must be added to the description of the internal flux
surfaces in order to satisfy both Dirichlet and Neumann
boundary conditions. For this purpose, extended piecewise
continuous approximations are constructed matching the
Taylor series in the plasma core with cubic series expansions

TABLE III. Parameters which describe the equilibrium of the ITER-like
tokamak with the adjusted Cauchy condition shown in Fig. 5. The plasma
pressure and toroidal current profiles are defined as in Paper 1.

Parameter set Values
Dirichlet Ry(a) =6.2m Zy(a) = 0.630 m
a=1984m e(a) = 1.724
S2(a) =0.118 Az (a) = 0.00506
S3(a) = 0.0185 Az(a) = —0.00584
Neumann R{(a) = —0.129 Zy(a) = —0.0677
¢(a) =0.0378 m™'
Sh(a) = —0.0313m™"  Al(a) = —0.0192m™
Sy(a) = —0.0292m™' Al(a) =0.00114m™
Magnetic axis R, = 6277 m Zn = 0.639 m
Ky = 1.542
Matching coefficients ~ Rfj(a) = —0.0311 m™" Z8(a) = —0.213m™"
¢'(a) = —0.549 m™
S4(a) = —0.236 m™> Al(a) = —0.0678 m™
§%(a) = —0.272m™ AY(a) = 0.0257 m™>
Matching radius p,=1274m
Peaking factors or = 0.643 oy = or /2
oy = 0y + o7 oj = 3or /2
Plasma current Ir(a) = 15MA Ip(a) = 10.4 MA
Poloidal flux ®p(a) =76.4 Wb ®(a) = 110.2 Wb
Internal energy U(a) =716.1 MJ
Safety factors ¢(0) = 1.000 q(a) =2.744
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FIG. 3. Adjusted poloidal flux (upper graph) and tangential component of the
magnetic field (lower graph) at the plasma boundary. The thick dashed lines
show the poloidal flux difference and the containing field calculated from the
equivalent surface current density on the plasma boundary, and the thin contin-
uous lines show the distributions produced by the poloidal field coils.

at the plasma border, as illustrated for the position of the
major radius Ro(p):

2 4
Ro,core(p) = Rm + %R(,),(O) + %Rgt) (0) + - nggp*v
2
a—p
RO,edge(p) = RO(a) - (a - p)Réj(a) + %Rg(a)
3
a— p)
= 5 LRP@- p.<p<a (44)

(MA/m)
o

KT(ale)
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6 (rad)

FIG. 4. Comparison between the equivalent surface current densities on the
plasma boundary defined by either the initial (thick dashed line) or adjusted
(thin continuous line) Cauchy conditions.
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In accordance with Paper I, a matching radius p, is defined
such that

R();COTC (p*) = RO,edge(p*)7 R(),core(p*) = RZ),edge (,0*)7

R{ core (P+) = RG cage (P+)5 (45)
leading to
RY(0) = [~12(3a — p,)(Rn — Rola)) — 6(2a — p,*Ry(a)
+(a—p.)(6a® —4ap, + pi)RS(a)} /[(8a* —ap,
—p2)p.],
REY(0) = [72(a+ p.) (R — Ro(@) +24(24% + 2ap, — p?)
x Rya)~12a(a— p.)(a+20,)RE(a)] /[(3* —ap.
—p2)p3],
RG” (a) = —6[8(Rn — Ro(a)) + (8a—3p,)Rj (a)

—a(4a—3p,)R(a)]/ [(a —p.)(8a> —ap, — pi)} ,
(46)

with similar expressions for Zy(p) and ¢(p). Likewise, the
extended piecewise continuous approximation for the sym-
metric triangularity coefficient is:

3
S2.core(p) = PSlz(O) + &SES)(O) + -

7z 0<p<p,,
2
a—p
S2,edge(p) = S2(a) - (a - p)S/2(a) + %S/Z/(a)
3
a—p
- : Ls@@)- p<psa @7

Using the same matching radius p,, such that

SZ,core(p*) = SZ,edge(p*)a Slz,core () = S/2,edge (P+)s and
S/Z,,mre (p*) = S/Z,,edge (,0*) ’ (48)
one obtains

_ 65y(a) —2(2a — p,)S5(a) +a(a — p,)S5(a)

Sz(o) = 2(a " p*) ’
509 (0) = —652(4) +6aS3(@) — (26 ~ ap. — p3)S3(a)
2 a(a+p,)p. ’
6S — 6aS", 32 — p2)s”
S(23)(a) _ 2(a) — 6a ;Ezz 4_— ’(05 p*) (a) , )

with similar expressions for Ay(p), S3(p) and A3(p). These
cubic approximations for the plasma edge are reduced to the
quadratic approximations used in Paper I by taking

8(Rm — Ro(a)) + (8a — 3p, )Ry (a)

fole = a(4a—3p,) 0
1" o 6(52(61) B aSé(a))
S2(a)7_ 302—[)2 )

with similar expressions for Z{(a), ¢”(a), A(a), S5(a) and
As(a).
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The extended piecewise continuous approximations
define the flux surface geometry in terms of: the magnetic
axis parameters, R,,, Z,,, and k,,; the shape of the plasma, a,
Ro(a), Zo(a), e(a), S2(a), As(a), S3(a), Asz(a) (Dirichlet
parameters); the first order radial derivatives at the plasma
boundary, R{(a), Zj(a), €'(a), Sh(a), Ay(a), Sy(a), Al(a)
(Neumann parameters); the second order radial derivatives at
the plasma boundary, R{(a), Zj(a), €"(a), S5(a), A5(a),
S4(a), A%(a) (matching coefficients); and the matching
radius, p,. The Dirichlet and Neumann parameters are
defined by the adjusted equivalent surface current density
K1(0). Therefore, the magnetic axis parameters and the set
of second order radial derivatives (matching coefficients)
can be obtained from Paper I, by solving Egs. (76)—(78) cou-
pled with Egs. (C8)—(C14) of Paper 1. There are ten equa-
tions available for ten variables, with the optimum matching
radius p, being determined searching for a stationary value
of internal energy U(a) given in Sec. IV of Paper I by Eq.
(58). Table I lists the parameters of the finally adjusted
ITER-like equilibrium, consistent with the Cauchy condition
imposed by the poloidal field coils.

Figure 5 shows the internal flux surfaces for the adjusted
equilibrium, and Fig. 6 shows the radial profiles of the
plasma poloidal flux ®p(p) and of the Fourier amplitudes.
Since a small decrease of the plasma poloidal cross-section
has been imposed by the external field, an equivalent
increase in the toroidal current density results in a safety fac-
tor below one on the magnetic axis for an initial peaking fac-
tor oy = 0.7. This can be compensated, as shown in Table
II, by adopting slightly flatter profiles with oy = 0.643.
Figure 7 shows the profiles of the toroidal and poloidal cur-
rent densities along the equatorial plane, for the ITER-like
tokamak equilibrium shown in Figs. 5, and Fig. 8 shows the
respective distribution of the equivalent surface current den-
sity in the internal flux surfaces. Finally, Fig. 9 shows a con-
tour plot of the external equilibrium field and the internal
flux surfaces for the consistent ITER-like equilibrium listed
in Table III. This figure shows that equilibrium has been
attained with open field lines adjusted to the lower divertor
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geometry. Moreover, between the outer border of the plasma
and the limiter center line, indicated by the thin black line in
Figs. 5 and 9, there is a gap of about 9.7 cm.

V. APPLICATION TO THE ITER EQUILIBRIUM AT BURN

In this section, the model is applied to the ITER equilib-
rium at the start of the burn magnetic configuration. The
equilibrium currents in the poloidal field coil system of the
ITER burn configuration are given in Ref. 13 and reproduced
in the following table:

Iesiy = —20.09 MA,
ICSQU = -9.68 MA,
ICS3U =-0.40 MA,
Ipr1 = 4.91 MA,
Iprs = —6.52MA,
Ip]:5 =-7.54 MA,

Icsiz = —20.09 MA,
1CS2L =-9.50 MA,
Iess, = 3.22MA,
Ippy = —2.04MA,
Ipps = —4.69MA,
Iprs = 17.20 MA.

&1y

Although the geometry of the poloidal field coils in the refer-
ence design'? is slightly different from that used in the pre-
sent article, the simple current geometry and the initial
positions listed in Table I will be maintained. In general, the
geometry of the poloidal field coil system, in particular, of
the extreme coils which form the central solenoid, affects the
plasma shape. If necessary, improved representations can be
obtained, both for the central solenoid and the external poloi-
dal field coils, by the superposition of various thin solenoids
or current loops. Presumably, the current distribution of the
above reference coils was adjusted according to a minimum
energy criterion, with all currents taken independently. Since
the reference design includes a superconducting surface cur-
rent distribution ((@ey(0)), # 0), the plasma boundary con-
veniently conformed with the external field using the
Dirichlet condition (12):

(Dself(e) + (I)ext(g) = (D(a)7 (52)

where

FIG. 5. Left: flux surface geometry
inside the ITER-like tokamak plasma
for the equilibrium with the adjusted
Cauchy condition. The plasma is sur-
rounded by the limiter and vacuum
vessel walls; the rectangles represent
the poloidal cross-sections of the cen-
tral solenoid (CS) and equilibrium field
coils (PF). Right: profiles of the plasma
pressure, p(p), toroidal current, I7(p)
(thick line), and approximate toroidal
current density, (jr)(p) (thin line).

1.0 1.5
p (m)

<jr>(p) (100kA/m?)

1.0 1.5
p (m)
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FIG. 7. Profiles of the toroidal (continuous line) and poloidal (dashed line)
plasma current densities along the equatorial plane of the ITER-like equilibrium
shown in Fig. 5. The toroidal and poloidal plasma currents are I7(a) = 15 MA
and Ip(a) = 10.4 MA, respectively. The total poloidal current is /(0) = 174.7
MA on the magnetic axis and /(a) = 164.3 MA at the plasma boundary.

s=1 k=1

The tokamak plasma symmetric and antisymmetric self-
inductance coefficients are defined, respectively, by
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FIG. 8. Equivalent surface current density distribution in the ITER-like
tokamak equilibrium shown in Fig. 5. The thick continuous line corresponds
to the surface current on the plasma boundary p = a. The thin lines corre-
spond to the surface current on the flux surfaces p = 3a/4 (continuous),
p =a/2 (dashed) and p = a/4 (dotted). The thick dashed line corresponds
to the matching radius position p, = 0.642a.
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FIG. 9. Contour plot of the vacuum equilibrium magnetic field and plasma
flux surfaces for the ITER-like tokamak equilibrium with the adjusted
Cauchy condition. The bar legend gives the intensity of the vacuum poloidal
flux in Wb, which is displayed with a 25 Wb interval in the figure.
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Accordingly, the mutual inductance coefficients between the
tokamak plasma and the central solenoid are defined by

i Fy) cos nb),,

(57)
G(0;75) sinn0),,

~
© o~
ES
Il
=
(=}
—~

and the mutual inductance coefficients between the tokamak
plasma and the poloidal field coils by

L) = M0<G(Z§ Fi) cos nl),, (58)

Formulas to calculate the self-inductance coefficients L( )

and Lgel)f , are derived in Appendix A, taking into accounts etllflg

s1ngular1ty of the Green’s function on the plasma boundary.
The Dirichlet condition leads to the following moment

equations linking the plasma current to the poloidal field coil

currents:

Ly olr(a) + ZLSQI + ZLkOIk =®(a) forn=0
©
exlO
6
selfn )+ ZLS,Y Iy + ZLk e =0 for n>1
s=1 k=1
O
6
selfn +ZL;I +ZL A =0 for n>1.
s=1 k=1
L,
(59)

In ITER, there are twelve independent coils currents: the
central solenoid currents /g for s = 1,2, ..., 6, and the poloi-
dal field coils I for k = 1,2, ...,6. There is a total of 2n + 1
equations relating the symmetric and antisymmetric
moments (the arbitrary total poloidal flux ®(a) at the bound-
ary relates the order zero moments; in the start of burn equi-
librium, the total poloidal flux was set equal to zero,
®(a) = 0). Therefore, it is possible to exactly adjust, in prin-
ciple, 2n 4+ 1 = 13 parameters which describe the plasma
boundary. In the present model there are eight Dirichlet
parameters a, Ro(a), Zo(a), e(a), Sz(a), Ax(a), S3(a), Az(a)
and seven Neumann parameters Ry (a), Zj(a), €'(a), S(a),
Al (a), S(a), A5(a), which describe the equivalent surface
current density K7(0) at the plasma boundary. The major
radius Ry(a) sets the geometrical scale of the problem, and
the total plasma current I7(a) scales the coil currents. One
could fix two parameters by anchoring, for example, the
outer edge of the plasma cross-section (outer limiter strike
point), or the extreme lower point of the plasma (near the
“X” point), thereby reducing the number of free parameters.
Alternatively, one may discard some of the higher order geo-
metrical corrections. In general, an approximate solution to
the system of equations can be determined searching for a
minimum of the norm (assuming 2n + 1 = 13 symmetric
and antisymmetric moments to be determined):
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the start of burn conditions of the ITER tokamak.
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toRo(a) — moRo(a)lr(a)

Norm =

+

The minimization of the norm is the indicated method to
solve this highly nonlinear system of equation for the bound-
ary parameters. This is particularly true because there are, in
general, more free parameters than independent coil currents.
Moreover, the quality of the solution is limited by the numer-
ical precision of the inductance coefficient calculations. In
control applications, it is possible to linearize the system of
equations by expanding the inductance coefficients around a
reference geometrical set of parameters. In this case, one
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cannot adjust more parameters than the number of indepen-
dent currents.

Now, it is possible to adjust the free plasma boundary
(the surface current density K7(0) for that matter) to the
external equilibrium field. According to Ref. 13, the coil’s
currents for the ITER burn equilibrium configuration were
determined using a numerical solution of the Grad-
Shafranov equation, for a given form of the internal toroidal
current distribution (actually, the Ampere equation is
solved), and by matching the self and external poloidal
fluxes along selected points at the plasma boundary. This
method is similar to the procedure carried out in Sec. II of
the present article. The plasma boundary shape used in the
fixed boundary numerical calculation lies along a separatrix,
with a “X” point at the lower position. The separatrix leads
to a bifurcation with discontinuities in the containing mag-
netic field and in the equivalent surface current density. This
tangential magnetic field discontinuity at the “X” point com-
plicates the use of the Neumann condition. In this case, the
Dirichlet condition can be used with advantage, since the
poloidal flux function remains continuous. In general, the
separatrix can be represented by a Fourier descriptor and
approximated with a small number of parameters using a
low-pass filtering of the shape. Ultimately, this reduces the
description to the presently used spectral representation (35),
with a higher order, if needed. The initial external equilib-
rium adjustment can be performed using the exact separatrix,
but in the free boundary equilibrium calculations, the shape
must be smoothed out unless a very large number of parame-
ters are used (essentially an infinite number). As pointed out
in Paper I article, higher order corrections in the plasma
shape require very high precision in the calculations and are
practically impossible to detect experimentally. In any case,
the separatrix is strictly beyond the ideal MHD theory,
requiring a resistive layer to be correctly described.

In the case at hand, the shape of the separatrix used in
the numerical solution is not known. To simplify the com-
parison with the previous equilibrium solution, one merely
reduces the total plasma current by 5%, which corresponds
to a reduction of the same order in the area of the plasma
cross-section (the exact equivalence between the total cur-
rent and the cross-sectional area depends on the current pro-
file). Then, the boundary of the plasma conforms to the
ITER burn equilibrium currents, starting with the equilib-
rium solution listed in Table III. The new equilibrium solu-
tion corresponds approximately to the 95% magnetic flux
surface, which is described by the Fourier coefficients listed
in Table IV and displayed in Fig. 10. Figure 11 shows the
corresponding poloidal flux and equivalent surface current

TABLE IV. Dirichlet and Neumann parameters corresponding to the 95% magnetic flux surface adjusted to the ITER start of a burn reference design with the

total plasma current reduced to I7(a) = 14.25 MA.

Dirichlet parameters

Neumann parameters

Zo(a) = 0.553 m
e(a) = 1.659
As(a) = 0.00730

Ss(a) = —0.00388 As(a) = —0.0125

R)(a) = —0.294 Z(a) = 0.0115
€(a) =0.739 m™
Sy(a) = 0.103 m™

S4(a) = —0.0102m™"

Al (a) = 0.0327 m™!
Al (a) = —0.00626 m™"
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FIG. 11. Poloidal flux distribution (upper graph) and equivalent surface cur-
rent density distribution (lower graph) at the plasma boundary in the ITER-
like tokamak equilibrium shown in Fig. 10. The thick dashed line in the
upper graph corresponds to the plasma self-flux distribution, and the thin
continuous line corresponds to the flux, taken with the opposite sign, pro-
duced on the plasma boundary by the poloidal field coils.

density distributions on this flux surface, which is closely
bounded by the separatrix. Although the distribution of cur-
rents in the equilibrium field coils in the two cases consid-
ered was determined using completely different criteria, the
comparison between the free-boundary solutions carried out
in the present paper and in Ref. 13 indicates that essentially
the same plasma equilibrium is obtained.

VI. CONCLUSIONS

The first topic covered in this article was the determina-
tion of the currents in the poloidal field coils necessary to
contain a plasma of given cross-sectional shape. This prob-
lem was dealt with by means of well-established procedures
based on the virtual-casing principle. The only peculiarity of
the present work is the application of suitable spectral repre-
sentations for the equivalent surface current density on the
plasma boundary, obtained using approximate solutions of
the internal equilibrium problem presented in Paper I. For a
sufficiently large number of external coils, the boundary con-
ditions can be fitted with reasonable precision, and the prob-
lem is solved. However, if the fitting is not satisfactory, the
equivalent surface current density must be adjusted to satisfy
the Cauchy condition imposed on the boundary by the exter-
nal coils. The initial equilibrium solution is used only to
determine the coil currents that approximately contain the
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desired plasma shape. In the free-boundary application, the
spectral representation presents an advantage by providing a
number of adjustable parameters that control the plasma
shape and the normal gradient to the boundary.

Finally, the adjusted surface current density can be used to
determine an approximate, self-consistent analytic solution of
the internal equilibrium. This solution is obtained in terms of
piecewise continuous approximations of Fourier coefficients in
the spectral representation, and a combination of variational
moments and direct variational methods. The variational
moment method determines the solution in the plasma core,
around the magnetic axis, and the direct variational method
gives a stationary value of the internal energy consistent with
the Cauchy condition imposed by the external coils. In order to
satisfy this condition, the direct method bends and stretches
the field lines close to the boundary. In this way, the internal
current density distribution is determined in consistency with
both the imposed and assumed constraints. A comparison
between the results of Papers I and II, in particular, for the
equivalent current density shown in Figs. 9 and 8 of Papers I
and II, respectively, indicates that in order to accommodate the
fluctuations in the magnetic field produced by the external
coils, the flux surfaces and the current density in the plasma
border change, as expected, in a strongly marked way, com-
pared with the changes in the core region. These changes con-
centrate nearer to the boundary if the matching radius p, tends
towards the minor plasma radius a. This tendency is affected,
for example, by the values of the constraints p”(a) and I7(a)
on the pressure and toroidal current profiles, arbitrarily put
equal to zero in Paper 1. Obviously, a variety of models can
be used to represent possible internal solutions. The true inter-
nal equilibrium can be constructed only with additional infor-
mation provided by transport models and experimental
measurements. Nevertheless, the normalized surface current
distribution on the plasma boundary is completely defined by
the magnetic field produced by the external equilibrium coils.

A simple free-boundary equilibrium solution was deter-
mined in Sec. V, using the distribution of currents in the
poloidal field coils established for the start of burn conditions
in ITER. This calculation was carried out using the Dirichlet
moments, in place of the Neumann moments used in Sec. III.
Taking into account all the uncertainties, the solution is simi-
lar to the fully numerical calculations presented in Ref. 13.
With some modifications, the present model can be adapted
to represent the plasma closely bounded by the separatrix.
The spectral representations are suitable for this application.

The plasma boundary adjustments presented in Secs. III
and IV form the main topic of the free-boundary problem.
There, it was shown that for a fixed geometry of the external
coils and given currents in the coils, the plasma boundary can
be determined, and the internal equilibrium as well, taking the
total plasma current and major radius as input. Similar equilib-
rium solutions are generated by scaling these two quantities
(this is a consequence of the linearity of Maxwell’s equations).
This method with proper modifications should be useful for
simulating the plasma evolution, in magnetic reconstruction
procedures, and in the development of control techniques. In
these applications, the Fourier coefficients in the spectral repre-
sentation act like virtual filaments.
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APPENDIX A: SELF-INDUCTANCE COEFFICIENTS

The Green’s function for the axisymmetric Amperes’
equation attains its most compact form in cylindrical coordi-
nates (R, ¢, Z)

G(f’ f") _ <TCRRIC0S (QD — (p/)> — /RR/Q1/2(X)7 (Al)
o

=7

where Q) is a toroidal harmonic (odd-half-integer degree
Legendre function of the second kind) and

R2 +R12 + (ZZ _ Z/Z)
X =

< . (A2)
SRR (1<y < 00)
Putting y = (2 — m)/m, and using the relation
2—m (2 — m)K(m) — 2E(m)
= A3
Q1/2( p. ) it (A3)

the usual expression in terms of complete elliptic integrals
K(m) and E(m) is recovered

G(R,Z:R,Z)) = VRR' <(2 - mmf}"}% - 2E(m)> (A4

with

4RR’
m= (0<m < 1)
R+R) +(z-2)

(A5)

The plasma boundary is defined parametrically in the form

R=R(0), z=2z(0)
{ R =R(), 7 =2z(). (45)

Taking into account the singular character of the
Green'’s function

» 1 ho(a,0) \ . . (0—0’)
G(0;0 )039 h(a,0) 2ln l(Sh;(aﬂ) 2sin 3
the nonsingular auxiliary function g(0; 0') is defined as

1 ho(tl, 0)

21 il AN A
+ {2 n[(sm(a,e))

N
x 2sin <u>} +2} — 0.
2 0'—0

2
+2

(AT)

g(0;0) =
(A8)

Using the integral

)

Phys. Plasmas 24, 092503 (2017)

=0
0

(0<0<2n)  (A9)

(s (5] )

the expression for the external self-inductance of the toka-
mak plasma becomes'*

o= 1 /’l%(d,@)/’l:((l,@) )
Le( )K(a)<< \/§(a,9) ><g(670)>9>9

1 h3(a,0)h:(a,0) N 8h:(a,0)\
+K<a><< V&(a.0) )P G ZDU’
(A10)

with the singularity analytically removed.
The singularity in the Green’s function can also be han-
dled by evaluating the self-field contribution in the form

1 0—e 1 21
J G(0,0)ad0 + —J

- E 0 T J0+e
€ Shg(a, 0)
+Ehé(a,0) {ln(m —1

PV > N
:()ZL G(0,0)a0,

Go(0) G(0,0)a0

(Al1)

so that the external inductance is calculated, for a sufficiently
small value of ¢, by

1 h%(a7 0)
-7 () 9),

The symmetric and antisymmetric moments of the nonsin-
gular auxiliary function g(@; 0’) are defined, respectively, by

(A12)

(0) = ((0;0') cosnd)y
gﬁ,@(@) = (g(@; 0’) sinnf) .

The expressions for the tokamak plasma self-inductance
coefficients defined in Sec. V become

B o e
‘K(a><<¢§<a,9>G(9"’) 0>0/>9

_ 1 h%(a’e)hC(ave) (s)
- %@ N (9)>0

1 <h(2)(a7 0)h:(a,0)
K(a) V&(a,0)

1 ho(a,0) \ . . (9—0’)
X < 21n[<8h(:(a’0)>2sm 2
X cosn9'> > ,
o/

2
+2

(A14)

and
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K(a) v&(a,0)
1 <hf)(a7 0)h:(a,0)
K(a) Vvz(a,0)
X <{%ln[<8h}fv((‘2 90))>2s1n ( - /> + 2}
X sinnd >0, >9. (A15)

Using the integrals

21 2
1 0
e Jln [2 sin <0 7 0 >} cosn/df = — cozsnne (1 = d,0),

2n

2
1 _ /
yp Jln [2 sin (0 5 0 )} sinnt/dd = —
7
0

it follows that

L(x)} _ 1 <hg(a, 0)h¢(a, 0) [g(@(g) +ln(8hg(a,0))

sin n6

(1 - 5)1,0),

(A16)

“hr T K(a) \ v/E(a,0) (. 0)
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2]) ot (s

(s) cos nf

x [gn (0) > ]>0(1 n0) (A17)
and
@ 1 /hi(a,0)h:(a,0) @ sinn0 B
Lself,n_K(a)< \/E(Gﬁ) |:gn (9)+ on :|>0(1 5"-,0)‘

(A18)

The symmetric self-inductance coefficient of order zero gives
the external self-inductance of the plasma, i.e., Lii])f o = Le(a).

APPENDIX B: NEUMANN COEFFICIENTS

The normal unit vector to a two-dimensional curve
given in a parametric form R = R(0), Z = Z(0) is
) , (B1)

— (02/80)(0*R/6%)

—(9Z/90)VR + (R /90)VZ
\/(0r/26)? + (92/00)?

7 (0) = sign|r. ()] (

where «,(0) is the curvature

(8R/00)(8*2/80%)

Ke (0) = 32
(@R /00)* + (92/90)’]

(B2)
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Therefore, the normal component of VG can be put in the
form

sign [KC(O)}
\ (0r/20)? + (92/00)?

(2206, owoc)
O00OR 900Z)’

i-VGO;R,Z) =

(B3)

and the external set of poloidal coils creates a magnetic field
component, tangential to the plasma boundary /p(a), given
by

Br,ext(e) — Elkn VG(H rk)

27‘Chg

o sign 1< (0)]
27R(0)\/ (9R/00)° + (92/0)?

979G (0; ) 8R86(0;Fk))
XZ ( oR 00 oz )

(B4)

In this expression, the partial derivatives of G(R,Z;R',Z')
with respect to R and Z are calculated with the help of the

formulas
m) } / 5
m R’

OG(R.Z:R .Z) /m [K (m)— ( 1 _§> M] Z-7

oz 2 1—m|RR"
(BS)
Using the limiting values
G (0;0') o R(0)R /00
OR 0= [(ar/o0)* + (92/00| (0 - 0)
L 64R*(0)
41 (@ar00) + oz/00)] (0 - 0)?
1/2 { 0z\’ O*R
+ RO+ | —
[(8R/80)2+(62/80)2r <39) o0
R\ | (92’ PR
(Y ](2) o2
oROZO*Z (9Z\"
~2R(0) 55 55 <%> } (B6)

and
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[(6R/89)2+(6Z/89)2r 90 90 (89)
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)24

the limiting value of the normal component of VG can be
written as

K2 (0 8h o0
limn - VG 0; 0’ \/ ¢/ )
0—0 2h9(9)
. Ohg Oh¢ 82hg>
X mgn(ag 20 — hy(0) e

1 [\, (o-0\]
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12(0) — (he/50)* \ 00 90
—hy(0) (?92:;) } (BS)

The sign [(Ohy/00)dh; /00 — hy(0)0*h;/00%] = =1 vari-
able is related to the extremum points of the closed poloidal
contour, along the Z axis. The singularity of the normal com-
ponent of the Green’s function gradient can be handled intro-
ducing the above limit in the expression of the containing
field calculated from the equivalent surface current density
on the plasma boundary. Hence, the containing field can be
MOKT (’)h ¢/ 80)

written in the form
\/ 7
— oK (0
2 2hg(0)

Ohy Ohy 8%5) 8h:(0)
X mgn(ag 20 — hy(0) 50 In 7a(0)
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B ext (0) =
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Introducing the dimensionless auxiliary function

n(0;0) = ( \/;?((9{)/))) i -VG(0;0)

13 (0) :
_ <\/(§(0)> %0[ -VG(0;0)] 0

(B10)
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the system of equations relating the currents in the poloidal
field coils and the plasma current can be written in the simpli-
fied form given by Eq. (42), where N,(f> denotes the symmetric

@__ 1 h:(0)hy(0)\ [ cos (n0)
N uoK(a)<< /2(0) {

VRO @nefo0)  omon;
o (0) sign <—— — hy(6) )

s cos (nf) m(M)_l_ he0)0l0)
ho(0) n3(0) — (9h:/00)

Ohg Oh; 32hg 1
< (G a0 W)] }>0‘u01<<a>
x ((n (0 o )> o COS (n0)>0,

and N,(,” the antisymmetric Neumann coefficients of order n
for the plasma boundary

@__ 1 he(0)ho(0)\ [ sin (n0)
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\/ 13(0) = (0h:/00)" [ ony on; o*h
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ho(0) 13(0) — (Oh: /00)
Ohy O iy
( _h9(0)ﬁ)]}>0

90 90
((n (9; 0’)>9/ sin (n0)>9.

(B11)

1
1ok (a)

The magnetic field produced by some of the poloidal
field coils in a tokamak configuration may be approximated
using the flux produced by thin cylindrical solenoids. This
approximation is used in the present article to calculate the
field produced by the segments of the central solenoid in the
ITER-like tokamak. In cylindrical coordinates (R, Z), the
poloidal flux produced by a thin solenoid of radius R; and
total length AZ; centered at the vertical position Z; is given
in terms of complete elliptic integrals of the first, second and
third kinds, K, E and I1, respectively,

(B12)

(DS(R,Z;RS,ZX, AZS)

AZ;

(1) (i) (o)

+m*)
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where / is the total current flowing in the solenoid, and

() _ ARR; (0 <m®) < 1)
(R+Ry)* + (Z — (Z,=AZ,)2))* :
4RR,
ns:m (0<n;<1).

(B14)

The partial derivatives of @, with respect to R and Z are

0Dy . VRR; | Z — Z; + AZS/Z (=)
R~ Az { 2R, Vs
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