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Abstract

In this paper two inverse strategies for identifying the multidimensional eddy diffusivities are
presented. In both strategies the eddy diffusivities are obtained through from a inverse problem
methodology, i.e., eddy diffusivities are the most smooth that minimize the distance between the
experimental and model data.

1 Introduction

In recent works have been presented a inverse methodology to estimate eddy diffusivities (Campos
Velho and Ramos, 1996; M.R. Moraes et al., 1998a; M.R. Moraes et al. 1998b), for one and two
dimensional problems. In this paper is studied two different inverse schemes for estimating vertical
and horizontal eddy diffusivities.

The estimation of vertical and horizontal eddy diffusivities in an atmospheric stable boundary layer is
done, in such way that an advection-diffusion equation model can well describe the dispersion process
of pollutants. Two inversions procedures are considered: alternate, where the vertical eddy diffusivity
is estimated and after it is got the horizontal diffusivity, with the alternate iteration proceeds until the
convergence; simultaneous, where the parameter vector is composed by both diffusivities, estimating
these diffusivities in an unified version. In both inversion procedures, the inverse model is an implict
technique for parameter estimation from experimental measurements.

2 Advection-Diffusion Equation

The model described a multidimension steady state advection-diffusion equation. The system equation
is expressed as
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 where it is assumed that the transport in direction-x is dominated by the advection, and the diffusivity
tensor can be written in the orthotropic form. In Eq. (1) c represents the mean concentration of
pollutants; Kyy and Kzz are the horizontal and vertical eddy diffusivities, respectively; and h is the
height of the stable boundary layer. The integration domain is (x,y,z) ∈ (0, ∞) × (0, Ly) × (0, h).

The condition (2) informs that exists a source localized at (x = 0, y = yF, z = zF), this condition is
similar to that used by Giordana et al. The boundary condition (3) does not permit exchange of vertical
fluxes with outside of boundary layer. The condition (4) means that the mass flux arriving on the



boundary is equal to the mass flux emerging from this boundary in direction-y.

Equation (1) is solved numerically using the Alternating Direction Implicit (ADI) method in the x
direction and a centered finite difference method is applied to the diffusion operator. Therefore, the
numerical procedure is second order in space. Additional details can be found in Campos Velho et al.
(1997).

3 Implicit Inverse Model

The inverse methodology adopted is an implicit technique used by minimize a functional formed by a
least square term and a regularization function. The regularization functions used in this paper are the
same adopted by M.R. Moraes (1998a, 1998b).

In some inverse problems present different types of parameters to be estimated. These parameters can
have a very different impact on direct model, for example in radiative transfer problems (Stephany,
1997; Stephany et al., 1997), where an alternate strategy was essential to obtain good results.

(a) Alternate Strategy:

1. Solve the optimization problem:
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2. Solve the optimization problem:
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3. If: εααα <− − nnn KKK /1  stop! Other wise, come back item 1.

In the first estimative the value of K y is taken from the literature, for example the value used by Shir
and Shieh (1974), in which the horizontal diffusivity is assumed as a simple scalar number.

(b) Simultaneous Strategy:

In this case is solved only the follow optimization problem
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In the both strategies the parameter vector is the sampled eddy diffusivity function
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 In Eqs. (5)-(7) a smooth solution is obtained by choosing a function Kαα what optimize that
functionals, where Ω(K ) is a regularization function, γ's are the positive numbers, and R(K ) is a norm
l2 of the difference between experimental and model data:
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5 Numerical Results

In order to test the inverse strategies presented here, it was used a synthetic pollutant concentration
data obtained from Eq. (1), corrupted with Gaussian noise, being the exact eddy diffusivities those
derived by Degrazia and Moraes (1992). The physical and numerical parameters used in the
simulations are given in the table 1.

The pollutant source is localized at (0, Ly/2 , h/4) . Here will be shown only the results obtained with
second-order Tikhonov regularization term, since it got the best the estimations with this
regularization.

The Figs. 1 and 2 are depicted the results got with alternate and simultaneous strategy, respectively, for
two levels of noise (1% and 5%). For 1% noise-data the results were very similar, while for 5% noise-
data the Kyy eddy diffusivity presented less smooth for alternate than simultaneous strategy. Any way,
the alternate strategy did not present any improvement for estimating eddy diffusivities, and it expends
much more computational time.

Table 1: Numerical and physical parameters.

Nx ∆x Ny ∆y Nz ∆z L u*

100 20 m 40 2.5 m 40 2.5 m 60 m 0.09 m.s-1

6 Conclusions

The entropic regularization presented very similar results for alternate and simultaneous strategy (no
shown), being the best estimatives obtained with first-order entropy. However, better estimations were
got using second-order Tikhonov regularization.

For this problem, multidimensional eddy diffusivity estimation, the alternate strategy did not give
better results than simultaneous strategy. Actually, the estimation using second-order Tikhonov
regularization results obtained with simultaneous strategy were better than alternate strategy, and in
addition the alternate strategy has a bigger computational cost.
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(a) (b)

Figure 1: Turbulent diffusivities by alternate strategy with Tikhonov second-order: (a) 1% and (b) 5%
of noise-data.



(a) (b)

Figure 2: Turbulent diffusivities by simultaneous strategy with Tikhonov second-order: (a) 1% and (b)
5% of noise-data.


