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Analytical solution of the tokamak equilibrium. I. The fixed-boundary case
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This article presents an analytical method to evaluate the equilibrium of plasmas in axisymmetric,
nested magnetic configurations relevant for tokamak experiments. The emphasis is in the use of
spectral representations of the magnetic flux surfaces and variational methods to solve the Grad-
Shafranov equation. Approximate solutions are obtained based on power series expansions of the
variational moment equations and sectionally continuous representations of the Fourier amplitudes.
The method is applied to an up-down asymmetric configuration of an ITER-like tokamak in a
fixed-boundary equilibrium. The free-boundary case is treated in the Paper II [G. O. Ludwig, Phys.
Plasma 24, 092503 (2017)]. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4997793]

I. INTRODUCTION

The analytical description of nested magnetic flux surfa-
ces for axisymmetric configurations is an important tool in
the study of the equilibrium, stability, and control of present
and future tokamak experiments. The analytical models
should represent configurations with an arbitrary aspect ratio,
describing the noncircular geometry as well as the possible
vertical asymmetry of the flux surfaces. Moreover, the mod-
eled equilibria must constitute adequate solutions of the
Grad-Shafranov equation (properly named the Shafranov-
Liist-Schliiter-Grad-Rubin equation”™*) and be consistent
with externally applied magnetic fields. This problem has
been dealt with since the beginning of fusion efforts, but
remains open to improvements.

Usually, the fully analytical solutions of the Grad-
Shafranov equation assume a simple linear or quadratic depen-
dence of the source term on the poloidal flux function.>™™*
Taking a different approach, in the present article no assumption
is made about the form of the toroidal current density in relation
to the poloidal flux, but the flux surfaces are described by appro-
priate spectral expansions in flux coordinates. Approximate
equilibrium solutions are attempted based on a variational
moment method and radial power series expansions around the
magnetic axis. These solutions are extended from the plasma
core to the border using sectionally continuous approximations
for the Fourier amplitudes. The optimum matching between
core and border asymptotic solutions is performed using a direct
variational approach based on a stationary state of the internal
energy. For given plasma shape and source profiles with a lim-
ited number of free parameters, the flux surface geometry is
determined from the radial power series expansions of the varia-
tional moment equations in a fast, straightforward manner.

The first task in this work is to develop a general spectral
representation of the nested flux surfaces. This is accom-
plished in Sec. II starting with a mapping between cylindrical
(R, Z) and flux (p, ) coordinates. The Fourier coefficients
of this mapping must be determined in order to satisfy the
Grad-Shafranov equation. With this objective in mind, power
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series expansions of the poloidal flux function around the
magnetic axis are carried out in Sec. III, both in cylindrical
and flux coordinates. In this way, various geometrical con-
straints and relationships are obtained, leading to the general
form of the Taylor series expansions in the radial coordinate p
for the Fourier coefficients of the inverse mapping.

The formulation of one-dimensional variational moment
solutions of the Grad-Shafranov equation is presented in Sec.
IV, taking advantage of the reduction in dimensionality
obtained through elimination of the poloidal angle depen-
dence. The definition of various geometric and magnetic
coefficients relevant to the tokamak equilibrium problem is
reviewed in this section in accordance with the present for-
mulation. The various energy terms that form both the inter-
nal energy integral and the action integral for the tokamak
equilibrium are detailed. The Lagrangian method applied to
the action integral leads to a system of coupled differential
Euler equations for the Fourier coefficients, while the sta-
tionary value of the internal energy provides an additional
constraint to the equilibrium configuration.

In Sec. V, it is shown how to construct sectionally con-
tinuous approximations to the Fourier coefficients based on
the Taylor series taken both around the magnetic axis and at
the plasma boundary. The relationships between the ampli-
tudes of the Fourier coefficients around the magnetic axis are
obtained from expansions of the Euler equations, which are
equivalent to the Grad-Shafranov equation. The matching
between core and border expansions is performed by search-
ing for an extremum value of the internal plasma energy
defined earlier in Sec. IV. The Taylor series on the axis of
the geometric and magnetic coefficients of the equilibrium
equations is presented in Appendix B, while Appendix C
presents the related power series expansions of the Euler
equations. The higher order terms in these expansions
become quite cumbersome, but have a simple algebraic
structure that allows fast solution of the equilibrium.

Finally, Sec. VI presents an application of the method to
an ITER-like tokamak equilibrium. A slightly up-down asym-
metric configuration is chosen in order to make full use of the
method. Some concluding remarks are given in Sec. VII.

Published by AIP Publishing.
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Il. SPECTRAL REPRESENTATION OF THE FLUX
SURFACES IN ATOKAMAK PLASMA EQUILIBRIUM

Consider a mapping between cylindrical coordinates (R,
Z) and flux coordinates (p, ) in an axisymmetric system.
Here, p denotes the radial variable and 0 is the poloidal angle
variable. The toroidal angle variable ¢ in the cylindrical sys-
tem corresponds to the toroidal angle —( in the flux coordi-
nates, so that (R, ¢, Z) and (p, 0, {) form right-handed
systems. The mapping of a simply connected flux surface in
the (R, Z) plane onto a unit circle z = exp (i 0) in the com-
plex z plane can be written as'>16

R(’Z’ 0) +ize((pp’)i) = So(p) + iAo (p) e it () ;iAl(p)
0 n—1
+Z <§) (Sn(p) +iA,1(p))(z*" - 1)7
n=2

ey

where z* denotes the complex conjugate, a is a normalizing
radius (minor radius), and e(p), S(p) and A(p) are dimen-
sionless, real differentiable functions. This is a unique rep-
resentation according to the Riemann mapping theorem.
Strictly speaking, the conformal mapping requires all pow-
ers of n up to infinity. However, in what follows the expres-
sions of R(p, 0) and Z(p, 0) are taken as a truncated Fourier
series which represent the flux surfaces with 2<n<N an
integer. Using z" = cos (n 0) + isin (n 0), the real and imag-
inary parts of the above expression yield the radial
representation

R(p,0)

=So(p)+51 (p)cosH—A

)

n=2

X S”(p)(l —cos(n0)) —Ap(p)sin (n 0)} , 2)

and the axial representation

= Ao(p) +A1(p)cos 0 + Si(p)sin 0— Z(p>
x [A,,(p)(l —cos (n0)) + S,(p)sin (n ())} 3)

A set of coupled differential equations, which allow us
to determine all the real Fourier coefficients consistent
with a tokamak equilibrium, up to a desired order, is
derived in Sec. IV using a variational formulation of
the Grad-Shafranov equation. The lowest order Fourier
coefficients have simple geometrical interpretations, as
shown in the following. The origin § = 0 is defined by the
point

R(p,0) =So(p) +S1(p) = M7
: a “4)
Z(Pa, U e(p)(Ao(p) +Ai(p)) = ZO‘(‘m’

and the opposite point at = « by
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. N n—1
R(p. )So(P)Sl(P)Z<8) Su(p) (1 = (=1)")

a = a
_Ro(p)—»p
20T — o0y A0l0) — Asto)

&)

where the pair Ry(p), Zo(p) corresponds to the position of
the major axis. These equations can be solved for Sy(p),
S1(p), Ao(p) and Ai(p) in terms of p, Ro(p), Zo(p). e(p)
and the higher order coefficients S,(p), A,(p). Substitution
of the results in the expressions for R(p,0) and Z(p,0)
gives

K00 801 by S (2)

a =l a

X [San (p)(1—cos0) +Az 1 (p)sinf)}
N .
_HZ; (a) [S,,(p)(l —cos(n0)) —A,,(p)sm(n@)} ,
[(N-1)/2] o
2(0.0)_%alp) p
e\ 3 (2)
X{Aszrl(p 1—cosf)— Sz,lﬂ(p)sine}

0

n=2

)(1—cos(n0))+ (p)sin(n())} >,
(6)

where [(N — 1)/2] is the greatest integer less than or equal to
(N—-1)/2.

The set S,(p) corresponds to the symmetric and the set
A,(p) to the antisymmetric coefficients with respect to the
equatorial plane Z = Zy(p); the elongation coefficient e(p)
stretches the flux surfaces along the Z coordinate; the value
p = 0 corresponds to the position of the magnetic axis

)

and p = a corresponds to the outermost flux surface, i.e., the
plasma edge. These spectral representations for R(p, 0) and
Z(p,0) can also be written in terms of Chebyshev polyno-
mials according to

cos (n0) = Tu(n),

sin(n0) = /1 —p2U,_ (1), )
where u = cosf. Note that the representation described in
this section corresponds to an O-type configuration of the
magnetic field.

The elongation k(p) and the triangularity 6(p) at the

extreme points in the Z coordinate are defined by
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() = Z(p, 91)p— Zo(p) _ Zi(p) ;Zo(p)’
51(p) = R(”")ﬁp— Ro(p) _Ri(p) ;RO(P)’
() = 22 |
0,) — o
52(p) = 2P )p Ro(p) _ Ra(p) p Ro(o)

where ¢ and 0, are roots of the equation 0Z(p,0)/00 =0
which correspond to the extreme upper and lower values of
Z(p, 0), respectively. The set of seven parameters a, Ro(a),

Phys. Plasmas 24, 092502 (2017)

Zo(a), ki(a), 01(a), ky(a), and d,(a) at the plasma edge
should be sufficient to describe the equilibrium configuration
of current tokamak experiments, since the plasma boundary
usually presents a simple convex shape. Assuming i;(a)
= k1(a) and 0,(a) = d;(a), one has a symmetric configura-
tion with respect to the equatorial plane Z = Zy(a), reducing
the modeling of the plasma shape to four parameters besides
the minor radius a. Even this reduced set of coefficients
should be sufficient for most practical purposes.'’

The surface Sr(p) of the poloidal cross section of a
given flux surface and the volume V(p) contained by it can
be calculated by integration

2 2n—2
Sr(p) = JR(p, 0) 82590 D 4o = nae(y )(52 +AL(p Z”( > [Si(p)ﬂ‘i(p)})’
0
2n
0Z(p,0) =P\
V(p)=n|R*(p,0 dO = 2na Sh St
(0) j (o, 0) 200 ( (%) <p>> (0)
7'(2 3 N—1 D 2n—3 p 2
_Eae(p)nz;(;) Sn(p) <4n(;> [Sl (P)Sn+1(,0) _AI(P)An+1(P)]
N—n 2m ’/[2 3 N—1 2n—3
+2:2 3n+m <p> [Sn1(p)Sn+n1(p) +Am(P)An+m(P)]>_70‘€(P) - (g) An(p)

x <4n(2)2[sl<p>An+l<p>+A *Z ) (p)

The mapping presented in this section corresponds to a
simply connected domain. Any doubly connected domain,
which is the next simplest case, can be mapped in a confor-
mal way onto an annulus |zp| < |z] < 1 with 0 <zp < 1 in
the complex z plane, but the details and application of this
mapping remain to be derived.

lll. CONSISTENT POWER SERIES EXPANSIONS OF
THE POLOIDAL FLUX FUNCTION

In this section, the power series expansion of the nor-
malized poloidal flux function around the magnetic axis is
performed both in cylindrical and flux coordinates. The
objective here is to obtain adequate Taylor series expansions
for the Fourier coefficients which describe the flux surfaces.
This work extends the analysis carried out in Ref. 18. As
shown below, geometric and algebraic consistency leads to
constraints and relationships between the multivariate power
series coefficients in cylindrical coordinates and the Fourier
coefficients in the spectral representation of the closed flux
surfaces. The general form of the Taylor series will be used
in Sec. V to obtain approximate solutions of the Euler equa-
tions consistent with a Grad-Shafranov equilibrium. The
expansion method and the moment cancelation procedure
will be demonstrated next keeping up to fourth-order terms,
but the final results will be extended to the sixth-order in p.

2m

[Sm(p)ArH—m(p) _Am(p)SlH—m(,D)]) . (10)

The multivariate expansion of the normalized poloidal
flux function = ®p(p)/®Dp(a) to the fourth-order near the
magnetic axis is

W(R.Z) =y + WO (R Ry) + Ly 2O(R — R,
—— 2

=0

+- lﬁ”)(R R)+ WO)(R Rn)!

(W” FULIR )+ U (R~ Ry

=0
1
U R R ) 2 2,)
oo, 12 102 2
+ _l//m7 +_l// ’ (R_Rm)"‘_lp ’ (R_Rm)
2 2" 4mnm
1 1
< @ 2 (U 4 U (R )
1
X (Z=2n) 452 = Z) (11)
The coefficients 1,05,11’0) and x//gy?’l) of the linear terms obvi-
ously vanish since the flux is proportional to the area, but

these conditions can also be determined by first-order terms
cancelation as shown in the following. The Fourier
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coefficients can be expanded as a Taylor series in the neigh-
borhood of the magnetic axis p = O:

k=1

(12)

k=

for the main coefficients, with k,, = ¢(0) denoting the mag-
netic axis elongation; and

> 5W(0)
Sn(p) = Z ] ka

kD:Co " o (13)
An(p) =D =t

for the remaining symmetric and antisymmetric coefficients.
The values Ry(0) = R,, and Zy(0) = Z,, immediately give
W[R0(0),Zyp(0)] =, as the zero-order constraint. Now
substituting the above Taylor series in the spectral represen-
tations R(p, 0), Z(p,0) of Sec. II, collecting terms of the
same power in p in the expansion of the flux function
W(R,Z), and canceling moments in 0, one obtains the condi-
tions and relationships listed below for increasing order in p.
First-order in p:

v =0,
Yy = o. 4
Second-order in p:
$2(0) =0, A,(0)=0,
Ry (0) = 7(0)=0 (13
0 - Y 0 - Y
and
(2v0)
s =0, yer=te (16)
n
Third-order in p:
S3(0) =0, A;3(0) =0, e;(0) =0, (17)
and
Ui ¥ = —3Rg(0)y; 7,
Z// 2,0)
yit = ( © 4 4 (0)> Vo
m Km
(2.0) (18)
W = ~[ry0) sy Y
m
Z// 0 (2,0)
wﬁ?.ﬁ) 3( ( ) — 44! (0)) l/jm3 .
Km K

Fourth-order in p:
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S4(0) =0, A40)=0, S5(0)= 1)
A3(0)=0, R{(0)=0, é(o —0,

and

02" =6 IR0 ~ 4530 A2+ 4fr1(0) - 0 at(0
_ 4Aé<0>> Y0

(40)
Y22 = ‘me — 2[[ 0(0) —285(0)] [R5 (0) + 1455(0)]

()
y(1) — 6 [[ 7(0) — 85,(0)] Z/,;Eno)
+4(3S'2(0)A’2(0) +Ag$0)>] wgg;o>7
" %;) o {[ 0(0) = 285(0)] [R5 (0) + 68,(0)]
( /’;EnO) 104; <0)) <Z;;(,nO) — 24 (0)) + el,;(:)]
X % (20)

These relationships become increasingly cumbersome. But
one easily verifies that the Fourier coefficients have the gen-
eral Taylor series expansions:

o B
— (24!
2§90 ,
Zo(p) = Zn Z0 k) 21
>, o2(0)
¢ 2%k
e(p) =Km+ s
) 2 a0
of even powers in p for the main coefficients; and
00 S(Zk 1) (0)
S.(p) = n 21
Q) ; k—11”
(22)

of odd powers in p for the remaining coefficients.
The flux function can be written as a Taylor series in p

j4 @ )6 ©)

Y(p) = %Hr lﬁ”()

where the coefficients up to the sixth-order are given by:
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l,b//(()) _ wgnlo),
7" 7z
y0) =y -3 {SRK(O)2 + ( 0(0) SAQ(O)) 0(0)] Y20,
Km K

Zl/ 0 Z// 0

000 =y 15 07 + (A0 1 a0 ) 20 o
m m
(4) 1"

Z,"(0) (Z](0
—15{7[1354)(0) —6R6’(0)3}R6’(0) +o()< o )+4A,2(0))

e// (0)
e”(O)

m

buzo.

This series for y/(p) takes the form of a “multipolar” expan-
sion. Coupled with (R, Z) it shows that the Fourier coeffi-
cients of the spectral representation map the multivariate
derivatives >0 40 60 " taken along the R axis,
onto any point of the (R, Z) plane. The Fourier coefficients
describe the geometry of the flux surfaces, while the multi-
variate derivatives along the R axis are directly related to the
toroidal current profile, which composes the internal source
term in the Grad-Shafranov equation. The flux function (p)
is an even function of p, since it varies with the area of the
poloidal cross section, which can be expanded as:

+6

R;(0)[R(0) — 285,(0)] —

[ <2R” 0)[R;(0) — 755(0)] —
40

) IZA%(O) }

Z;(0)
K”l

+A%(0) +

:iii )y +%2 e:c(,,(,)) —4 (5/2(0)2 +45(0)° +S/36(lo)>]
+§ [6(2:10) - 246/;(3) <s’2(o)2 +45(0)° +S/3T<O)>
~16 [S;(o)sg” (0) +A4(0)A (0)]
» (sg o & 92) Ssg;«» o S/agoq L

(25)

To be entirely consistent within the sixth-order in p one
must include pentagonal Si(p), As(p) and hexagonal
Ss(p), As(p) corrections, as indicated by the above expan-
sions for ¥/(p) and Sy(p). However, as pointed out in Sec. II,
it is usually sufficient to describe the equilibrium, besides the
normalizing minor radius a, by a set of seven parameters
Ro(a), Zo(a), e(a), Sa(a), Az(a), S3(a), and As(a), which
can be determined from the vertical reference position Zy(a)
and the fixed points Ry(a) + a, Ro(a) — a, Zy(a) + ki(a)a,
Zo(a) —i(a)a,Ro(a) — d1(a)a, and Ry(a)— dy(a)a, defined
on the plasma boundary. Thus, the representation of the flux
surfaces in the remainder of this article will be mostly lim-
ited to Shafranov shift, elongation, triangularity, and quad-
rangularity effects, keeping the up-down asymmetry. Higher
order corrections in the plasma shape require very high

+4 (7S’2(0) +

+85,(0)” +

2, 48, (0)> 4<Z”<0>

a

+ 34 (O)) 5(0)

m

854,(0)
a

)A’Z(O)—6 [7R;(0) — 45,(0)]

(24)

precision in the calculations and are practically impossible to
detect experimentally in a tokamak configuration.

IV. SIMPLIFIED VARIATIONAL MOMENT SOLUTION TO
THE TOKAMAK PLASMA EQUILIBRIUM PROBLEM

In this section, the definitions and formulas leading to a
variational moment solution of the Grad-Shafranov equation
are reviewed. The formulation follows previous works'®'?
and reduces the problem to a set of ordinary differential
equations in the radial variable p, maintaining the original
concept of the variational moment method.'® The variational
method provides a set of coupled differential Euler equations
for the Fourier coefficients of the mapping between cylindri-
cal and flux coordinates, while the stationary value of the
internal energy gives an additional constraint to the equilib-
rium configuration.

The flux function ® = @y — ®p between the symmetry
axis and a given flux surface is related to the toroidal current
density jr by Ampere’s law in flux coordinates

2 _
N® =12V - (h;2V0)
9 (1 do
V&dp

In terms of the spectral representations in cylindrical coordi-
nates (transformation to flux coordinates (R, ¢, Z) —(p, 0, {)),
the metric coefficients are given by

R\ > AN
oo =y = ok + oz )
P ap ap

(5 ()
o0 =" =59 a0)

oROR 0207
Op 90 9p A’

h2

LA 0 g\ |
\/— dp 90 <\/§) = HohJt-

(26)

(27)

8p0 =
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and the Jacobian by

OROZ OROZ
— (-, =r( %2 RIZY (g8
Ve s(ﬂ 0 gﬂ“) (apae aeap) 28)

The metric coefficients can be easily calculated from the
spectral representations given in Secs. II and III. The toroi-
dal current density j; represents both the internal and exter-
nal sources with respect to the flux surface. Note that the
total poloidal flux ® = @y — ®p is given by the difference
between the flux @y linked by the magnetic axis and
the poloidal flux ®p, between the magnetic axis and the
flux surface, which is produced by the toroidal plasma
current.

Using magnetic flux coordinates (p, 0,(), the internal
toroidal current density in a single-nested axisymmetric
tokamak plasma equilibrium is given by

.  wodlr/dp K(p)
Jr(p,0) = zn—hgy?p, O)dL/dp  Ir(p)

HodV /dp dp
2mhe(p, 0) — — 0 ) P
) ( whi(p:6) 2nhe(p, 0)dL/dp) dp’

(29)

where I7(p) and p(p) denote the radial profiles of the toroi-
dal plasma current and plasma pressure, respectively. In this
form, Ampere’s law leads to the Grad-Shafranov equation.
The total toroidal current contained by a flux surface is

In(p) = ”mp, 0)dr(0), (30)

Sr(p)

where d*r({) = (/g/h:)dpd0 is the differential area ele-
ment in the coordinate surface { = constant and S7(p)
= [[d?r({) is the area of the poloidal cross section. The
volume enclosed by a flux surface is

V(p) =2 ” he(p, 0)d*r(0). 31)
Sr(p)

Furthermore, the inductance of the toroidal solenoid defined
by a flux surface is evaluated by the integral

M dz"(:)
Lo =5 J J he(p.0) 2
Sr(p)

and the inverse kernel of the internal inductance of the
plasma loop by

_ L[ Vpl
K0) = 3 $rto 740" 49

Here, d¢(0) = hod0 is the differential arc length along the
coordinate-curve 0. The unit vector normal to the flux surfa-
cesis i = Vp/|Vpl|, where

ho(p, 0)h(p, 0) '

Vel =" 0,0)

(34)
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The geometric and magnetic equilibrium coefficients

can be calculated taking the poloidal-angle average (...),
= (2m) " [7(...)do:

1 _gn( Y0

dp "\ he(p,0)
av

%*4ﬂ2<\/§(079)>07

(35)
L (),

%— Ho

hz(p. 0)

1/ h(p,0
K- L (00
o \ V8P, 0) /
Hence, after integration by parts (the expressions for St (p)
and V(p) were already introduced in Sec. II):

sito)=[ (k002 a0,

0

vy == (#6.0% )an

0

o =32 (R )

L (™ h2(p,0
277::“0 0 \/g(pv 0)
Note that the axisymmetric flux-surface average is related to
the poloidal-angle average:

(36)

472

()= G77ap WD O (7

Using a spectral representation for the flux surfaces as pre-
sented in Sec. II, the O-integrals can be calculated by direct
integration or by the method of residues,'® effectively reduc-
ing the problem to a one-dimensional dependence of the
Fourier coefficients on p. As an example, the geometric coef-
ficients St(p) and V(p) were calculated in Sec. II. But the
analytical results are convenient only in simple or limiting
cases.'” In general, the above poloidal-angle averages can be
numerically calculated by Gauss-Chebyshev quadrature with
adequate precision using few terms (n>2N, where N is the
Fourier series order):

1" 1 ¢
e, FO0= 23 00 s 00l 69

Here, 6, = (2k — 1)n/(2n), which corresponds to an opti-
mum integration mesh in the poloidal direction. For symmet-
ric integrands, this reduces to

n

. rf“) (0)d6 = %Zf“) (00). (39)

o =1

The flux-surface averaged Grad-Shafranov equation
(equilibrium equation) for the poloidal flux function ®p is*°
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d®p d d®p
K(p)— ) +

dp dp dp
This equation for the tokamak equilibrium can be obtained
by variational principles from the various stored energy
terms, which are presented in the following paragraphs. The

poloidal, ®p, and toroidal, @7, flux functions satisfy the first-
order differential relationships:

G. O. Ludwig

2
dVidp (LdLdlT_ 4
dpdp 2dpdp

d(Dp ]T(p)

o K(p) (1)
dvr _dL

dp (p)dp'

Here, I(p) is the total poloidal current due to the plasma and
toroidal field coils, and external to the magnetic surface. The
poloidal plasma current is Ip(p) =1(0) —I(p). The total
poloidal current can be calculated in terms of p(p) and I7(p)
using the equilibrium equation (40)

p
1 ;. dv d
F(p J Ly — vV dp’
dL/dp' )dp dp' dp'
0
( A2 av d
)+ J 1 S gy
d /) dp' ' dp'dp'
p
(42)
where p =a designates the plasma edge, [(a)=

2nRo(a)Bo/ 1y is the total current in the toroidal field coils
(rod current), and 7(0) = 2aR,,B,,/ 1y; By corresponds to the
external toroidal magnetic field at the geometric center
Ro(a); and B,, corresponds to the total magnetic field on the
magnetic axis R,,. The poloidal current density is given in
terms of the total poloidal current by

. h@(p, 0) dl hg(p, 9) d]p
== (43)
o0 0) = = (o 0)dp ~ Znye(p.0) dp
and the safety factor is given by the ratio
ddr  1(p) dL
=—= K(p)—. 44
910 = G, = 1) <) (44)

The magnetic field in a tokamak configuration can be
written as

_1dO
B :——P(VCpr)—i—g—;I

27 dp (p)V{=Bp+Br, (45)

where the amplitudes of the poloidal and toroidal field com-
ponents are

_ VO ho(p,0) dPp
Belp6) = 2nhe(p,0)  2my/g(p,0) dp 46)
Br(p,0) = AL

T 2mh(p, 0)°

Note that |V x Vp| = hy(p,0)/\/2(p,0) and |V{| =1/
he(p, 0).
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Next, the various energy contributions to the tokamak
equilibrium will be derived in detail. This allows us to cor-
rectly define both the internal energy U(a), used in the direct
variational procedure, and the action functional J(a), which
leads to the variational Euler equations for the Fourier coeffi-
cients describing the flux surfaces. Both variational
approaches will be used in Sec. V to obtain approximate sol-
utions to the Grad-Shafranov equation. These energy expres-
sions are also useful in some applications requiring detailed
comparison of energy terms.?! First, the internal magneto-
static energy stored in the plasma loop is evaluated by a vol-
ume integral with d’r = V&dpdOdl as

i o= [

V(a)

1
ELT(a)I%(a), (47)

which defines the internal self-inductance Lr(a) of the
plasma loop. Likewise, the total magnetic energy stored in
the plasma solenoid is

[[f3]

V(a)

P(p)dL
2 dp

—dp, (48)

and the magnetic energy stored inside the empty toroidal
plasma solenoid, that is, the energy due to the external field

BT‘(), is
JJ,[ 2#0
(a)
2n

(7 1 (BoRol
2nJJ< 0 0
21y

00

Wro(a

2
) Ve Odpay

with L(0) = 0. Hence, the internal magnetostatic energy
stored in the plasma solenoid (total energy less the vacuum
field energy) is

0

2y 2 dp
V(a)
[ dlp
) (P )dp

(50)

Defining the internal self-inductance of the toroidal plasma
solenoid
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- L dL
L = )i — 1 —d 51
P(a) I%(a)l[f’(a) P(p)] dp pa ( )

and the mutual inductance between the toroidal field coils
and the toroidal plasma solenoid

A

Lpnet 2
L5 ap, (52)
0

the energy integral Wr(a) can be written as
B2 B2
Wr(a) = Jjjiﬂ)a@
21y
V(a)

= %Lp(a)lf,(a) + Ly(a)l(a)lp(a). (53)

The tokamak plasma magnetization is defined by

. I
wi— P g (54)
2n
so that
- 1 dIp -
M=——— = jp.
V x 2 dp Vp xV{=jp (55)

The integral Wy (a) = Ly(a)l(a)lp(a) gives the energy
required to establish the plasma magnetization in the external
magnetic field §T70, not taking into account the work done in

creating M. Assuming I(a) > 0 the tokamak equilibrium
configuration is diamagnetic if Ly(a)lp(a) <0 and para-
magnetic if Ly(a)lp(a) > 0. A detailed calculation of the
interaction energy Wy, (a) between the plasma and the exter-
nal toroidal magnetic field is presented in Appendix A.

Finally, the energy stored in the plasma due to quasi-
static work is

Ww@w—Jjjpfr—jpwﬁ%dn (56)

Collecting the various energy terms, the internal energy
can be written as

312? B% B B%, 3
vioy= [ [[(2 +2 0 )
V(a)
= Wa(a) +Wir(a) + Wos(a)
= SLr(@l (@) + 3 Lr(a)i3(a)
+ Ly(a)l(a)lp(a) + Wos(a). (57)

The energy U(a) is the change in energy within the volume
V(a) in the external field when the plasma is introduced; it
excludes the energy Wro(a) = L(a)l*(a)/2 of the volume
prior to the introduction of the plasma. In terms of the equi-
librium variables
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Uia) - J (0 + ) 3

L(p) dpav
dL/dp dp) dp } - o)

+—(p(p)+

The internal energy U(a) is stationary under virtual dis-
placements dp of the radius p for fixed-boundary conditions
op(a) = 0. This is an application of Castigliano’s principle that
allows direct variational solutions to the Grad-Shafranov equa-
tion.'® Characterization of the toroidal equilibrium of a magnet-
ically confined plasma as a stationary state of the internal
energy has been carried out originally by Kruskal and
Kulsrud.? In the present formulation, one can identify the term
corresponding to the magnetic energy stored in the plasma
loop, Wp(a), and the terms corresponding to the total electro-
mechanical and quasistatic expansion work done by the toroidal
plasma solenoid on its surroundings, Wy (a) + Wos(a):

Wp(a) = %JIT( )d(DP,

(59)

a

Wr(a) + Wos(a J( dL+P( )dV
As it stands, Wr(a )+ Wos(a) denotes the positive output
work. The input work —Wr(a) — Wos(a) is positive if it
increases the internal energy of the system. The sum
Wp(a) + Wr(a) + Wos(a) = U(a) corresponds to the total
internal energy stored by magnetization and adiabatic com-
pression of the plasma ring.

As will be shown next, the equilibrium profiles are such
as to give an extremum of the action functional

J(a) = Wp(a) — Wr(a) — Wos(a)

2 _p2
I
[l

(o

) dV dp
dL/dpdp dp |“P

ar? d
(2)dp+V(p)dp]dp (60)

_ J K(p) <d®P>
N 2 dp
0

subject to the constraints at the fixed boundary p = a, e.g.,
pressure p(a) = 0 and total toroidal current /7(a) = constant.
In other words, the equilibrium state (an excited state) corre-
sponds to a balance between minimum internally stored mag-
netic energy in the plasma loop and maximum delivery of

work of the plasma solenoid with ¢/ (a) = 0 for a fixed bound-
ary. Integration by parts of the last two terms in J(a) yields

J(a) :I
0

dp.

K(p) (ddp\* I*(p)—1*(a)dL av
> (@) e

(61)
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According to the Lagrangian method, the functional J(a) is
written in the form

@) = [ £(@r. @) p)dp ()
0

with the Lagrangian density

K(p) (dDp\>  IP(®p) = () dL

2 (dp) 2 dp
dv

—P((I)P)%7

L(Qp, D}, p) =
(63)

and @, = d®p/dp. The Euler equation for a fixed boundary

is
oL d [ 0L
——— (=] =0 64

0Dp dp (8@}) ’ 64

which is simply the flux-surface averaged Grad-Shafranov
equation:

d d®p

dp (K( 2 dp ) Tap
Hence, the functional J(a) gives a variational principle for
fixed-boundary equilibrium solutions in the form J[/(a)],
= 0. The poloidal flux function ®p is the generalized coordi-
nate and @, is the generalized velocity, with IL/0®)
= K(p)d®p/dp = Ir(p) corresponding to the generalized
momentum. Consequently, the second-order Grad-Shafranov
equation can be written as a system of two first-order canoni-
cal Euler equations

1dL dI?
- —0. 65
t2apan, ©5)

av dp
dp d(Dp

d®p Ir(p)
d K(p)’
p p) (66)
dip __dL, . dl__dV dp.
dp  dp (P )dop dp dDp

Early formulations of magnetohydrodynamic equilibria in
Lagrangian form have been carried out by Grad and Rubin*
and later extended by Grad.>® The derivation of the two-
dimensional Grad-Shafranov equation from a variational
principle has been accomplished by Khait.**

Now consider the shape and the position of the plasma
cross section characterized by a set of admissible functions
u;(p), that is, sufficiently smooth functions that satisfy the
boundary conditions. In the present article, each one of the
Fourier amplitudes corresponds to such a function u;(p). Taking

R =R(p,0,u;),
(p,0,u;) (67)
Z=2Z(p,0,u),
yields the scale factors and the Jacobian
h9 = h@(p, 67 M,‘),
h(. :hé(pa()aui)7 (68)

\/§ = \/g(p707 L{,‘,M:»)7
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and the equilibrium coefficient derivatives

v v Zdul oV

dp  9p dp ou;’

dL. OL du; OL

dp=0p 2 dp ouy (69)
dk 0K du; OK du’ OK
=00 2 dpon T 2 dp

where u; = du;/dp. For given profiles I(p) and p(p), one can
find an extremum of the functional /(@) defined on the space
of the admissible functions u;(p). With the functional in the
form

J(a):j
0

the related Euler equation for ;(p) is

10K (dp\*| 10K (dDp\>
dp |20u; \ dp 20u; \ dp

:0,

Kp) (400" LIy 0

> Lap ST V() dp] dp (70)

_ovap 1oLar
8141'(1,0 2(91/!,' dp

(71)

subject to the fixed-boundary condition du;(a) = 0. In terms
of Ir(p) and p(p), the system of ordinary differential equa-
tions for the set of functions u;(p) is

d (B o\ Be) ok ovap toLar
dp \ 2K?(p) ou; 2K*(p)Ou;  Ouidp  20u;dp
(72)
where
2 1
dL:_ 2 T(ﬂ)&+dVdp (73)
dp dL/dp \ K(p) dp ~dpdp
Considering the set u;(p) = {Ro(p),Zo(p),e(p),S2(p),

Aax(p),S3(p),As(p)...} of coefficients of the inverse mapping
presented in Sec. II, the Euler equations for the Fourier ampli-
tudes are equivalent to the variational moment equations.'®

V. APPROXIMATE SOLUTION OF THE EQUILIBRIUM
EQUATIONS

As discussed in Sec. IV, the Fourier coefficients u;(p) in
the spectral representation of the flux surfaces satisfy the set
of Euler equations

d 1(p) aK IF(p) OK dVdp OL/Ou
p \2K%(p)ou; ) ~2K*(p)Ou; Ou;dp *aLjdp

2K?(p) Qu;  Ou;dp
r( )dIT
X +
(K(p) dp

These equations can be solved numerically for given
profiles of the pressure, p(p), and toroidal current, I7(p).

dv dp
AN ~o. 4
dpdp> 0 (74)
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Since p = 0 is a critical point, the integration starts at a suf-
ficiently small value 0 < dp < « with initial values guessed
from the boundary conditions at the plasma edge p = a as
indicated by the Taylor series expansions:

502
Ro(6p) Ry = (R — Ro(@)) -
0
Ro(0p) = ~2(R,, — Ro(a)) 5.
5p?
Zo(6p) = Zy + (Zo(a) —Zm)?,
op
7 (0p) = 2(Zo(a) — Z) 2L .
0( P) ( 0( ) )az (75)
op?
e(6p) = K + (e(a) — Km)?a
0
' (0p) = 2(e(a) — Km)a—g,
S.(0p) = dS,dp,  S.(3p) = dS,,
A,(dp) = dA,0p, Al (dp) = dA

The parameters R,,, Z,,, Kp»,-.. dS,, and dA,, are adjusted by
iteration until the end-point conditions Ry(a), Zy(a), e(a),...
Sy(a) and A,(a) are attained with sufficient precision (for
a sufficiently small value of dp the final adjusted parame-
ters are independent of it). In this way, the set of coeffi-
cients {Ro(p),Zo(p),e(p),---Su(p),An(p)} can be precisely
obtained for given p(p) and Ir(p). But the numerical proce-
dure will not be pursued in this article.

An approximation to R, Z,, k., Rj(0), Z;(0), ¢"(0),
§5(0), A5(0), $5(0), and A%(0) can be determined making
power series in p of both the flux function and the flux sur-
face geometry, as discussed in Sec. III. The power series
expansions of the Fourier coefficients, and of the geometric
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and magnetic coefficients in the equilibrium equation, are
given in Appendix B. For simplicity, the presentation of
these expansions is limited to the fourth-order, although
sixth-order terms are needed in the final results. The expan-
sions displayed in Appendix B are used only to obtain the
terms in the expansion of each Euler equation as a power
series in p. These terms are listed in Appendix C for increas-
ing powers of p. The exponent of each term in the expan-
sions increases by a factor of two with respect to the
previous one. Cancelation of these terms relates the ampli-
tudes of the Fourier coefficients around the magnetic axis.
After the parameters R,, Z,. Kk, R((0),Z"(0), ¢"(0),
§5(0), A5(0), §5(0), and A%(0) have been calculated from the
expanded Euler equations, as explained in the remainder of
this section, and the (approximate) flux surface geometry has
been fully determined, the equilibrium quantities can be
evaluated using the expressions listed in Sec. IV.

The lowest-order terms in the expansions of the Euler
equations for Ry(p) and Zy(p) are given by Egs. (C1) and
(C2), respectively. Information about the radial and vertical
positions of the magnetic axis is contained in these equations
that can be written as

(32 + 1)R,.R;(0) — 8R,,S5(0)
+ K2 <1 _ 87[ (Km + 1)2 //(0)> — 0 (76)
" Kmluolét(o)
and
(1% +3)ILN(O)+4(K§1 —3)RuA50) =0, (77

Km

coupled to the equation for the magnetic axis elongation
(C3) obtained from the lowest-order term of the Euler equa-
tion for e(p)

1 4 3 5 21 4 \ R2Z(0)
31+ — —3(3+—=————\R2RI(0)" =35+ = m=0
(1) 20 R0t (s )
13l3+ L +L+16 34 +L R S’(O)-R R"(0)
m K +1 m 2+1 mI9 | mitq
0 5 12\ R2¢"(0
+48 RmA’ ()+3 I+ + Rye"(0)
K2 K241 Km
5 4 23 20 N
+12{3 —@+K%1+1 (19+;+ o 1>R S5 (0)_RmS2(0)
41 28 2 40R2,S4(0)
12 2 \R2AL(0) 31— — | w2
(35 oo -3 (1 )
1\ (R21%(0 8 1)%p"(0
+(1—2> %() —3[1 — 4R,R}(0) + 8R,,,(0)] | = s, + )”2() ~0. (78)
K2, 17(0) K2 o171 (0)

Note that these relationships involving derivatives on the
magnetic axis are exact, no matter what the order of the

power series approximation in p. Near the magnetic axis,
the Fourier amplitudes are given by (the antisymmetric
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quadrangular coefficient A3(p) does not contribute near the
axis or to the equilibrium coefficients within the fourth-order

in p)

Ro(p) =Rm+%2R8(0)+~--,

e(p) = %266/(0) + (79)
Sz(p)=p ’2( )+- :

S3(P):P ()+~

Now the simplest approximation is obtained truncating
the above power series. In this case, the parameters R{)(0),
Z5(0), €"(0), $5(0), A%(0), and S%(0) are determined by the
plasma shape as

Ry(0) = - 2~ Fold))

2(e(a) — Km)

. 2(Zo(a) —Zy)

. sy(0) 2329 (80)

, Zy(0) =

)

81

Using these approximations, Egs. (76) and (77) for the mag-
Ro(a) 2aSy(a)

netic axis position give
L[(Rol@) _ 2aS2(a) :
2 3Kk2 41 3Kk2 + 1

2
K2 a* (k2 + 1) 822p"(0) \ 1"/
+ 1- 2 2 )
2(3k2,+1) K uoli(0)
26 (3 — k%)
3412,

Ri’ll

1%

Zn = Zy(a) — aAz(a). (82)

Note that only the difference Zy(a) — Z,, is relevant for the
internal equilibrium of the plasma, as expected. The elonga-
tion k,, is calculated from Eq. (78), which is denoted by

f(km) =0; K, can be determined numerically using the
Newton-Raphson formula

f(Ki)
f(ri)

(83)

Kit1 = Ki —

The value of the elongation at the plasma boundary, e(a), is
taken as a trial solution, giving a very good approximation to
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the true root using the two or three step Newton-Raphson
method. This crude approximation for the Fourier amplitudes
and for the magnetic axis parameters is appropriate for large-
aspect-ratio configurations and was used to represent the mag-
netic islands in the core of a tokamak.”'

The next order approximation for the tokamak equilib-
rium can be obtained taking again into account the boundary
conditions and writing the position of the major radius in the
form

Ro(p) =R sz”(o) R R, — L a2R7(0) a
0(p): nl"‘? 0 + O(a)_ m_ia 0 gv
(84)

with similar expressions for Zy(p) and e(p). The symmetric
triangularity coefficient is approximated by

3
$2(p) = pSy(0) + (Sa(a) — aSh(0)) %, (85)

with similar expressions for A,(p), S3(p) and As(p). The
coefficients R,,, Z,. k., R;(0), Z;(0), €”(0), S5(0), A5(0),
§5(0), and A%(0) are determined using Eqgs. (76)—(78) cou-
pled with Egs. (C8)—(C14). In this way, the series trunca-
tion is moved nearer to the plasma border, generating
simple, fast equilibrium solutions. However, improved sol-
utions can be obtained introducing sectionally continuous
approximations for the Fourier coefficients, as described in
the following.

The sectionally continuous approximations are con-
structed by matching the Taylor series in the plasma core
with the series in the plasma border, as illustrated for the
position of the major radius Ro(p):

2
Rocore(p) = R + %RB’(O) + §4R< 0)+ - 0<p<p,,
/ (Cl - p)2 /"
Rocase(0) = Rofa) — (a — p)Refa) + “ L Ria) + -
P * <p<a. (86)

Defining a matching radius p, such that

RO,core(p*) = RO,edge(p*)7 R6 core(p*) R6 .edge (p*)7
and Rg core(p*) Rg edge(p*>7 (87)

one obtains

R (0)
—4(3a—2p,)(Rn —Ro(a)) — (6a* —8ap, +3p})Ry(a)
a(4a—3p,)p. ’
12(2(R, — Ro(a)) + aR)(a))
(4a—3p,)p;
8(Rm _RO( )) + (Sa — 3p*)R6(a)
a(4a—3p,) ’

Ry (0) =

R//( )

(88)

with similar expressions for Zy(p) and e(p). Likewise, the
sectionally continuous approximation for the symmetric tri-
angularity coefficient is:
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S2.core(p) = pS5(0) + %33;3)(0) 4o 0<p<p,,
Sa.ctee () = $2(a) — (a — p)Sh(a)
+ MSZ @+ p.<p<a. (89

2

Using the same matching radius p, such that

S2,core(p ) = SZedge(p )a S/Z core( ) S/Z edge( ) and
/2/core( ) SZ edge( ) (90)

one obtains

3(2a — p,)Sa2(a) — (3a® — 3ap, + p?)Sh(a)

$(0) = S |
By 0(S2(a) —aS)(a))
5(0) = (3a% — p2)p.

S’z'(a) _ 6(S2(a) - aS’z(a)) 7 1)

3a* — p?

with similar expressions for A;(p), S3(p) and Az(p).

In this way, the flux surface geometry is defined in terms
of the magnetic axis parameters, R,,, Z,,, and x,,, the shape
of the plasma, a, Ry(a), Zy(a), e(a), Sz(a), Ay(a), S3(a),
Aj(a) (Dirichlet parameters), the radial derivatives at the
plasma boundary, R{(a), Zj(a), €'(a), Sy(a), As(a), S5(a),
Ag (a) (Neumann parameters), and the matching radius, p,.
Now the magnetic axis and the set of Neumann parameters
are determined for given Dirichlet conditions (plasma shape)
by solving Egs. (76)—(78) coupled with Egs. (C8)—(C14).
There are ten equations available for ten variables, with p,
as an additional variable. The optimum matching radius p, is
determined by a direct variational procedure searching for a
stationary value of the internal energy U(a) given in Sec. IV
by Eq. (58). Conversely, the magnetic axis parameters, R,,,
Zy, and K, the Dirichlet parameters, a, e(a), S»(a), and
As(a), S3(a), As(a), and the matching radius p, can be
determined for given Neumann conditions, Rj(a), Z(a),
e'(a), Sh(a), Ay(a), S5(a), and Aj(a), by solving the same
Egs. (76)—(78) coupled with Egs. (C8)—(C14). Again, there
are ten equations for ten variables, including p,. Since the
Neumann conditions are gradients, it is necessary to specify
a fixed point in order to obtain a unique answer. A conve-
nient choice is to specify the position of the major axis
through the pair of coordinates Ry(a) and Zy(a). The same
solution is obtained using either Dirichlet or Neumann
boundary conditions, interchangeably.

Note that a simpler sectionally continuous approxima-
tion can be constructed by reducing the order of the Taylor
series in the plasma core and calculating the magnetic axis
parameters, R,,, Z,,, and k,, from the given Dirichlet param-
eters by means of Eqgs. (76)—(78) only. The matching
radius is determined, as before, searching for a stationary
state of the internal energy U(a). Such approximation
should be useful for fast simulations of the equilibrium evo-
lution. An extended sectionally continuous approximation

Phys. Plasmas 24, 092502 (2017)

is used in solving the free-boundary problem presented in
the Paper II.'

VI. APPLICATION TO AN ITER-LIKE TOKAMAK

The approximate solution developed in Sec. V using the
sectionally continuous approximations (86) and (89) for the
Fourier amplitudes is applied to an ITER-like tokamak. The
main geometric parameters of the ITER tokamak are
R=6.2m, Z=0.55m, and a =2.0m.>> A slightly up-down
asymmetric configuration is assumed with the upper elonga-
tion and triangularity given by x; = 1.8 and ¢; = 0.40, and
the lower elongation and triangularity given by x; = 1.8 and
J, = 0.45, in respective order. Figure 1 shows a cross section
of the ITER-like tokamak indicating the central and extreme
points of the plasma boundary. As discussed in Sec. II, the
vertical position Z and the fixed points corresponding to the
valuesR+a,R —a,Z + kia, Z — kra, R — d1a, and R — dra
can be adjusted with the set of Fourier amplitudes Ry(a),
Zo(a), e(a), Sa(a), Ax(a), S3(a), and Asz(a) on the plasma
boundary p = a (Dirichlet parameters) listed in Table 1.

In order to solve the Euler equations, or the Grad-
Shafranov equation for that matter, it is necessary to specify
the profiles of the plasma pressure p(p) and of the toroidal
current I7(p). The power series expansions for the Euler
equations presented in Appendrx C depend on p”(0),
p@(0), 17(0), I , and Iy free parameters. In this
article, the pressure is represented by an eight-order polyno-
mial in p

s Il
Il PF2
‘?’I
5r 9]
O]
P
5 o= ]
@]
=]
-
G 8I ’
& ol
) ﬂI
wn
@]
._1I | / PF4 l
N
wn
O]
;}I
-5t @
3]
. PF5
0 2 4 6 8 10 12

R (m)

FIG. 1. ITER-like cross section: the crosses indicate the central point
(R=6.2m, Z=0.55m) and the extreme points (R, Z;), (Ra, Z,), (R3, Z3),
and (R4, Z4) of the plasma boundary; the dotted circle corresponds to the
minor radius ¢ =2.0m; the plasma is surrounded by the limiter and vacuum
vessel walls; the rectangles represent the poloidal cross sections of the cen-
tral solenoid (CS) and equilibrium field coils (PF).
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TABLE I. Geometric parameters which describe the plasma boundary of the
ITER-like tokamak shown in Fig. 1.

Parameter set Values
Dirichlet Ro(a) =6.2m Zy(a) = 0.55m
a=20m e(a) =1.75718
S3(a) = 0.109542 As(a) = —0.00344217
S3(a) = —0.00734624 As(a) = —0.00817006
Extreme points Ri(a) =5.400 m Zy(a) =4.150 m
R>(a) =5.300 m Zy(a) = —3.050 m
R3(a) =8.201 m Z3(a) = 0.469 m
Ry(a) =4.199m Zy(a) =0.772m
2 ,04

= po + 2 p"(0) = P (48py + 127" (0) — @' (a))

2 8a*
6

pa (32p0+6612 //(0) Zp//( ))
8

_r
8ad

P(p)

(24po + 4a°p"(0) — a*p"(a)), (92)
which satisfies the constraints p(a) = 0 and p’(a) = 0, along
with pp > 0 and p’(0) = 0. With these constraints, the free
parameter p)(0) is replaced by p”(a), besides the funda-
mental quantity p(0) = po and the remaining free parameter
p"(0). Furthermore, p”(0) is replaced by —20,po/a® such
that near the magnetic axis the pressure profile approaches
the standard binomial form

A
P(p) ~po<1 _E>

with a pressure peaking factor o,. The conditions for positive
pressure in the range 0 < p < a are

93)

2.1 2.1
a’p (0):%<4+ ap"(a)

(94)
2po 2po

p’(a)=0 and -—

Peaked profiles correspond to 0 < «,=<4 (a hollow profile is
obtained with o, <0) giving a pressure distribution
described by three parameters py, o, and p”(a). The pressure
on the magnetic axis is given by

Ti(0)>

Zeit )’

where 7,(0) is the electron plasma density; T,(0) and 7;(0)
are the electron and ion temperatures in keV, respectively;

= (10%e)n,(0) <T€(0) + (95)

481
- ;fa) <I(a)<0 and 10(0) =0
or
481 1
I}(a) < —4;2(61) and 77(0) > Tga)
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Zegr 1s the effective charge number; and e is the electron
charge. Throughout this article, the plasma pressure on the
axis is fixed with 7,(0) = 10* m™, T,(0) = T;(0) = 10
keV, and Zeg = 3/2.

The toroidal current profile can be represented by a
tenth-order polynomial in p which satisfies the constraint
I(a) =0 with I7(0) =0, 7:(0) =0 and Ir(a) >0 (the
plasma current is assumed positive). The free parameters are
17(0) > 0, I( >(0) and I< >(0) The parameter I( )SO) can be
substituted by I(a )< 0, besides Ir(a) >0, I )(0) and
I7(0) > 0. However, a set of four parameters results in nine
conditions for positive toroidal current in the range 0<p<a.
Therefore, in this paper the toroidal current profile is repre-
sented, as well as the pressure profile, by an eight-order poly-
nomial in p

P p*
Ir(p) = 71;(0) +2a 4817 (a) — 124°1}(0) + dPI}}(a)]
6
4” _ [3207(a) — 6°1(0) + &1} (a)]
8
8 o [2411(a) — 4a’17(0) + a*1{(a)], (96)

such that I%-(a) = 0. Replacing 77(0) by 2(1 + oc/)IT( a)/a*
the toroidal current approaches, near the magnetic axis, the
standard binomial profile
1+O€,’
_ﬁ>
2

with a current peaking factor «;. In this way, the toroidal cur-
rent distribution is described by a reduced set of three param-
eters Ir(a), o;, and I7/(a). The flux-averaged toroidal current
density is approximately given by

Ir(p) ~ Ir(a) [1 - (1 97)

1 diy
2ni,p dp

{r)(p) = (98)

Note that this is a simple approximation, the correct distribu-
tion being obtained by taking the flux-surface average of

Jr(p,0) defined by Eq. (29). Nevertheless, on the magnetic
axis one obtains exactly

_ (1L+%)lr(a)

T a?

= jr(0).

(r)(p) — £0) (99)

p—0 27K,

The conditions for positive toroidal current in the range
0<p<aare

" (100)
E—i-ﬁ B 3a*1}(a) _16 Ir(a)
27 216\ Ir(a) 2
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For simplicity, only the first condition is considered in this
paper.

A Taylor expansion of the equilibrium equation (40)
around the magnetic axis gives

"0
I(p) =1(0) +%p2 +o (101)
where /(0) = 2nR,,B/ 1ty and
2R 22
"(0) = — Thm :uOKm/T(O) +p"0)) <0 (102)

B, K2+ 1

for a standard monotonic poloidal current profile (without
reversed shear and current holes). In terms of the pressure
profile peaking factor, this gives

o . 103
" T2k + 1)po (103)
Likewise, a Taylor expansion of the equilibrium equation
(40) at the plasma boundary gives

1) = 1@+ pp e oy
where I(a) = 2nRo(a)By/ 1ty and
]//(a) _ 1 IT(a)Ig(a) + V’(a)p"(a) (105)

l(@)l'(a) \  K(a)

Since V'(a) >0, L'(a) >0, K(a) >0, I(a) >0, Ir(a)
>0, [}(a)<0,p"(a) 20, and ["(a) >0 for a standard
monotonic poloidal current profile, it follows that

TABLE II. ITER-like tokamak equilibria obtained for various values of the
peaking factors o, and o of the density and temperature profiles, respec-
tively. The plasma current in MA corresponds to the maximum value consis-
tent with a central ¢(0) value close to one, but limited by the nominal value
Ir(a) = 15 MA. The table also gives the values of the matching radius p, in
m, the internal energy U(a) in MJ, the poloidal flux ®p(a) in Wb, and the
edge safety factor g(a).

Profiles O oy  Ir(a) p, Ula) ®pla) ¢(0) qg(a)
Peaked 2o 1.4 722 1356 206.5 49.45 1.000 7.171
Peaked 207 1.3 778 1.596 2348 51.86 1.000 6.727
Peaked 2o 1.2 850 1972 274.1 55.01 1.000 6.107

Intermediate  307/2 1.1 9.31 1.830 3204 58.18 1.000 5.516
Intermediate  op 1.0 10.33 1.585 383.6 62.16 1.000 4.832
Intermediate  op 0.9 11.64 1.690 4732 6735 1.000 4.218
Intermediate o 0.8 13.51 1.258 615.6 74.49 1.000 3.498

Flat or/2 08 1348 1.187 6128 7429 1.000 3.502
Flat or/2 0.739 15.00 0.825 7414 79.99 1.000 3.104
Flat or/2 0.7 1500 0.577 731.6 7841 1.058 3.095
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Ir(a)l7(a)

0P @<~ Kavia)

(106)

Table II lists the results of equilibrium calculations per-
formed for the ITER-like tokamak with varying peaking fac-
tors for the density, o, and temperature, o7. The pressure
peaking factor is given by o, = o, + ar, which defines the
parameter p”(0) = —20,po/a*. The current density peaking
factor is given in terms of the temperature peaking factor by
o; = 307 /2 for an ohmically relaxed state (j ~ T*/?), defining
the parameter 17/(0) = 2(1 + o;)Ir(a)/a*. For simplicity, the
remaining free parameters p”(a) and [7(a) are put equal to
zero. The plasma pressure on the axis is fixed at pyp = 267 kPa
and the external toroidal magnetic field on the geometric cen-
ter is Bo = 5.3 T. The geometry of the plasma boundary is
fixed as given in Table I and the plasma current listed in
Table II reaches a value consistent with a safety factor ¢(0)
equal or close to one on the magnetic axis, but limited to the
nominal value I7(a) = 15 MA expected for ITER. The equi-
libria are arbitrarily divided into three classes, ranging from
peaked to flat profiles. As the current profile becomes flatter
as given by a; = 3o7/2, the pressure profile also flattens to
avoid poloidal current density reversal according to the
general conditions (103) and (106). The flat profiles with
oy = or/2 give o, = 307 /2 = o;, which corresponds to sta-
tionary magnetic entropy states (j ~ p).?® In particular, the
equilibrium with oy = 0.739 gives a central ¢(0) value
close to one with the nominal plasma current I7(a) = 15
MA and an edge safety factor g(a) just above three. This
equilibrium gives nearly the maximum value of the internal
energy U(a) without increasing the plasma current above
its nominal value.

Now Table III lists the magnetic axis, matching radius,
and Neumann parameters for the peaked equilibrium corre-
sponding to the first line in Table II. Figure 2 shows the flux
surface geometry, the plasma pressure profile, p(p), the
toroidal current profile, I7(p), and the approximate toroidal
current density profile, (jr)(p) for this equilibrium.
Furthermore, Fig. 3 shows the variation with the radial vari-
able p of the poloidal flux, ®p(p), of the main Fourier ampli-
tudes, Ro(p), Zo(p) and e(p), of the triangularity
coefficients, S,(p) and A,(p), and of the quadrangularity
coefficients, S3(p) and Az(p).

TABLE III. Magnetic axis, matching radius, and Neumann parameters for
the ITER-like tokamak equilibrium with peaked pressure and current density
profiles shown in Fig. 2, and discussed in the text.

Parameter set Values

R = 647327 m
K = 1.34389
p. = 1.35609 m
Rj(a) = —0.479432
¢(a) = 0.425214 m™
8)(a) = —0.00677738 m™" A} (a) = —0.000911109 m™"
Si(a) = 0.00821685m™  A}(a) = —0.0119952 m™"

Magnetic axis Zn =0.549442 m
Matching radius

Neumann Zy(a) = 0.0049004
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FIG. 2. Left: flux surface geometry inside the ITER-like tokamak plasma. Right: profiles of the plasma pressure, p(p), toroidal current, I(p) (thick line), and
approximate toroidal current density, {jr)(p) (thin line), for the equilibrium detailed in Tables I and III.
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FIG. 3. Profiles of the poloidal flux,
Dp(p); of the main Fourier amplitudes,
Ro(p), Zo(p) and e(p); of the symmet-
ric, S>(p), and antisymmetric, Ax(p),
triangularity coefficients; and of the
symmetric, S3(p), and antisymmetric,
A3(p), quadrangularity coefficients for
the ITER equilibrium shown in Fig. 2.
The thin vertical line indicates the
position of the matching radius, p,.
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FIG. 4. Profiles of the toroidal (continuous line) and poloidal (dotted line)
plasma current densities along the equatorial plane of the ITER equilib-
rium shown in Fig. 2. The toroidal and poloidal plasma currents are
Ir(a) =7.22 MA and Ip(a) = 2.82 MA, respectively. The total poloidal
current is /(0) = 167.12 MA on the magnetic axis and /(a) = 164.30 MA
at the plasma boundary.
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FIG. 5. Equivalent surface current density distribution in the ITER-like
tokamak equilibrium shown in Fig. 2. The thick continuous line corresponds
to the surface current on the plasma boundary p =a. The thin lines
correspond to the surface current on the flux surfaces p = 3a/4 (continu-
ous), p = a/2 (dashed), and p = a/4 (dotted). The thick dashed line corre-
sponds to the matching radius position p, = 0.678a.
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TABLE IV. Magnetic axis, matching radius and Neumann parameters for
the ITER-like tokamak equilibrium with flat pressure and current density
profiles shown in Fig. 6, and discussed in the text.

Parameter set Values
Magnetic axis R, = 6.24007 m Zm=0.55123 m
Kp = 1.62433

Matching radius p, = 0.576545 m
R)(a) = —0.0503291
¢(a) =0.127612 m™

) (a) = 0.0408533 m™"

Si(a) = 0.00494655 m™

Neumann Zy(a) = —0.00116705

Al (a) = —0.00161027 m™"
Al(a) = —0.00971862 m™!

Upon substituting the values of the Dirichlet parameters,
Neumann parameters, and matching radius given in Tables I
and III in the sectionally continuous approximations pre-
sented in Sec. V, the spectral representation of the flux surfa-
ces is fully determined. Then, the equilibrium quantities can
be calculated by integration using the expressions given in
Sec. IV. As an example, Fig. 4 shows the profiles, along the
equatorial plane, of the toroidal and poloidal current densi-
ties defined by Egs. (29) and (43), respectively.

The toroidal component of the equivalent surface cur-
rent density, Ky = /’lg]g - V{, is defined on each flux surface
of the tokamak plasma by

Vol ddp 1 [ ho(p,0) \1I
k(. 0) — 1VPL 4% _ 1 hulp.0) \Ir(p)

 2mughe dp g \2m/2(p,0) ) K(p)

(107)

Figure 5 shows the surface current density distribution on the
plasma boundary and on several flux surfaces inside the
plasma for the ITER-like equilibrium shown in Fig. 2. The
surface current on the plasma boundary is a necessary part in
the determination of the maintaining field. This topic is
examined in the Paper II.

FIG. 6. Left: flux surface geometry
inside the ITER-like tokamak plasma.
Right: profiles of the plasma pressure,
p(p), toroidal current, Ir(p) (thick

o (m)

PF1 .
(?,I
5L & ]
(8]
DI
N
wn
(&)
=1
— 0_. P S
e 3 0.0 0.5
E ol i
]
N -
w0
UI
AI
N
w0
[8]
]
-5l S;I J 8}
(8] 6L
4,
ere 2
. . . . . 0
0.

o 0.5

line), and approximate toroidal current

] E density, (jr)(p) (thin line), for the equi-
1 j librium detailed in Tables I and IV.
13
12
i3
A
1%
'~
. e N A\
1.0 1.5 2.0
p (m)



Phys. Plasmas 24, 092502 (2017)

1.0 1.5 2.0
p (m)

FIG. 7. Profiles of the poloidal flux,
®p(p); of the main Fourier amplitudes,

Ro(p), Zo(p) and e(p); of the symmet-
ric, S2(p), and antisymmetric, Az(p),
triangularity coefficients; and of the
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symmetric, S3(p), and antisymmetric,
As(p), quadrangularity coefficients for
the ITER-like equilibrium shown in
Fig. 6. The thin vertical line indicates
the position of the matching radius, p, .
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The last line in Table II corresponds to an ITER-like
tokamak equilibrium with relatively flat profiles. Table IV
lists the magnetic axis, matching radius, and Neumann
parameters for this equilibrium and Fig. 6 shows the flux sur-
face geometry, the plasma pressure profile, p(p), the toroidal
current profile, I7(p), and the approximate toroidal current
density profile, (jr)(p). Also, Fig. 7 shows the profiles of the
poloidal flux and Fourier amplitudes for the equilibrium.
Finally, Fig. 8 shows the profiles of the toroidal and poloidal
current densities along the equatorial plane, for the ITER-
like tokamak equilibrium shown in Figs. 6 and 9 shows the
respective distribution of the equivalent surface current den-
sity in the internal flux surfaces.

VIl. CONCLUSIONS

This article presented an analytical model for the
equilibrium of tokamak plasmas with an arbitrary aspect
ratio and vertical asymmetry. The model is based on spec-
tral representations of the flux surfaces and sectionally
continuous approximations of the Fourier amplitudes. The
coefficients in the sectionally continuous approximations
are determined making power series expansions of the

5 1.0 1.5 2.0
p (m)

variational moment (Euler) equations. Matching between
the Taylor series for the core and border plasmas is per-
formed by a direct variational method that admits fast cal-
culation of the equilibrium parameters. In this manner, the
analytical form of the spectral representation leads to a
straightforward determination of all equilibrium variables
and profiles.

The analytical model was applied to an ITER-like toka-
mak. A wide range of plasma pressure and toroidal current
density profiles can be simulated, as listed in Table II and
illustrated by Figs. 2 and 6. Although the present applica-
tion was limited to standard pressure and current (ohmic)
profiles, the model can be extended to other profiles includ-
ing externally driven currents and possibly advanced fea-
tures such as reversed shear. Even equilibrium solutions
with discontinuous profiles (current sheets) can be simu-
lated by suitable modifications of the sectionally continuous
approximations.

Although the model may not have sufficient precision
for detailed stability studies, when a large number of Fourier
components are required, it should be adequate for the con-
ceptual design of tokamak reactors. Moreover, the one-
dimensional formulation obtained with the use of magnetic
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FIG. 8. Profiles of the toroidal (continuous line) and poloidal (dotted line)
plasma current densities along the equatorial plane of the ITER-like equi-
librium shown in Fig. 6. The toroidal and poloidal plasma currents are
Ir(a) = 15.00 MA and Ip(a) = 9.78 MA, respectively. The total poloidal
current is /(0) = 174.08 MA on the magnetic axis and /(a) = 164.30 MA
at the plasma boundary.

)
Q
0.4 = s
0.2
0.0
-3 _2 _1 0 1 2 3
6 (rad)

FIG. 9. Equivalent surface current density distribution in the ITER-like toka-
mak equilibrium shown in Fig. 6. The thick continuous line corresponds to the
surface current on the plasma boundary p = a. The thin lines correspond to
the surface current on the flux surfaces p = 3a/4 (continuous), p = a/2
(dashed), and p = a/4 (dotted). The thick dashed line corresponds to the
matching radius position p, = 0.288a.

flux coordinates and spectral representations provides an
appropriate framework for simple plasma transport studies
and particle orbit calculations, since the flux surfaces have
an analytical form. The model is also adequate to estimate
the external field necessary for equilibrium, a problem that
is addressed in the Paper II.' Actually, one of the advan-
tages of the model is the analytical description of the
Cauchy conditions by means of the amplitudes and radial
derivatives of the Fourier coefficients at the plasma bound-
ary. The Fourier coefficients act as “virtual filaments” in
free-boundary calculations, a problem that is also analyzed
in Paper II.

ACKNOWLEDGMENTS

This work was supported by a grant provided by the
Programa Pesquisador Visitante Sénior: Coordenacao de
Aperfeicoamento de Pessoal de Nivel Superior (CAPES).

Phys. Plasmas 24, 092502 (2017)

APPENDIX A: INTERACTION ENERGY BETWEEN
PLASMA AND EXTERNAL TOROIDAL MAGNETIC FIELD

The vector potential A p.o corresponding to the external
toroidal magnetic field By is given by

Apo = Ap0(p.0)Vp + Ano(p. 0)V0, (A1)

where the covariant components are:
0 /
Aol 0) = Bo@L0) 1 | 17 J g((ppf;)) 7
Ago(p,0) = BORO(G)%%~ (A2)
Accordingly,
V x Apo = VA,o(p,0) x Vp + VAgo(p,0) x VO

- ( agg" + agz,0> Vp x VO

- (55 o

= BoRo(a)V{ = Bryp. (A3)

Now consider the interaction energy of the magnetization
currents j, =V X M in the external field of potential
XP,O:

Wula) = JJJ/_;D -Apod’r
V(a)

almn
dl
- j j T Aoalp.0) TE x Vo - T0VE(p.0) dpd

=1

a

— 2nBoRo(a) Jdlp L(p) <\/§(p,0)>0

J dp dL/dp \ hX(p,0)
= I(a)JL(p) %dp = Ly(a)l(a)lp(a). (A4)
0

Of course, the same result is obtained replacing f;, by
V x M:

(A5)

Here, the first term on the right-hand side corresponds to
the potential energy of distributed magnetic moments in the
external toroidal magnetic field and the second term to the
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interaction energy of surface magnetization. Performing the integrations with d°r = V&(p,0)dpd0d{ and d*F(p) =
V/2(p, 0)d0d(V p one obtains

aln 2m
.0
Wy(a) = —BORO(a)JJIp(p) %d;} d@—Hp(a)J [Ap0(a,0)Vp +Ago(a,0)V0] x V(- Vp\/g(a,0)dl
00 = 0
a 2n
- —2”3(;—’?(“) In(p) %dp +Ip(a) JAe,o<a, 0)d0
=) =L(a)l(a)

= I(a)JL(p) C;L;dp = Ly(a)l(a)lp(a). (A6)

APPENDIX B: POWER SERIES EXPANSIONS OF THE GEOMETRIC AND MAGNETIC EQUILIBRIUM COEFFICIENTS

The spectral representation of the flux surfaces expanded to the fourth-order in p results in the pair of parametric equations
for the radial component (in cylindrical coordinates)

2
R(p,0) =R, + pcos 9+% [R;(0) — 4(S5(0)sin 6 — A5 (0)cos 0)sin 0]
! I
—2p° <S3(0) sin 0 — A (0
a a

4
cos 0) sin 20+ 5—4 [Ré“) (0)—8 (5(23>(0)sin 0— A(23)(0)cos ()) sin 0} I (B1)

and for the axial component

Z(p.0)  Z, 2 [z
(0,0) _Zn + psin0+2 {ﬂ — 4(85(0)cos 0 + A5 (0)sin 0)sin 9]
Kn'l Km 2 Kn?
3 " ! i
+ L 0) sinf) — 4 <S3 ©) cos 0 + A5 0) sin 9) sin 20}
2| Kn a a
4 Z(4) "
+ 5—4 OK 0, eK(O) (8,(0)cos 6 + A (0)sin 0) sin 0—8 (553) (0)cos 0 + A% (0)sin 0) sinf| +---.  (B2)

Some of the higher-order terms in the above spectral representation do not contribute to the following expansions of the geo-
metric and magnetic coefficients of the equilibrium equation.
The volume enclosed by a flux surface is expanded as

\% 2
(P oy +p—{Rng(o) +

R%e"(0)
27216, R, p* 2R2,

Km

R2S4(0
—2[1 4 2R,,85(0)]R,,S5(0) — 4R%A%(0)* — 4%”}, (B3)

and the magnetic coefficients in the equilibrium equation become

2R,L 2 R2¢"(0 R2S.(0
HnlP) Ly 21y, (Rng (0) — LU) +4[1 = 2R,,85(0)]R,,S,(0) — 8 (R;A’z(o)2 + A) . (B
UoKmpP? 4R? Knm a

and

+ (1 _ x%16+ 1) @%@ 4 {1 - x%12+ s (1 4 %)Rmsg(o)]lemsg(m
+4(3 ey 1)1!&,2”#2(0)2 + 8@ }
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In a form suitable for a large aspect ratio, the poloidal flux function is given by

2(K3,,+1)<I>P[p}ul+ > {R,an;4>(o)_3<3 2 )

KmitolF (O)R,p> — ~  24R% | 1(0) Rt

2 2 16
=31 - 3————— |R,R)(0) — ——R,,S5(0)|R,,R (0

2 R,Z}(0) 4 , R,Z}(0)
l+— ) 20 1 8(1 —————|R,AL(0) | =02
<+%+J Ko +( ﬂ+J (0)

m m

6 \ R2e"(0) 2 2
31— —m” 1201 - 5(1 RS, (0) | RS, (0
( K%ﬂrl) Km { a1 <+1+ ) U} 2(0)

m

14\, , R25,(0)
<3+ m+1>RmA2(0) +2712 H (B5)

Note that the multivariate derivatives lﬁ (20) and zﬁ (+0) in the coefficients (24) of the Taylor series in p of the flux function are
related to the derivatives /7.(0) and /; “ )(0) of the toroidal current profile, as anticipated in Sec. IIL

—12

APPENDIX C: POWER SERIES EXPANSIONS OF THE EULER EQUATIONS

The leading term (lowest-order) for each Euler equation is as follows.
Geometric center Ry(p) of the flux surfaces (major radius):

[12,+ R (312, + 1)RY(0) — 855(0))] o 71(0)* — 872 (12, + 1) °p"(0) 40 n
2(K%1 i 1)2 m .

Vertical position Zy(p) of the major radius:

R [(12 + 3)Z4(0) /16, — 4(3 — 12) A4 (0)] o I(0)° JEI— (C2)
2(x2, +1)°

Elongation e(p):

3ich + 812 + 1 — (3 + 2K2 + 3)RuR;(0) + 16(3xct + 8x2, + 3)R,,.55(0) R.R!(0)
16(x2 4+ 1)° e

<21+5K K2+ 6)|RuZy(0) /16, — 16(1312, +9)R,,1A’(O)> R,Z{(0)

Km

16(12 + 1)°

+

m
16 (K2, +

Km 16(x2, +1)°

e 3+4R,, [s’z(o) — 31R,85(0)” — 37RmA’2(0)2}
" 8(12 +1)°

1+ 12R,,S,(0) — 4R2 [195’2(0)2 +545(0)% 4 1084(0) /a} -
3 :u()[T(O)
16(k2,+ 1)

. ( jg ,znxz i)R;,,; ) Lo (0) (7‘52 [1-4R,, (R(;(o) - 25’2(0>)]>p,,(0)} 2y 3

R m
m

4
+K,
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Symmetric triangularity coefficient S, (p):

(12, + R (312, + 1)RY(0) — 855(0))] o 71(0)* — 872 (12, + 1) (0)

4
- Kp* + - = 0. (C4)
202 4+ 1) !
Antisymmetric triangularity coefficient A, (p):
R [(12 + 3)Z4(0) /160 — 4(3 — 2)A4(0)] o l(0)?
B [(Km+ ) 0( )/K - ( _ Km) 2( )].uO T( ) Kmp4+"':0. (C5)
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Symmetric quadrangular coefficient S3(p):
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Antisymmetric quadrangular coefficient Az(p):
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Note that the two equations for the symmetric and antisymmetric triangularity coefficients give lowest-order conditions
that are identical to the ones given by the radial and vertical positions of the major radius. Therefore, in lowest-order there
are five independent equations available, which can be used to evaluate the three parameters R,, Z,, and k, on
the magnetic axis, and to eliminate, say, S5(0) and A%(0). The remaining coefficients, R{(0), Z{(0), ¢”(0), S5(0), and
A5(0), must be evaluated from the next order terms in the expansions of the Euler equations. These terms become very
cumbersome. Nevertheless, they can be derived from the Euler equations in a straightforward manner using a computer
algebra system like Mathematica . Although lengthy, the final equations have a simple algebraic structure, allowing
fast calculation of the required coefficients. The seven equations suitable for evaluating the coefficients
R{(0), Z;(0), €"(0), $5(0), A5(0), S5(0), and A%(0) are listed in the following. They complement the three Eqs. (76)—(78)
used to evaluate R,,, Z,,, and k,,.
Next to the lowest order term for the major radius Ry(p) of the flux surfaces:
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Next to the lowest order term for the vertical position Zy(p) of the major radius:
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Note that the last term in the above equation vanishes as determined by Eq. (77) for the vertical position of the magnetic
axis.

Next to the lowest order term for the elongation e(p):
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Next to the lowest order term for the symmetric triangularity coefficient S, (p):
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Next to the lowest order term for the antisymmetric triangularity coefficient A, (p):
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The lowest order term for the symmetric quadrangularity coefficient S3(p):
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The lowest order term for the antisymmetric quadrangularity coefficient A3(p):
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