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ABSTRACT 

The self-consistent APW- LiS method is utilized to obtain the band 

structure of NaC1 in the "muffin-tin" approximation. We have investigatev 

the convergence of many intermediate results, e.g, crystalline potential, 

matrix elements of the momentum operator and energy eigenvalues at the 

r point. The summation in reciproca] space, included in the 

definition of the matrix O of the theory, is performed by direct sum 

and ais() by a special points technique. For the convergence criteria 

used, the results converged after five iterations. 



1. INTRODUCTION 

	

In a preliminary article L 1 ] the authors have presented 	the 

formalism of a self-consistent APW-t.P method for electronic energy 

bands calculation. In this introduction, we summarize the main features 

of this formalism. 

Let assume that the results of an APW calculation are known at a 

high symmetry point t o . The Blockfunction.at a general point t may be — - 

determined by a Kohn-Luttinger expansion r 2 1 .This enables us to 
obtain a secular equation to calculate the energy eigenvalues and the 

expansion coefficients. This scheme is cal led 	3 1. 

The self-consistent density of charges inside each sphere p of 

the "muffin-tin" model is given by 

o(r) = 2er 2 	n 	Re LEf4 	,(r).]-(5 ,ReLpa  I a  (r1 	(1) a m,m' 	1 	mm mm 	mm 	mm mm 
mm k 

with  Re for real part, and 

ZR/g  na9 	1r rr n,1 	n,1  
flfl P

(1a)  

	

IT; • --Gr- n,i 	2. 	W(t) 

r 	r 
icritim .(r) =./ 	/2,,t 	mt T 	 B  (Rs ) *C-? 	)/ 	(r)5 	( 1 et 	(lb) p,A,m 	p,,m' r ' 	p 

and 

Ba 	9— 4ir(2A 4.1)Z rlor t (R)exp E i(OT4s ). 	ii,  (K sR p)ji (KTRp)P À (cosy) p na  R 
(1c) 

In (1a) g is the order of the group of the wave vector t o  , na  is 

the dimension of the representation ra , and G is the number of vectors 

considered in the summation on the reciproca] space. As we have 
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mentioned before, the coefficients A are determined by diagonalization 

of the secular matrix of the X.1-5 expansion, Eq. (6) in Ref. 1. W(X) are 

weights assigned to each vector in order to consider repetitions when 

the g operations of symmetry are appiied to it. Summation involves only 

occupied states. In Eq. (lb) X represents the vectors of the reciprocai 

lattice and C the coefficients of expansion of the Bloch states at 

in Symmetrized Augmented Plane Waves. The charge density is assumed 

to be constant outside the spheres and it has a value 	such that the 

unitary cell is electrically neutral. The crystalline potential is 

assumed spherically symmetric inside spheres and zero outside. The 

former is a sum of a Coulomb and an exchange term, 

27 R on 14.N 
uCOUl f .$) 7.:  _ _.2... 4.  2 i r G (t) dt 4- 21 P '—=.i-u dt 4- C .(r ,- R ) (2) y p 	k. 	r 	r 	p 	 t 	P ' 	P o 	 r 

Vch = -6ar3a (r)/327T 2 r 2:16a(3P /8r) 1"-3  ; (r<R ) 	 ( 3 ) ex 	_ p 	 P 

where a is a parameter that takes the value 1 •n the Slater's1 4 

approximation, 2/3 in the Kohn and Shaml - S method or may be 

adjusted to fit the experimental results. Many other approximations 

include many body effects in the exchange term in order to get a more 

accurate potential. We restricted ourselves to the use of a=1. 

Once we have calculated the average value of the potential in the 

plane wave region, e ut , and its average value on the surface of the 

spheres, V(R ), we obtain C , as indicated in Ref. 1: 
P 	 P 

-2Z 

	

P 	2  
1. 	

rn 

	

. 	o (r) dr 4. C . V(R ) - Vout (4) —11.---  ir- 	P 	P 	P 

	

P 	P 	o 

We used this method to calculate the band structure for NaCl. 

Section 2 deals with the first iteration. This part was done 
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preliminarily by Sans [ 6 1 and here we will present some of the 

results. 

Section 3 concerns the iterative process, where we present the 

results obtained for the matrix elements of the momentum operator, 

matrix D, energy leveis at the r point and the band structure. 

Comparison is made with Chadi and Cohen [ 7 1 special points. 

Finally, in Section 4, we point out some possible improvements of 

the method and discuss some of its main characteristics and advantages. 

2. INITIAL RESULTS AND DETAILS OF THE CALCULATION 

The first iteration was performed starting with a crystalline 

potential obtained by the Superimposed-Free-lon r 8 	(SFI) model using 

the Herman and Skilmman r 91 ionic potentials. Fig. la and lb show 

the radial functions for the ions CI -  and Na. We calculated in 	the 

"muffin-tin" approximation the potential, the radii of the spheres and 

the average value of the crystalline potential outside the spheres. The 

values obtained for the radii' Ri 	
2.86 a.u. and RNa 

= 2.46 a.u. 

coincide with those of Clark and Kliewer 	10 1 . 

The APW calculation at the r point was performed with tmax -13 in 

the expansion of spherical harmonics and with Wood's quadrivectors 

r 11 	indicated in Table I. Table II presents some parameters used. _ 	_ 

Since the NaC1 structure does contam n an inversion center, the 

matrix elements of the momentum operator are real. Their values, 

calculated in the initial iteration, are shown in the first column of 

Table III. Once we have obtained the results at the F point, i.e., 

energy leveis, coefficients of the APW expansion, and matrix elements 

of the momentum operators, we begin the self-consistent process. First, 
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we calculate the radial function 1-J
nt 

(r), defined for each sphere as 

in the 200 point mesh of the APW. We obtain, separately, the values of 

Ba according to Eq. (1c). This part is done only once in the whole 

process since 8a  depends only on the symmetry of the crystal and on the 

sphere radii. 

Once we have obtained the coefficients of—ihe tt) 'expansion, we 

perform the summation in the reciprocai space volume corresponding to 

1/48 of the first Brillouin zone, taking into account only the occupied 

states. This fraction of the B.Z. is limited by the r-L-K-W-P-X points, 

as shown •n Fig. 2. It corresponds to a set of vectors t such that 

k >k >k 
x y z 

k
x 

<2n /a 

k 	k 	k <3ir /a 
x 	y 	z 

If we use N vectors t i  in this region, it corresponds to performing the 

summation taking into account Ntotal  vectors in the whole B.Z., given 

by 

48 
N total 	/ i=1 

At this point, we used two different approaches. The first one 

considering N equal to 28 (the vectors are shown in Table IV). 	The 

second one considering N equal to 152, 
Ntotal 

 corresponding to 500 and 

4000 vectors respectively. The matrix D was calculated in both 

approaches for each iteration. 

With these pardal results, we obtained the charge density inside 
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each sphere according to Eq. (1). Later, we calculated the crystalline 

potential with Eq. (2) and (3), and constant C p  according to the Appendix 

A of Ref. 1. 

In order to assure uniform convergence, we used as the starting 

potential for the second iteration that obtained as the arithmetic 

average between the starting and the resulting potentials of the first 

iteration. But for the following iterations, we used two criteria, the 

first one being a continuation of this procedure and the second one 

by alternating the Pratt r 8 1 criteria with the arithmetic average. - 	_ 

3. RESULTS OF THE SELF-CONSISTENCY 

We have obtained good convergence after only 5 iterations. The 

energy leveis at the r point are shown in Table V. We can observe that 

the Pratt criterion gave a faster convergence. This was achieved not 

only in the energy leveis but also in the other results. The self-

consistency showed a trend to decrease the energy gap, due to a bad 

choice of the initial value of the potential outside soheres. At the 

second iteration an inversion appeared between the leveis I 1'2 and 

2 11 , 5  and remained in the following iterations. 

Valence charges inside the spheres decreased through the process, 

increasing the plane wave component for each levei. The variations, 

however, were very small. The leveis '1' 1  and I r ls , at the end of the 

calculation, were composed respectively of 93% of the 3s 2  state and 

94.8% of the 3p 6  of the Cl - , as shown in Table VI. 

The matrix elements of the momentum operator for the first and 

the last two iterations are shown in Table III. 

When compared with the results obtained by Sans [ 6] , we notice 
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that the biggest discrepancies occur with the values of 	and M?;1 5. 

But these discrepancies are not important since the values are very 

small and the leveis involved are very distant in energy. 

Tables VII show the important elements of matrix D in the first 

and last iteration. We can observe that the differences between 	the 

results with 500 and 4000 vectors are not significant. Through the 

five iterations, the value changed less than 1%. In the last iteration, 

we made a test using the Chadi and Cohen 	7 1 special points, i.e., we 

returned to the 	expansion and performed the calculation of the 

coefficients with 1,2 and 10 special points. They are shown in Table 

VIII with their coordinates and respective weights. In this case, the 

principal part of the matrix D appears in Table IX. The results tend to 

converge to the same values in both cases, i.e., the direct sum and the 

use of special points. 

We see that the Chadi and Cohen 	7 1 theory gave good results 

but we have to keep in mind that the valence energy leveis are well 

localized in NaCl. 

Fig. 3 shows the self-consistent crystalline potential in atomic 

units. Fig. 4 shows the band structure in the symmetry directions, i.e., 

axes á, á and E. 

4. CONCLUSION 

The article of Roessler and Walker [121 on optical-reflectance 

spectra of Nael suggests a gap between r is  and r i  of 8.97 eV. Gout 
and Pradal [13 3  measuring the energy lasses of electron in alkali-

halides suggest E
9 
 8.7 eV for NaCl. Measurements of photoemission 

have been performed by Haensel et ai [14 ] who obtained a gap of 



-7- 

8.5  eV. More recently Himpsel and Steinmann [ 15 	obtained Eg  = 9.0 eV 

from measurements of angle-resolved photoemission. On the other hand 

many theoretical calculations have been performed in NaCl. Melvin and 

Smith 1:16 J obtained E
9 
 . 5.0 eV using APW method. Kunz 17 using 

the OPW method with a superimposed free ion potential and Slater's 

exchange obtained E . 7.4 eV.Fong and Cohen r 18 1 adjusted the gap 
9 

F 35-5T 1  to 8.97 eV and calculated the electronic band structure by the 

empirical pseudopot-é-ntial method. Perrot 11 19 1  used the APWHF(Hartree-

-Fock APW) method and obtained E
9 

- 8.4 eV. Lipari and Kunz [20 A 

calculated the energy bands and optical properties of NaC1 using a 

mixed basis method. The calculations were performed only at the points 

r,x and I. and the medium point of L. They adjusted the valence bands 

with tight binding expressions and the conduction bands with a pseudo-

-Hamiltonian. The gap obtained was 10.0 eV. In Table X we compare our 

results with some of the measurements and calculations mentíoned above. 

It is worthwhile to point out that a better choice of the exchange 

potential and corrections to the "muffin-tin" should be the next step 

to thís self-consistent APW-E; calculation in order to better fit the 

experimental results of the gap energy and valence bandwidth and at the 

same time, to better understand the importance of the different 

aproximations normally imposed. In this direction, Kunz et al[211 have 

already carried out the calculations using different kinds of crystalline 

potential and comparing their results with many of the works mentíoned in 

this articIe. Recently Clossl 221 introduced "non muffin-tin" corrections 

into the APW-t.; method in a self-consistent way. He concluded that the 

calculations become overwhelming, at least in the case of GaAs, with no 

inversion center. 
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We conclude by presenting some characteristics of this self-

consistent method. 

1. For structures, like NaC1, the method proved to converge very 

quickly, not only for the energy leveis at the r point, but also 

for the matrix elements of momentum, matrix D and crystalline 

potentials. 

2. The matrix D changed very weakly throughout the iterative process , 

and does not depend too much on the number of points in the B.Z. 

This method can be even faster if we calcu late the matrix D with the 

10 points of Chadi and Cohen L7 j only in the first iteration. 

3. The use of APW calculation only once per iteration and at the r point, 

makes this self-consistency easy to manipulate and extremely time-

saving. 

4. The use of the Ewald-Slater method L 23 1 makes this method 
applicable to any structure. 

Guimarães r 24 	has used our results to calculate the effective 

mass for the conduction band. He obtained the value m*/m 0 =0.5012. Page 

and Hygh 25 ] obtained the value 0.573, using a non-self-consistent 

APW calculation. 
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FIGURES CAPTIONS 

Fig. 	la 	Square modulus of radial functions of the ion Cl -  in fundamen- 

tal 	state. 

Fig. 	lb Square modulus of radial functions of the ion Na +  the 

damental 	state. 

fun- 

Fig. •2 First Brillouin zone for fcc structure. 

Fig. 	3 Self-consistent crystalline potential 	in the direction 

(0,0,1) 	obtained . by  the Pratt criteria 	for_NaCT. 

Fig. 	4a Band structure of Nael 	in the A axis. 

Fig. 	4b Band structure of NaC1 	in the A axis. 

Fig. 	4c Band 	structure of NaCi 	'In the E l 	axis. 
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TABLE 1 - nuadrivectors used in the cxnansion of the Ploch 

functions at the r roint ( in units of 2n/e).Pccord-

ing to Pood, the fourth indices indicate the sign 

of renresentetion and partner. 

r25 r i 

 

r2* rls ri2 

0001  2 2 2-1 222-1 222 1 n r; 1 

222 1  4 0 4 -2 2 6 2 - 1 4 0 2 4 e 4 1 

0 4 0 1 2 6 2 4 4 4 - 1 4 0 4 1 2 621 

4041  2 6 2 -2 E 2 6-1 2621 0 c, 1 

2 621  4 4 4 -1 4 R 4 -1 2 C ? 2 6261 

4 4 4 1 6 2 6 - 1 6 6 6 -1 444 1 

O 8 O 1 6 2 6 -2 210 2 - 1 r") O O 2 O 4  P, 2 

62 61  0 4 8 -1 2 6 10 1 261 4 P, 4 1 

0 48 1  4 R I -1 R 4 Ek - 1 2 g 2 2 10 2 1 

4841  4 II 4 -2 6 10 6 -1 04 P 2 P01 

6661  6 6 6 -1 4 12 4 4 P, 3 . 10 1 

2 10 2 1 2 10 2 - 1 4 41 2 6 	ln 2 

8 O 8 1 2 10 2 -2 4 Ft 4  2 n 	12 0 1 

2 6 10 1 R 1 P -2 6661  . 4 

0 12 01 2610  - 1 2102  1 O ' ]2 1 
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TABLE II - Some parameters utilized in the AP11 calculation at 

the r point. 

Lattice parameter 	 10.6577 au 

Na+  - radius Øf the AP'! sphere 	 2.46 	au 

Cl - radius of the APW sphere 	 2.6 	au 

ladelunn enerny - Vn 	 n.655 Py 

Mean value of the notential outsic'e snheres -P.W 

Potential on the spheres surfaces 	-0.777 N. 
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TABU III 	Matrix elements (absolute value) of the momemtun 

operator obtained in the first and last two itera-

tions in atomic units. A renresents results with 

the arithmetic averane and R those with Pratt's 

cri teria. 

ITERATION i st 4 th 5th 

M1:1 0.767332 0.76085 0.76090 0.76019 0.76037 

Mi :is 0.097747 0.09253 0.09561 0.09312 0.09462 

Mi:1s 0.719985 0.71238 0.71343 0.71255 0.71192 

sat2 0.039463 0.039 18 0.06455 0.05186 0.06528 

pl3i1 
1.15 0.134412 0.05902 0.(P512 0.04718 0.03437 

"1,í5 1.152127 1.17804 1.18037 1.17890 1.179q0 

Mil! is  
, 

0.971589 0.96078 0.96481 0.96091 0.96265 

MIj! is  1.074235 1.10948 1.12233 1.11490 1.12050 

MW2 1.107032 1.12g81 1.12738 1.12 060 1.12890 

MU!is , 
0.977250 0.95010 0.95092 0.94811 0.91756 

W1 2.15 0.535707 0.59054 0.60007 0.59592 0.60196 
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TABLE VII a - The important part of matrix O calculated 

in the first iteration with 28 and 152 

vectorsin 1/48 of the 87. 

r 1  -25 

1r 1 
28 

-----L 
152 

0
, 
9944 0.0000 -0.03540.0000 

0.0000 0.9944 0.0000 -0.0354 

1 1, 1  

2r  1  

t r  
.25 

28 	0.0000 0.8073 0.0000 0.0000 

152 	0.0000 

28--  

0.8073 0.0000 0.0000 

... 

	

152 	—0.0354 

	

28 	, 	0.0000 

0.0000 . 	. 
0.0000 

0.0890 

O .0000 

0.0000 

0.0000 

O .0950 

0.0950 
, 

152 	0.0000 0.0000 



- 19- 

TABLE VII h - The imnortant nart of natrix 2 calculated 

in the last iteration vith the edia crite 

ria. 

11,1 	11- 15 

1 

2 	r■ 

1 

i 

1 , 25* 
'  

ri - 0 .0599  0 .n000 

152 0.9934 	1.0000 -0.059e. c.n000 

'r„ 22 0. 0000  0.0000 o.nono 

152 	1  0.0000 	0.224Ç mnrr n,roon 

20 -0.0590 	0.0000 0.120ç 0.'1000 

152 -0.n594 	n.ncon 0.1271 n.nnnn 

i 
r25* 

23 0.0000 	0.00CA 0.00m 0.0n3 
. 

152 0.0000 	0.0000 0.000n 0.0701 
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TABLE VII c - The important part of matrix O calculated 

at the last iteration with Pratt's criteria 

with 28 and 152 vectorsin 1/48 of the BZ. 

0.0000 

0.0000 

0.8121 

0.8147 

0.0000 

0.0 531 
_______  __ 

0.0000 

0,0000 

0.0000 

. 	- 	- 0.0. 000 

0.0000 

0.0000 

0.0832 

0.0839 

i 

.' 

-- 

IN 28 0.9868 

152 0.9879 - 0.0539 

0.0000 

0.00-00 

0.1158 

0.1163 

0.0000 

0.0000 

28 0.0000 

152 
1ri5

- 0.0000 

1 1.4 

12s 

28 - 0.0531 

152 

28 

152 

-0.0539 

0.0000 

0.0000 

0.0000 

0.0000 

0.0000 
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TABU VIII - Coordinates of the special points of Chadi and Cohen in 

the fraction of 1/48 of the R.7. (units of 2n/a). The 

weights are shown inside the hrakets. 

4 . 	1 

1/2, 	1/2,0 	'-. 1 	- 

1 . 	2 

3/4, 1/4, 1/4 13/41 ; 	1/4, 1/4, 1/4 :1/4 	, 

N . 10 

7/8, 3/8, 1/8 ; . 3/11 ;7/8, 1/2, 	1/R 	": 1 /32 

SM, 5/ 2 , 	lin 	'. 3 /32 	;5/R, 3/2, 3/ 2  H3/32 

5/8, 3/2., 1/!3 T3/16?;5/8, 1/ 2 , 1/2  3132! 

3/8, 3/8, 3/2 r1/32!;3/8, 3/2.., 1/ 2,  !.3/32; 

3/8, 1/8, 1/2 [3/32;1/8, 1/2., 1/2 r1/32 
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TARLE IX - The matrix elements of D calculated with the Chadi and Cohen 

special points (1,2 and 10) for the last iteration. 

. _ 
•1 

ir 25 *  

0.9933 0.0000 -0.0599 0,0000 

0.9903 0.0000 - 0.0550 	0.0000 

.0.9901 0.0000 - 0,0561 

0.0000 
. 

. 	0.0000 

, 	0.0000 	
I 

1 

'r, 	2 

10 

1 

1r 1 , 
, 

2 	10.0000 	1 0,A214 	0.0000 	I 	0.0000 

0 	:0,0000 	i 0,8172 	0.0000 	0.0000 

1 	L0.0599 	;0.0000 
-7---------  

0.126 	0,0000 

.1 2 	-0.0550 	!0.0000 0.11R4 	n.0(1 00 
---e------,------ 

00.0561 	10.0000  1 	0.1201 	0.0000 

1 0.0000 0.0000 	. 	0.0000 	, 	0.075 4  

* 
r2s 

 

20.0000 0,0000 0.0000 	0.0P26 

1 10 	1 0.0000 0.0000 0.0000 	1 	0.0840 
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Fig. 2 I. C. da Cunha Lima et ai. 
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