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ABSTRACT

The study of physical systems related to the space sciences presents several chal-
lenges regarding the great variety of phenomena and scales. In particular, mag-
netohydrodynamic models are applied in space weather to study phenomena that
reach the Earth’s atmosphere, a[edting infrastructure services provided to society.
In this context, many fields of study complement each other to obtain a better
understanding of these systems. Among these approaches are the numerical simu-
lations, which provide an approximated prediction of the system behaviour from a
predefined setup. However, in order for this simulations to be viable, they must be
performed in a realistic time, which is a challenge for complex models such as the
magnetohydrodynamic equations. Thus, the use of adaptive computational meshs
that present higher refinements in regions of interest is an e [edtive strategy to re-
duce the computational time required for simulations. In particular, the simulations
of the magnetohydrodynamic equations present a fundamental challenge that is the
emergence of a non-realistic divergence over the magnetic field caused by numeri-
cal errors, which requires special techniques to be treated in order to maintain the
correctness and the numerical stability. This work presents a code for solving mag-
netohydrodynamic equations using a high-performance environment that allows the
use of adaptive meshs and parallel algorithms. Also, a new technique is proposed to
overcome the divergence problem. The code is applied in several test problems in
order to verify its performance. Then it is applied to a Earth magnetosphere model.
As a product of this thesis, an innovative, high-performance tool for the future space
weather research conducted at INPE.

Keywords: Adaptive mesh refinement. Magnetohydrodynamics. High performance
computing. Divergence cleaning. Magnetosphere.






METODOS NUMERICOS APLICADOS A
MAGNETOHIDRODINAMICA ESPACIAL PARA COMPUTACAO
DE ALTO DESEMPENHO

RESUMO

O estudo de sistemas fisicos relacionados as ciéncias espaciais apresentam diversos
desafios devido a grande variedade de fenbmenos e escalas envolvidos. Em particu-
lar, modelos magnetohidrodinamicos sdo aplicados em clima espacial para estudar
fendmenos que atingem a atmosfera terrestre, os quais podem afetar servicos de
infraestrutura oferecidos a sociedade. Neste contexto, diversas areas de estudo se
complementam visando obter um melhor entendimento destes sistemas. Dentre es-
tas abordagens encontram-se as simulagdes numéricas, que fornecem uma previsao
aproximada do comportamento do sistema a partir de uma configuracdo predetermi-
nada. Porém, para que as simulacfes sejam viaveis, elas devem ser realizadas dentro
de um intervalo de tempo realistico, 0 que ¢ um desafio para modelos complexos
como as equacgdes magnetohidrodinédmicas. Desta forma, o uso de malhas computa-
cionais adaptativas que apresentam maior refinamento em regides de interesse é uma
estrategia efetiva para reduzir o custo computacional requerido por estas simulagdes.
Em particular, as simulagdes das equacGes magnetohidrodindmicas apresentam um
desafio inerente associado a emersao de uma divergéncia nao realistica sobre o campo
magnético causada por erros numéricos, sendo necessario 0 uso de técnicas especi-
ais para manter a exatiddo e a estabilidade numérica. Este trabalho apresenta um
cédigo para simular as equacGes magnetohidrodindmicas utilizando um ambiente
de alto desempenho que permite o0 uso de malhas adaptativas e algoritmos para-
lelizados. Além disso, é proposta uma nova técnica para lidar com o problema da
divergéncia. Este codigo é aplicado em diversos problemas de teste para verificar
sua performance, incluindo um modelo de magnetosfera terrestre. Como produto
desta tese, obtém-se uma ferramenta inovadora e de alta performance para futuras
pesquisas em clima espacial a serem conduzidas pelo INPE.

Palavras-chave: Refinamento de malha adaptativo. Magnetohidrodinamica. Proces-
samento de alto desempenho. Correcdo de divergéncia. Magnetosfera.
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1 INTRODUCTION

Phenomena associated with the interplanetary environment can a[edt some aspects
of modern society directly. Many of these phenomena are associated with solar activ-
ity, which presents a cycle in which those events present maximums and minimums
in its frequencies and intensity (KIVELSON; RUSSELL, 1995). Several physical pro-
cesses connect those phenomena to Earth’s electrodynamics responses requiring the
proposal and understanding of physical models (MENDES et al., 2005). Among the
significant consequences of those phenomena are the risks of damage in systems that
depends on satellite technologies, energy distribution systems, etc., as discussed for
instance in Cucinotta et al. (2015) and Schrijver et al. (2015). Hapgood (2011)
discussed some of the many impacts that solar activity has over our society and
highlighted the consequences of some extreme events registered in history.

In this context, the importance of the surveillance of solar activity and the study
of its impacts on the Earth’s atmosphere and the objects in space has increased
in recent years. To deal with space environment risks, many research centres have
increasingly dedicated to the space weather field development. The studies depend
on the analysis of the data originated from several instruments, such as magnetome-
ters, radio-telescopes, space probes, and others. To complement the analysis and
the possible forecast of space-Earth coupling phenomena, there is a high expecta-
tion that numerical models will be used as the nowadays low atmosphere weather
forecasting ones. In particular, most of the physics of the Earth’s magnetosphere
can be described using a magnetohydrodynamic (MHD) model. Early attempts to
numerical space weather forecasting are discussed in Toth et al. (2012), which uses
an MHD model based on the seminal work of Powell (POWELL et al., 1999; POWELL,
1997). Among the necessities of the space weather field, the numerical modelling
of the phenomena in this area is challenging in several aspects. On the one hand,
in the physics scope, the space plasmas contain a wide variety of phenomena and
scales, which varies from the order of the fraction of the Earth’s radius to the order
of solar radius. On the other hand, from the computational scope, the simulation
of the MHD equations presents a high computational cost because it requires accu-
rate results due to the instabilities it involves. Therefore, adaptive meshs and high
performance methodologies have a vital role in this space context.

The adaptive methodologies were introduced in the 1980’s to improve the perfor-
mance of numerical simulations in the hydrodynamical context. For instance, one can
mention the adaptive mesh refinement (BERGER, 1982; BERGER; CORELLA, 1989;



BERGER; OLIGER, 1984) and later ideas such as the seminal work on adaptive mul-
tiresolution (HARTEN, 1995), as described in the review papers of Deiterding (2011)
and Domingues et al. (2011), respectively. More recently, this context was compared
(DEITERDING et al.,, 2016) and integrated (DEITERDING; DOMINGUES, 2017; DEIT-
ERDING et al., 2018) into the Adaptive Mesh Refinement in Object oriented C**
(AMROC) framework reviewed in Deiterding (2011) and references therein for hy-
drodynamics. That framework uses a message passing interface (MPI) to perform
parallel computations in a patch-structured adaptive mesh refinement environment
for finite volumes methods. Moreover, AMROC has a well balanced workload dis-
tribution, implying in an excellent computational performance. Nowadays very few
frameworks have those kinds of qualities. In this context, this thesis develops and
implements a new ideal and resistive MHD solver for multidimensional problems
using the AMROC framework, taking advantage of both the adaptive and paral-
lel implementations provided by this framework. The developed and implemented
solver was based on the CARMEN MHD module described in Gomes (2017), Gomes
et al. (2015), and Domingues et al. (2013).

The MHD simulations present an inherent challenge associated with the formation of
non-physical divergence components in the magnetic field, requiring a methodology
capable of correcting the solution after every iteration of the time evolution process
in order to maintain the Gauss’s law for magnetism valid for the solution (BRACK-
BILL; BARNES, 1980). In this context, it is possible to propose several strategies
(DEDNER et al., 2002; MUNZ et al., 2000; KAWAI, 2013; DERIGS et al., 2018) named
divergence cleaning methods. Some approaches present lower computational cost.
However, they do not eliminate the divergence components e [edtively, although they
do not compromise the solution of the physical phenomena. On the other hand, other
approaches mostly eliminate these divergence components e Ledtively, with the price
of a high computational cost and a slight di [ugdion in the solution. Several studies ad-
dressed and presented comparisons among those methods (HOPKINS, 2016; MIYOSHI;
KUSANO, 2011; BALSARA; KIM, 2003; TOTH, 2000). The construction of a perfect
divergence cleaning approach is still an open problem in the high performance com-
puting scope. In this context, to improve the development in this area, this thesis
also makes a contribution by proposing a new divergence cleaning approach that
combines both approaches in the Generalised Lagrange Multiplier (GLM) context
introduced in Dedner et al. (2002) and Mignone et al. (2010).

Another contribution of this thesis is an adaptive wavelet-based methodology for
local time stepping. This methodological approach is general and it can be applied in



both hydrodynamic and magnetohydrodynamic cases to increase the computational
performance of adaptive meshes by fixing the Courant number for every cell and
obtaining a time step proportional to the cell refinement. The proposed numerical
solution innovates by allowing higher order methods in time. This approach was
implemented in the CARMEN code developed in Roussel et al. (2003), extended to
local time stepping in Domingues et al. (2008) and optimised in (DEITERDING et al.,
2016).

The thesis highlights are:

e A multi-dimensional MHD solver for ideal and resistive cases which is de-
veloped and implemented in a high performance environment using adap-
tive mesh refinement strategies with an MPI formulation, which was pub-
lished in Moreira Lopes et al. (2018a).

< A successful approach to overcome the magnetic field numerical divergence
problem. This method combines the techniques presented in Dedner et al.
(2002) and Munz et al. (2000). This approach uses a multigrid solver to
overcome the performance limitations of the operator defined in Munz et
al. (2000). It will be presented in Domingues et al. (2019a).

« A mesh refinement criteria based on the wavelet formulation proposed in
Harten (1995) which is implemented in the context of patch structured
adaptive mesh refinement methods and is under revision in Domingues et
al. (2019b).

e An improvement to the local time stepping strategy proposed in
Moreira Lopes (2014), which was published in Moreira Lopes et al. (2018b)
for the second order accuracy and recently, extended to third order with a
detailed stability analysis in Moreira Lopes et al. (2019).

Outline

Chapter 2 introduces the concept of plasma and the mathematical formulation
that allows describing space science problems of interest and concludes with the
mathematical approach for fluids obtained from the Boltzmann equation. Chap-
ter 3 presents some simplification assumptions to describe the plasma as a single
fluid, which allows obtaining a basis for magnetohydrodynamical models as the one
applied for magnetosphere and Sun-Earth electrodynamical coupling.
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Once the physical problem is characterised, Chapter 4 presents the numerical meth-
ods applied in the simulations of the studied equations. Chapter 5 presents di Lerent
approaches to overcome the divergence problem inherent to magnetohydrodynamic
simulations, including the proposed one, which requires several numerical methods,
also discussed in this chapter. Chapter 6 describes the adaptive mesh refinement
techniques, used to perform the mesh adaptation. Chapter 7 discusses the imple-
mentation of those methods in the proposed magnetohydrodynamic solver.

Chapter 8 presents the solvers verification tests, the comparisons among the GLM
corrections, the adaptive simulations, and the magnetospheric experiment. Chapter
9 contains an article developed in parallel with this thesis, concerning the imple-
mentation of a new time adaptation strategy, which is annexed. The conclusions
and future works are presented in Chapter 10. Additionally, in annex A, the proof of
the theorems presented in Chapter 2 and 3 are included. Annex B and C consist of
two articles published during this thesis, which contains an extension of the results
from the NERK local time stepping initially developed during the Author’s Master
program and extended during this PhD program; and the AMROC MHD solver
verification in its earlier stages, respectively.



2 PLASMA PHYSICS

Plasma is the most common state which known matter can be found in the uni-
verse. It is found in stars, the solar wind, the interplanetary medium, earth’s mag-
netosphere and in many other structures in the universe. This state of matter is
characterised by the electrons disattaching from the atoms, which allows them to
roam freely through the medium, interacting with another ions and molecules. A
collective behaviour is established involving the the electrically charged particles
(CHEN, 2016). However, not every ionised gas is considered to be in the plasma
state.

2.1 Plasma characteristics

As presented in Bittencourt (2004), to be considered a plasma, an ionised gas should
present three physical factors to ensure the plasma behaviour. These characteristics
are described as follows.

Macroscopic Neutrality

One of the major characteristics of the plasma is maintaining the quasi-neutrality
condition, which is described as an apparent overall charge neutrality through the
medium. However, in the small scales, the medium may contain charged regions and
electric fields.

Under this condition, the electric field created by every charged particle must be
screened by their surrounding particles of opposite charge. The range of the e [edts
due to the electric field generated by a particle is estimated by the Debye length,

calculated as: 7

kT, 2
n eze ’ 2.1)
e

)\D:

where [glis the permittivity constant, k is the Boltzmann constant, T, is the electron’s
temperature, ne is the density of electrons in the medium and e is the electron charge.

In this context, the quasi-neutrality condition is assured when the Debye length is
considered very small when compared with the length scale L. Thus:

L >> Ap. (2.2)

Physically, this means that the range of the medium L must be much higher than
the radius of action of any coulombian force inserted in the medium.



Debye screening

The quasi-neutrality condition states that the plasma may presents electric fields
around charged particles in small scales. These fields should occur inside a region
delimited by the Debye length, denominated Debye sphere. In order to avoid these
fields to have a higher influence radius, the electrons move themselves in order to
screen the electric fields at a distance around Ap.

In this context, a high number of particles around the perturbed particle are re-
quired in order to properly screen any electrostatic field around the particle within
a distance near the Debye length.

The number of particles Np inside the Debye sphere is estimated as its volume times
the density of electrons. Therefore, if

4
Np = én)\%ne =An,>>1 (2.3)
is satisfied, the charge potential inside the Debye sphere is considered to be properly

screened.
Plasma frequency

When the electric field inside the plasma is perturbed, its electrons presents a col-
lective behaviour in order to restore the macroscopic neutrality. However, due to
inertial e [edts, the electrons moves beyond of the equilibrium point. This e [edt pro-
duces a new electric field in the opposite direction, requiring a new collective motion
to restore the macroscopic neutrality.

This recursive eledt causes the electrons to move around the equilibrium point
periodically. This cycle has an oscillation frequency, called plasma frequency, given

by:

1 I:nlez =E
fo=— == 2.4
PEon g, (2.4)

where mg is the electron mass. However, this oscillation is meddled by collisions
with neutrons, disturbing the movement of the electrons inside the Debye sphere.
Consequently, this e [edt may compromise the screening process, causing the loss of
the quasi-neutrality.

In this context, the electrons are considered to move freely around the Debye sphere
when their plasma frequency fy is higher than the electron-neutron collision rate



Ven. Therefore, the last condition to characterise a plasma is:

where the electron-neutron collision rate is given by:

W,
Ven =107 ®n, — (2.6)

(]

and n, is the neutron density inside the medium.
2.2 Mathematical description of plasma phenomena

The plasma dynamo can be described by several mathematical formulations. The
most accurate is the particle model, which considers the motion of each particle
inside the plasma individually, obtaining a momentum equation for each particle.
However, besides being accurate, this model is computationally impractical due to
the immense number of particles inside a real plasma. Therefore, some considerations
have to be done in order to obtain a more practical formulation, such as the kinetic
model, which maps particles with similar position and velocity collectively using
analytical mechanics techniques.

2.2.1 Kinetic model

The kinetic model extends the Newtonian formulation by also mapping the particles
according a velocity space, creating a 6-dimensional phase space (r, V), where r =
(X,y,z) is the physical space and v = (vy, vy, V) is the velocity space.

Instead of following the particles around the medium, this formulation is focused in
controlling the number of particles, indicated by N, inside the space between (r, v)
and (r +dr, v +dv), where a can represent electrons, neutrons or ions, according a
distribution function f4. Thus, the number of particles inside this space is determined
as:

d®Ng (r, v, t) = fo (1, v, 1) d°r ddv, 2.7)

where d®r = dx dy dz and d®v = dvy dvy dv,. The dynamo of the plasma inside the
phase space is governed by the evolution in time of the distribution function fq,
which is given by the Boltzmann Equation:

of of
a _ a
ﬁ+v-III':sl+a-I1I;§|— St , (2.8)
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where L. F iz gy + Ky L& iy + Jou * Kav;- The right side term is
associated to plasma collisions, which can be described using several models such as

the Boltzmann, Fokker-Plank and Krook collision terms (BITTENCOURT, 2004).

The Boltzmann equation describes the microscopic behaviour of the plasma e [ed
tively. However, for many applications, much of the microscopic e [edts can be ne-
glected due to large scale of the problem. In these cases, the problem can be simplified
by variables which describes the plasma dynamo macroscopically.

The macroscopic variables are defined as an average value of a physical quantity
inside a unit of volume. Supposing an arbitrary physical quantity g, its average
value inside a unit of volume of the physical space is defined by:

1

< g > gfq (r, v, t) d®v, (2.9)

T ng(r,t) v
where ngy represents the number of particles of the type a in the space between r
and r + dr, independently of their individual velocities. This value is obtained by
integrating d®N, over the velocity space, thus:

1 1]

L d®Ng (r,v,t) = fo (r, v, t) d®v. (2.10)
\"

Ng (r,t) = Fr v
In special, the velocity component of the particles of a certain type a can be decom-
posed as the sum between the fluid velocity uy, defined as the average velocity of
all particles a within a unit of volume; and the thermal velocity wg which describes
the dispersion in the velocity component of a particle of type a in relation to the
average velocity. Therefore:

V = Ug + Wyg. (2.11)

By definition, the fluid velocity ug is calculated as the average value of velocity v.
Using the Equation 2.9, this value is defined as:

;O
Ug(rt)=<v>q=——— vy (r,v,t)d. (2.12)

T ne(r,t) v
Consequently, the average value for the random thermal velocity is:

<Wo(rt) > =<V—Ug > =<V>y— < Uy >q =0, (2.13)

since < Uy =>4= Uq IS already an average value. In Goedbloed and Poedts (2004), the



thermal component w,, allows the definition of the thermal macroscopic quantities:

Ta(r, t) = Iilnol; < M, (Temperature) (2.14a)
d
1
ho(r,t) = 5NaMa < DM W > (Heat flow) (2.14b)
Pa(r,t) = ngMmg < ww > (Stress tensor) (2.14c)

where Ny is the number of degrees of freedom available to the particles. This number
is used to define the adiabatic index y of the gas:

G N2
y_CV_ Nd y

(2.15)

where C, and Cy are the specific heats of constant pressure and volume, respectively.

The stress tensor P, can be decomposed as the sum between its isotropic and
anisotropic contributions as:
Pa = Pal + Mg, (2.16)

where the isotropic part py is given in function of the temperature and particle
density:
Pa = NaKTaq, (2.17)

and the anisotropic part g is a tensor with null elements in its diagonal.
2.2.2 Fluid model

Plasmas that presents a high frequency of particle collisions, so that each particle
of type a maintains a local equilibrium distribution function, can be described as
a conducting fluid. Mathematically, this formulation describes the plasma dynamo
using macroscopic variables such as density, macroscopic velocity and temperature.

In particular, considered as particles in thermal equilibrium, the particles with veloc-
ity v are distributed over the phase space according to the Maxwellian distribution:

fa(V)= o e o (2.18)

The fluid model treats the plasma as a mixture of many interpenetrating fluids so
that each fluid is composed by a type of particles a. Therefore, in this formulation,
a set of equations is obtained to describe the dynamo of each fluid composed by
particle of the type a. In special, the single fluid formulation presented in Chapter

9



3, also know as magnetohydrodynamics, considers the mixture of ions and electrons
as a single fluid unit.

The system of equations that describes the fluid approximation is obtained by taking
as many moments of the Boltzmann Equation as desirable, then converting the
microscopic variables into macroscopic variables. The fluid formulation studied in
this work, farther presented in Chapter 3, approximates the plasma dynamo until
the second moment. These moments are taken by applying the following integral
operators to the Boltzmann Equation:

] 1 1
mg d3v mg Vvddv me DMI2dv (2.19)
Yo M Yo [ o A o e o Y |
0th moment 1st moment 2nd moment

This process results in the system of equations obtained in the Theorem 1, proven
is in Annex A.

Theorem 1. The moments of the Boltzmann Equation produces the following set
of equations:

angind + Hho(mau(x) = Sa (2208.)
0 (Ngmgu
(0M686) | (it + Pl Nl (€ + o % B) = Au. (2,200
1
;anam(;(tlm I?_—I_*_ ang?aTa N :llf[l‘]ama [ Pl + ;NdknaTaUa + Uq - Pq + hq

—Ng0oE - Ug = Uqg - Ag + Qq
(2.20c)
where q is the electric charge of a particle a, Sy is rate per unit of volume which the
particles a are produced or lost due to collision e [ecks, A is the rate of change of the
momentum of the particles a due to collisions with particles of another types, Qq is
generated heat per unit of volume of the particles a due to collisions with another
particles, B is the magnetic field and E is the electric field.

Each moment of the Boltzmann Equations produces an equation that describes the
evolution of one physical quantity. However, every equation contains a term that
is described by the equation in the next momentum. In particular, these moments
produces the following equations:

e The 0" moment describes the evolution of the term ng, but it introduces
the variable ug, described by the next moment, into the system.

10



e The 15t moment describes the evolution of the term u,, but it introduces
the variables B, E and P, which can be associated with the variable Tq,
described in the next moment.

e The 2" moment describes the evolution of the term T4, but it introduces
the variable hy to the system.

As noted, the procedure of taking moments of the Boltzmann equation always
presents more parameters than equations, making the system with non-unique so-
lutions. To bypass this problem, the system should be completed by another set of
equations which uses the same parameters, and some terms might be neglected. In
special, for the fluid formulation presented in Chapter 3, the system is completed
by the Maxwell Equations, which describes the behaviour of magnetic and electric
fields as:

-B=0 (Gauss’ law - Magnetism) (2.21a)
= —%? (Faraday’s law) (2.21b)
(xXB=1J (Ampere’s law) (2.21c)

[ H= % (Gauss’ law) (2.21d)

where J is the current density and pc is the charge density. Alongside with the
Maxwell equations, the system of equations is also completed with the Ohm’s law:

E+uxB=nJ, (222)

where n is the resistivity. In the next chapter, the relations presented in this chapter
are used to describe the magnetohydrodynamic model, which considers the plasma
as a single fluid, instead of a mixture of particles q.

11






3 MAGNETOHYDRODYNAMICS

The Magnetohydrodynamic (MHD) model describes the plasma dynamo as a single
conductor fluid under a magnetic field. For that, it neglects the particularity of
the motion of each particle type so that the model considers the group of ions and
electrons as a single fluid element.

Mathematically, the MHD model describes the plasma by the set of single fluid
macroscopic variables q (r,t) = (p, pu, E, B), corresponding to density, momentum,
internal energy and magnetic field, respectively. The single fluid variables are defined
as the sum of terms associated to one type of particle, such as:

| I—

p(r,t) = ngMmqy (Density) (3.1a)
—

pc () = NyQo (Charge density) (3.1b)
—

pu(r,t) = ngMuUg (Momentum) (3.1c)
—

J(r,t) = nNgQoUq (Current density) (3.1d)
i—

p(r,t) = pq (Isotropic pressure) (3.1e)

a

The MHD equations are obtained by summing the fluid equations obtained in the
previous chapter for electrons and ions. Then, after applying the MHD model as-
sumptions, the sum of variables associated to one type of particle are converted to
the single fluid macroscopic variables according to the Equations 3.1.

This model is particularly useful to describe problems which the plasma has macro-
scopic force balance, equilibrium and dynamic. In special, for space sciences, phe-
nomena like the magnetosphere, the solar wind and heliosphere are well represented
by the MHD formulation. In the context of laboratory plasmas, the MHD model
poorly represents their dynamo. However, it is a good stability predictor for those
plasmas.

In order to reduce the mathematical complexity of the phenomena, the following
assumptions are made in addiction to the approximations presented in the previous
chapter:

Electron mass neglected: considering that m; >> m,, where m; and m, corre-

13



sponds to the mass of the ions and electrons, respectively, the terms with m, are
neglected of the formulation. Thus the plasma density became p = n;m;, character-
ising a low-frequency plasma.

Mass and momentum conservation: the system is assumed to neither produce
or loss particles. Therefore the collision term S, = 0. Furthermore, the collision
between particles of dilerknt types are assumed to conserve the momentum in the
system, thus Iﬁa =0.

Isotropic pressure: the anisotripic component of stress tensor is neglected. There-
fore Po = pal -

Adiabatic process: the system is assumed to not transfer heat. Therefore, the heat
flux hy and the generated heat Qg are neglected.

3.1 Ideal MHD

The ideal MHD is the simplest representation of the dynamo of plasma as a conduct-
ing fluid. This formulation is an adiabatic process that neglects dissipative terms
such as n, g and hg, corresponding to resistivity, viscosity and heat conductivity
e [edts, respectively. Thus, under the ideal MHD formulation, the plasma conserves
the physical properties of mass, momentum, energy, helicity and the magnetic field
topology due to the absence of dissipation. Considering these assumptions, the The-
orem 2, proven in the Annex A, presents the MHD equations.

Theorem 2. Applying the Ideal MHD properties to the fluid formulation obtained
in Section 2.2.2 produces the following equations:

ap

i [(pu) =0 (3.2a)
agf)+[:§iu+[518étﬁ—sstio (3.2b)
?;+|:|EDEj+p+B'ZBI:uI—(u-B)BE;0 (3.2¢c)

%? + [[WB — Bu] =0, (3.2d)

where this system is completed with the internal energy equation, given by the com-
bination of the hydrodynamic and magnetic energies:
p u-u + B-B

E= 1P 7

(3.3)
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and y is the adiabatic index.

This formulation, called conservative form, describes the evolution of physical quan-
tities that in the absence of dissipative e [edts, should be conserved. Thus:

([ 1 1 1

pd’r =0 :t pud®r =0 ;t Ed®r=0 :t Bd®r =0. (3.4)

ot
The numerical simulations of the MHD equations performed in this work are based
in this conservative form due to the formulation of the numerical methods chosen
for those simulations, presented in Chapter 4.

3.1.1 System eigenvalues

The numerical methods for the simulation of the MHD model, presented in Chap-
ter 4, requires the eigenvalues associated with each spacial derivative of the system.
These eigenvalues are obtained from the matrices multiplying their respective deriva-
tives when the system is written in the form of an advection equation:

ow ow ow ow

— +A—+A —+A,— =0, 3.5

ot “ox Yoy 20z (3.5)
where Ay, A, and A, are matrices associated with the transport in the i, j and k
directions, respectively, and w is a vector of variables. However, the terms of the
conservative MHD equations can not be expressed in this formulation. Thus, the

system of equations is rewritten as the primitive formulation.

The primitive formulation describes the MHD equations based in the vector of vari-
ables w = (p, p, vx, Vy, Vz, Bx, By, B;). The system of equations that rules the MHD
model using the primitive variables is obtained by reordering the terms of the con-
servative formulation, except for the energy equation. This equation is substituted
by the pressure equation deducted in the Theorem 3, proven in the Annex A. This
equations requires the alternative formulation of the second moment of the Boltz-
mann Equation, presented in Equation A.82.

Theorem 3. The pressure equation for Ideal MHD is given by:

~— +(u- Dpl=—ypd (3.6)
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Thus, the system of Ideal MHD equations in the primitive form is written as:

gft’ + C(pu) =0 (3.7a)
?:+(u-|ﬂ=—i|ﬂ;()x3 (3.7b)
‘3‘; +(u- D= —yp U (3.7¢)

‘;‘f + B —Bu]=0 (3.7d)

This system of equations is expressed in the form of an advection equation, con-
forming Equation 3.5, using the matrices A, where a stands for the axes x, y or z,
calculated as:

1 1
X 0 p 0 0 0 0 0 O
ux yp O 0 0 0 0 [
1 _Bx By B, [
0O 0 wu 0 —= —= 0 [
A = * p P — (3.8a)

0 0 Uy —% 0 —% N
0 0 0 0 0 0 0 N
0 By Bx 0 —Uy Uy 0 E

0 0 B, 0 —-Byxy —-u, O Ux

1
y O 0 p 0 0 0 0 —
uy 0 yp O 0 0 0 -
—By _Bx —
S e S =
= 0 wu 0 = —= =2z
A=H ' N = B -

0 —By Bx 0 Uy —ux O ;
0 0 0 0 0 0 0 E

0 O 0 B, By 0 —u, uy
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—1 —1
; 0 0 0 ) 0 0 0
u, 0 0O vyp O 0 0 (|
_B: —Bx [
0 u 0 0 S OB o —
0 0 u, 0 0 -2 —= [
A, = 1 5 i~ Bp — (3.8¢)
S
0 —B, 0 By u 0 —uy i
0 O 0 0 0 0 0 0

Each one of these matrices presents seven non-zero eigenvalues, which can be ordered
in ascending order as:

Af SAM A SASA SAM A (3.9

These eigenvalues are calculated for every axis a in Gomes (2012), obtaining:
)\e = Ua, }\-I:i = Ua i Cf, A-S_F = Ua i Cs, }\i = Ua i CA (310)

where the velocities c¢, ¢s and ca are defined as:

1 T I 1 1
=5 K2+ K3+ (KZ+k3)° —4Kk2k2  (Fast magnetosonic velocity) (3.11a)
I?ﬂ I I f 1
&= 3 K2+ K3 — (K2 +K3)®—4k3k2  (Slow magnetosonic velocity) (3.11b)
ca = K} [ (Alfvén velocity) (3.11c)
with the values K given as:
B2 B BL]
Ko = —2, Ky = y—p, Ky = — ——, (3.12)
P p P

3.2 Resistive MHD

This formulation is a more realistic description of the plasma dynamo that is ob-
tained by considering the resistive eledts obtained in the energy and induction
equation, which are neglected in the Ideal MHD model. The resistive e [edts causes
a di[udion in the magnetic field lines, allowing the study of a new range of phenom-
ena beyond of the described by the Ideal MHD.
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Physically, the resistive formulation does not preserve the topology of the magnetic
field lines, allowing magnetic reconnections, which are responsible for many phe-
nomena, such as Coronal Mass Ejections (KIVELSON; RUSSELL, 1995).

However, besides being more realistic than the Ideal MHD, the resistive MHD formu-
lation is not applied in every situation due to the increasing of both the theoretical
and computational e [ants to study the plasma. Therefore, the resistive formulation
is applied when his e [edts are significant to the physics of the problem.

The relevance of the resistive e [edts over the problem studied is measured by the
magnetic Reynolds number R, defined by:

R, = 9L (3.13)

n

where U and L are the typical velocity and length scale of the flow and n is the
resistivity. The magnetic Reynolds number is a dimensionless number that represents
the ratio between the magnitude of the advective and di[udive e [edts. Thus, a low
magnetic Reynolds number (R, << 1) implies in a medium considerably influenced
by resistive e[edts, requiring the usage of the resistive MHD model. In contrast,
a high magnetic Reynolds number (R, >> 1) implies in a medium dominated by
advective e [edts, which the Ideal MHD formulation is more suitable.

The equations that describes the resistive MHD model are obtained analogously
as the lIdeal MHD equations, but without dropping the terms associated with the
resistivity . In special, the continuity and the momentum equations in the resis-
tive model are identical to the obtained for the ideal model, whilst the resistive
energy and induction equations are obtained by applying the Ampére’s law into
the Equations A.114 and A.117. However, the resistive induction equation requires
some modifications to be written in the conservation form, which is performed in
the Theorem 4, proven in the Annex A.

Theorem 4. The resistive induction equation, obtained in Equation A.117, can be
rewritten in the conservative form as:

OB ] (- i
3¢ T CUB—Bu+n (B — [B1 =0 (3.14)

Therefore the resistive MHD model is governed by the following equations in the
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conservation form: 3
p

E + |:q)u) =0 (3.158.)
1 1 —1 L]
(111 1 ]
B
Zi“L':'E"'p*'- u—(Uu-B)B+((J)xB =0 (3.15¢)
0B Ll L1 L0
Hﬁu [ uUB—Bu+n ([B) — [B1 =0 (3.15d)

Defined the studied equations, the next chapter presents the numerical strategies
applied to perform the MHD simulations.
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4 NUMERICAL FORMULATION

This chapter presents the numerical schemes used in the simulations of the MHD
model. The first step to perform these simulations is to discretise the problem in
space and, in case of evolutive PDEs, time. The spatial discretisation consists into
representing the physical domain of the problem by using a set of elements, such as
mesh points or cells, so that each element is associated with a value representing
the solution locally.

The major approaches for the spatial discretisation are the Finite Volumes (FV)
(LEVEQUE, 1990), Finite Dilerknces (FD) (LEVEQUE, 2007) and the Finite Ele-
ments (FE) (DHATT et al.,, 2012) methods. The FV method has the advantages of
allowing an explicit approach, which requires considerably less computational e [ants.
Moreover, it is constructed under an integral formulation, obtaining good results in
solutions with discontinuities and being suitable for complex geometries. However,
this approach has the disadvantage of being di Cculit to obtain high order solutions.
In the context of MHD equations, the FV formulation is used in works such as Felker
and Stone (2018), Balsara and Dumbser (2015) and Shakeri and Dehghan (2011).
The FD method is both easier to implement and to obtain high order solutions, also
allowing the explicit approach. However, its di Lerkntial formulation does not present
good results in solutions with discontinuities and it may require complex approxi-
mations to handle complex geometries. This method is applied to MHD equations
in Do et al. (2017), Christlieb et al. (2014) and Mignone et al. (2010). Lastly, the
FE method has the advantages of both FV and FD methods, such as being good
for complex geometries, the integral formulation and the simplicity to obtain high
orders. However, it does not support an explicit approach in time. The FE method
is applied for MHD in works such as Yang et al. (2018), Li and Zheng (2017) and
Basting and Kuzmin (2017).

The time discretisation is defined as a finite enumeration of the time instants which
the solution is represented during the evolutive PDE simulation. These instants are
determined during the simulations so that the time step, defined as the di[erknce
between two consecutive instants of the time discretisation, follows the CFL condi-
tion, which is a constraint that delimits the size of the time step based on the spatial
discretisation and the eigenvalues of the problem, as presented in Section 4.5.

Defined the discretisation methods, the numerical simulation consists in evolving
the value of each element of the spatial discretisation from one instant of the time
discretisation to the next successively until the predetermined final time t. is reached.
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For that is required an initial condition, which is a description of the initial state
of the solution, and the boundary conditions, which describes the behaviour of the
system at the edges of the physical domain.

In this work, the spatial discretisation is done by the FV method, presented in Sec-
tion 4.1. This choice is justified by the necessity, in the scope of space weather, for
numerical schemes that handles shocks and can be executed in a reasonable time.
The FV method depends of numerical schemes to compute the flux of the physi-
cal quantities in the interfaces between adjacent cells. The implemented MHD code
uses the schemes presented in the Section 4.2 to compute those fluxes. The Sec-
tion 4.2.1 presents a numerical technique to increase the accuracy of these schemes
while avoiding unwanted oscillations caused by strong shocks. The time evolution
is performed using Runge-Kutta methods (BURDEN; FAIRES, 1989), as discussed in
Section 4.4.

4.1 Finite Volumes method

The FV method is an adequate approach for solving problems concerning about
conservation laws, such as transport of energy, mass and heat (LEVEQUE, 1990).
Considering a vector of physical quantities g, the laws which rules these quantities
can be written in the form:

aq

3¢+ TH@ =S(), (4.1)

where F is a matrix with the flux components and S is the source term. Considering
the MHD model presented in Chapter 3, this formulation can be obtained using the
conservative variables g = (p, pu, E, B) as presented in the Equations 3.2.

This formulation is considered fully conservative when S(q) = 0, which is valid
for both Ideal and resistive MHD models. The Chapter 8.4 presents a non-ideal
MHD model containing some physical terms, such as gravity, that does not have a
formulation which can be included in the flux vector, causing the loss of conservation
inq.

Considering a three dimensional problem in a Cartesian mesh, the discretisation
of a physical domain Q = [Xs, Xe] X [Vs, Ye] X [Zs, Ze] using the FV method is done
by di&ildinq:this domain into cells Cj;jx centred at points (X;,V;j,zk), with X; =

Xe — Xs

Xs+ i+ 3 AX, where Ax = is the length of the cell in the x direction and

N, is the number of cells in this direction. The positions y; and z, have analogous
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definitions using the y and z axis, respectively.

For each cell C; j x, the solution q is represented by an average value q;j given by:

]

1
Qijk(t) = Aor

q(x.y, z, )d’r, (4.2)
r Ciix

ij,
where A°r = AxAyAz is the volume of Cijk and d3r = dxdydz is the diCerkential of
the volume defined by the space between r and r +dr.

The equation that describe the evolution of the average value q in every cell is
obtained by integrating the Equation 4.1 over a cell Cj j x:
(- aq 1 (-
S dr=- CTF (@)] d°r + S(q)d’r (4.3)
Cij.k ot Cijk ik
Using the Leibniz’ rule in the time derivative, the Gauss’ rule at the divergence term
and dividing by the volume A®r, the Equation 4.3 became:
g1 B oo 1 Y
— dBr =——"— F(@ -ndS+ - S(q) d®r, 4.4
dt A3r Cijx q r A3I" aCi‘j‘k (q) n A3r Ci,j.k (q) ' ( )
where n is vector normal to the surface S which delimits the boundaries of the cell
C. Applying the Equation 4.2 and the average function value theorem for the source

term integral:
d 1 Y

Gtk = Tasr - F(a) - ndS+S(qijk) (4.5)

Splitting the surface integrals for each face of the cell C; j « and applying the average
function value theorem in these integrals, the formulation of the FV method is
obtained as:

d F-, —F* R - —H"
i.j.K I,J,k_'_ i,j,K I,J,k_|_ ij,K i,j,K

ﬁq”’k B AX Ay

+ S (dijk) (4.6)

where Fi; is an average value representing the flux between the cells centred at
(Xi-1,Yj, Z«) and (Xi,Yj, z«). The flux F is defined between the cells (x;,Yj, )
and (Xi+1,Yj, z«). Therefore, by definition Fi“,“j,k = Fii1jk- This property guarantee
the conservation in g for the FV method if S (q) = 0, since every quantity which is
entering in one cell is being subtracted from another cell.

The fluxes G and H have analogous definitions as F, but for the y and z axis, respec-
tively. The fluxes F;;, and Fif},k are defined by the respective following integrals
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over the faces in x; — £* and x; + £*:

T - —-— .

Fiak= Fa X I__%ﬁ,y,z,t dydz (4.7)
Cilj%:j,k

These values are computed by techniques called numerical fluxes, which are discussed
in the Section 4.2. Considering that the flux values F, G and H have analogous
definitions and therefore are computed by analogous techniques, from this point
the notations are simplified in the following sections by treating the problem as
one-dimensional, returning to the three-dimensional notation when necessary.

4.2 Numerical Fluxes

The next step to perform the FV method resides on the computation of the fluxes
F defined in Equation 4.7. Each flux could be interpreted as an evaluation of F in
the interface between two adjacent cells. However, due to these cells having di Lerknt
average values, there is a discontinuity in the solution located in the interface. Thus,
the interface region can be described as the following piece-wise constant function
containing a single discontinuity:

—-—
B Eqd,, ifx<x_+ TAX

, (4.8)
%, if X > Xi_y + 24X

q

where g;—; is a reconstruction of the solution g;—; in the right side interface of the
cell Ci—1, while g;” is a reconstruction of the solution qg; in the left side interface of
the cell C;. Further details of these reconstructions are given in Section 4.2.1.

This configuration as an initial condition combined with a conservation law is called
a Riemann problem (TORO, 1999). For sake of simplicity, this initial condition is
rewritten as: —1
Fgd  ifxP<o0
q =
FR  ifx®>0

where x"is an auxiliary axis, parallel to x, centred at X;_; + %Ax. The solution of
the Riemann problem provides an average value at the studied interface, x“= 0,
during the time step from t" to t" + At. Therefore, an average value for the flux F
is also obtained from this solution.

(4.9)
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4.2.1 High-Resolution Schemes

In the context of FV methods, the earlier first order Godunov’s schemes considers the
solution in the entire cell as the constant average value q;. Therefore, the interface
values for a cell C; are q;~ = q;" = q;, as illustrated in Figure 4.1a. These schemes
were proven unable to provide high order solutions without unwanted spurious 0s-
cillations (GODUNOV, 1959), causing numerical instabilities or incorrect solutions.

These oscillations in high order solutions are avoided by the usage of high-resolution
schemes, which are characterised by obtaining a high accuracy around shocks and
discontinuities and maintaining the solution free from spurious oscillations, while
obtaining a spatial accuracy of at least second order around smooth regions. Fur-
thermore, a high-resolution scheme requires fewer mesh elements than a first order
scheme to obtain a similar accuracy.

Figure 4.1 - Numerical extrapolation to the interfaces.

a(z) q(r)

A A
9 g9 q _a o
i g i qi/_(zﬁ/ﬁz

Qi1 Qi+l Ui+l

qi-1 9, /qzﬁjl Qi1
_.—
€T x
i1 x; Tip1 Ti—1 &I LTi+1
a) Godunov constant approximation. b) MUSCL reconstruction.

Source: Author’s production.

Among the high-resolution schemes for FV methods, popular approaches are the
Monotone Upstream-Centered Schemes for Conservation Laws (MUSCL) (van LEER,
1979), applied in MHD equations in works such as Moreira Lopes et al. (2018a),
and the Weighted Essentially Non-Oscillatory (WENQO) schemes (LIU et al., 1994),
applied in Titarev and Toro (2004) for 3D Euler equations and in Xu et al. (2016)
for ideal MHD equations.

The WENO schemes are able to obtain higher resolutions than MUSCL schemes.
However, they may require more computational cost and larger stencils. In this
context, the MUSCL schemes are chosen for the proposed MHD solver due to its
computational e [Cciehcy and good resolution around discontinuities.

25



The MUSCL approach is based in the use of slope limiters, consisting in the use of
a piece-wise linear reconstruction to extrapolate each variable gy ; of the solution q;
to the left and right boundaries of C;. The left and right extrapolations, denoted by
gg ; and qgq*;, are used to reconstruct the respective interface solutions g;~ and q;".
These extrapolations are illustrated in the Figure 4.1b.

To perform those extrapolations, Toro (1999) suggested the following relations:

1 [ k 1 [ | [
S— 1 L Bg,i R Ag ;
qe,i _qe,i +Z (1_w)AS,i (p KLYI +(1+(A))Ae’i (p KR‘I (4103.)
1 [ k 1 [ | [
. 1 L AG, i R Ae, i
Ggi=0oi—~ 1+0)Ag;0 7 +A-wAF;0 —= (4.10b)
4 Ae, i Ae, i

where w [C[31, 1] is a weight value, the slope values Ay ; and AR ; are given by:
AF i = 0o, iv1 = o, iy Ay =0e,i — o, i-1, (4.11)

and @(r) is a slope limiter function that ensures the Total Variation Diminishing
property of the solution. This property ensures that the solution will not develop
spurious oscillations around discontinuities or shocks. In the proposed MHD code,
the following slope limiter functions are available:

Minmod (ROE, 1986):

o(r) = max[0, min(1,r)]; (4.12)

Monotonized Central (MC) (van LEER, 1977):

N e e
¢o(r) = max 0,min 2r,T,2 ; (4.13)
e Superbee (ROE, 1986):
¢o(r) = max [0, min (1, 2r),min(r,2)]; (4.14)

van Albada (van ALBADA et al., 1997):

r’+r.
rz+1’

o(r) = (4.15)

26



e van Leer (van LEER, 1974):

rT#r

= 4.16
e Koren (KOREN, 1993):
o O o M
o(r) =max 0,min 2r,T,2 ; (4.17)

The reconstructed interface solutions g and gk, from the adjacent cells C; and
Ci+1, replaces the initial condition of the Riemann problem given in Equation 4.9,
obtaining: o

FgH,  ifxC<0

q =
B, ifx">0

This Riemann problem has an exact solution calculated through a characteristic
variable representation, provided in the next section. However, for practical reasons,
the solution of the Riemann problem is approximated by using numerical methods
called approximate Riemann solvers. In the proposed MHD solver, the Riemann
problems are approximated by the methods presented in the Sections 4.3.2 and
4.3.3.

(4.18)

4.3 Riemann problem

The most common approach to solve the Riemann problem is the method of charac-
teristics. This method is based in a change of variables which transforms the studied
problem into an advection equation. This so-called characteristic formulation have
an exact solution, which is converted back to the original variables.

To construct the characteristic formulation of the MHD equations, consider its prim-

itive formulation:
ow ow

ot "~ Mox
where w = (p, p, u, B) is the vector of the primitive variables and A is the Jacobian
matrix of the system. For the ideal MHD problem, these values are presented in
Section 3.1.1.

Considering the MHD equations as a hyperbolic system, the matrix Ax has real
eigenvalues and can be diagonalised. Hence, Ay, = PyxVP;!, where Py is a matrix
which its columns are the eigenvectors of A, and V, is a diagonal matrix which its
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elements are the eigenvalues of A, in ascending order. Multiplying P, in Equation

4.19:

ow __, . ow _
5 TP A =0, (4.20)

Then, defining the characteristics variables v = P, tw:

P 1

ov ov
— + P AP, : 4.21
ot *9x =0 (4.21)

Thus, the characteristic formulation is given as:

ov ov
5t Vg =0 (4.22)

This formulation implies in a set of advection equations for each characteristic vari-
able vy from the vector v. Therefore, considering a Riemann problem as initial con-
dition, the characteristics vy of the discontinuity formed in x”= 0 propagates with
a velocity correspondent to its eigenvalue Ay = dx over the x't plane, creating the
Riemann fan as described in Figure 4.2.

Figure 4.2 - Full Riemann fan for the MHD equations.

t
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Source: Author’s production.

The space between each pair of adjacent propagated characteristic defines an in-
termediary star state. In the case of the MHD equations, there are the states v-&’
vy L REEORETAnd vREIFor each star state, the solution v assumes di Cerent
values.

In order to calculate each variable vg from v, consider that each characteristic Ag
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separates the solution inside the Riemann fan so that the value vq from any arbitrary
star state is given as: —
- - .

x0_ BHifC<

Ve
t o KRS )

(4.23)

This implies that the dilerence between two adjacent states, separated by a char-
acteristic Ag, is equal to the correspondent jump value Avyg Where:

I:IR L !
Avy = VR —VE,0,0,0,0,0,0

Av, = 0,vR—v5,0,0,0,0,0
_ (4.24)

| ' B
Av; = 0,0,0,0,0,0,vR —vt

Therefore, any star state in the left side of the Riemann fan can be calculated by
adding to the left state vt the jump conditions required to reach that star state.
While the star states in the right side of the Riemann fan can be calculated by
subtracting the jump conditions from the right state vR. Thus, the exact solution
for every point with an inclination XTDinside the Riemann fan is calculated as:

L1

O

. . X _
H, if 1 <A
A = if A iD N
V- + Avy, |f)\fst<)\A
= [EE - XY _
=Vv-+ Av; + Av,, IfAA<T<)\S
. o XY
'%':' AL v + Av; + Av, + Avg, IfA5<T<)\e
v To= N (4.25)
AL VR — Av; — Avg — Avg, if)\e<T<)\;L
—Hm_ R _ _ ena XH
v =V AV; — Avg, if Ay < T <A
0 — R _ ey + x" +
v =Vv" —Avy, |1‘)\A<T<)\f
. XY
Vi | if T > Af

Multiplying this solution by Py, then using the definition Pxv = w and the relation
PxAvg = RgAvg, Where Rg is the eigenvector associated with the eigenvalue Ag and
Avg = v —v§. Thus, the exact solution of the Riemann problem is described in the
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primitive variables as:

XEI
ﬁ', if r <A
) x5
W~ = wh- + R1Avy, if \f < T < A
. xH
AF [ — WL + R]_AV]_ + RzAVZ, if )\; < T < )\S_
. xH
'7&':' wi e wh + R Av; + Ry,AV, + R3AV;, if Ay < T <A
w — = -
. X
t R L wR — R;AV; — RgAvg — RsAvs, if Ae < < AL
XEI
= wR — R;AV; — RgAvg, if AY < T <M\
XEI
'~ = wR — R;Av,, if Af < T <\
XY
, if T >N\

(4.26)

Obtained the solution for the Riemann problem, the flux inside every state is calcu-
lated by multiplying the primitive solution by the Jacobian matrix Ay and using the

. F . .
relations AX%\;V = 9 a)((q) and ARy = AgRy. Thus, the flux in the interface x"=0
is obtained as:
Aw (0,1) = F[q(0, )] = Fexact, (4.27)
where
C 1 1
Hq- , if 0 <A
. 1]
B~ =F g~ +RiMAY, if A\f <0<Aj
[ -
R =F gt + RIAMAV; + RAAY, if Ay <0 <A
(-
I:IL R 1 U = F qL + RiIA AV + ROAAVY, + R3A3AV;, if )\S_ <0<A
Fexact 4,0 = 0 DRD . +
=F q — RN AV, — RG)\GAV(a - R5)\5AV5, if )\e <0< )\S
[ -
= F qR - R7)\7AV7 - RG)\(;AVG, if )\;— <0< )\X
1 [
= =F g® —R/NAvV, if A <0 <Af
1 1
= if \Af <0
(4.28)

Besides the Riemann problem having a known exact solution, its usage in real ap-
plications are impracticable due to the high computational cost required for the
eigenvector computations, which are associated with the usage of iterative methods.
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For ideal MHD, an exact solver is applied in Takahashi and Yamada (2014), and
in Giacomazzo and Rezzolla (2006) an exact solver is also proposed for relativistic
MHD.

The alternative to solve the Riemann problem under a reasonable computational
time is the usage of the approximated Riemann solvers. One of the most popular
approaches is the Roe solver (ROE, 1981), which is applied for MHD equations in the
works of Brio and Wu (1988). This approach repIaE:eﬁ__tpe Ja@ian matrix Ay for
an approximated constant coe Lcieht linear matrix A, gb,gR . Then, the Riemann
problem is solved analogously using this linearised Jacobian matrix, resulting in a
problem with simpler eigenvectors.

Another class of successful approximated Riemann solvers are the HLL-type Rie-
mann solvers (HARTEN et al., 1983). In the proposed MHD code, described in Chapter
7, are implemented the HLL and HLLD Riemann solvers described in Sections 4.3.2
and 4.3.3, respectively. The choice for the HLL-type over the Roe-type solvers in this
work is due to the its robustness and lower computational cost, since the HLL-type
does not require eigenvector computations.

The construction of the HLL-type solvers is based on the approximation of the jump
conditions. This is done through the Rankine-Hugoniot relations, derived in the next
section.

4.3.1 Rankine—Hugoniot relations

The Rankine-Hugoniot relations associates the solutions of two adjacent states sep-
arated by a shock wave and their respective fluxes. To obtain these relations, the
1D Ideal MHD equations in its conservative formulation are considered:

dq _ 0F(q)
i I (4.29)
integrating over the domain [x5 x4+ dx < [t", t" + dt]:
L gxolthgt L gx ol th gt
9 tdx = — OF (@ . (4.30)

xH tn ot x5 tn 0X
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These integrals can be solved using the Leibniz’s rule for t in the left side and for x
in the right side term, obtaining:

Ldgxo Lthorat
[q(x,t" +dt) —q(x,t)]dx = — [F (q(x"+ dx51)) — F (q(x5 )] dt.
xH tn
(4.31)
These integrals can be splitted into:
L doaxo g Lthorat
q(x, t" + dt)dx — q(x,t")dx = — F (q(x"+ dx5t)) dt
nnal o 2 unn (R ARE ]
’ : Cheae (4.32)
+ F (q(x5t))dt.
(L |
@

Considering the schematic presented in Figure 4.3, the integration interval of each
integral presented in Equation 4.32 corresponds to a side of the rectangle over the
x't plane. Taking into account that any of them crosses the slope s, they are all
integrations over constant functions. Therefore, the exact solution of these integrals
can be obtained through the mean value theorem:

. . 1 1 OO
q'—q" dx"=— F(q"—-F q' dt (4.33)

Figure 4.3 - Example of a slope s dividing two arbitrary states q' and q". The sides [
[2] [zgland [4lcorrespond to the integration intervals of the terms in Equation

4.32.

‘t

S
qf ,/’//q?

t" + dt : —r”
El ///
Ly /// 3
: /”, F
tm = 2 CC.’
x '+ dx’
Source: Author’s production.
. dx” . . .
Considering s = r as a slope value that approximates the characteristic velocity,
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the Rankine-Hugoniot relations are obtained as:

1 1 101
sq—-q =F(@)-F ¢ (4.34)

This relation is applied in HLL-type approximate Riemann solvers as the jump
conditions to calculate the next most internal star states using the data known
from the external states. Then, the next more internal star states are computed
recursively.

4.3.2 HLL Riemann solver

The HLL-type (Harten-Lax-van Leer) is a class of approximate Riemann solvers
which simplifies the Riemann fan by considering only some of the characteristic
waves. These waves are approximated by slope values, then the intermediary star
states and their respective fluxes are obtained through the Rankine—-Hugoniot rela-
tions.

The simplest case, the HLL Riemann solver, as proposed in Harten et al. (1983), is
constructed under the assumption of a constant state g~that covers from the slowest
to the fastest wave, Af and Ay respectively, forming the Riemann fan presented in
Figure 4.4. Therefore, the states of the solution g over the plane x't are described

as. 1
et if X< st

q(xt) = ghifst < X< R (4.35)
%, if X'> gR
where st and sR are approximations of the wave velocities Ay and Ay, respectively.
In Davis (1988), the following values are suggested:

L] 1 I 1

st =min uf —ck, uR —cR s =max uf +ck, uf +cR (4.36)

where ct and cR are the fast magnetosonic velocities, as defined in Equation 3.11a
in Section 3.1.1, for the left and right states respectively.

Using the Rankine—Hugoniot relations given in Equation 4.34 to describe the jump
conditions over the waves st and sR, the following system is obtained:

L1 1 1 S o I
EsHl gftg- =FTIghg® —F g

1 [ Y e s A 1 (4.37)
@ gR—q~=F gR —FTqt,gR



Figure 4.4 - HLL Flux Riemann’s fan

Source: Author’s production.

1 (.
where F=gb, qR is the value of the flux inside the g~tegion. The solution for this
] ]

system in the variables g~and F~'q-, qR is given by:

11 .1
sRgR—stqt+F g- —F @R

1
q = SR — ol : (4.38a)
1 1 SRF I%ILI:I_SLF |%IRI:_:_SLSR I%IR_qLIZI
FHgb gR = gy (4.38b)

Therefore, the HLL flux approximates the solution for the Riemann problem as:

[
= ol if sE>0
] 1 [ 1
Fre g5 gR = Ellgt,gR , ifst=0<sR. (4.39)
1
FqgR ifsR<0
This can be simplified by:
<R I:ILI:I oL I:IRI:I oLgR :IR LI:]
L] L1s"F q- —s-F g~ +s-s™ g"~—q
Fae g5 9F = = = : (4.40)
SR—s
where the new slopes st and s® are
0 T -
s-=min s- 0 sR =max st, 0 . (4.41)

Despite being a simple methodology, the HLL flux is not suitable to solve prob-
lems with isolated discontinuities, presenting a significant dissipation in those cases.
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This eledt is caused because all the intermediary states of the MHD problem are
approximated as only one state.

4.3.3 HLLD Riemann solver

The HLLD (Harten-Lax-van Leer Discontinuities) Riemann solver is proposed in
Miyoshi and Kusano (2005) as an extension of the HLL solver based on the multi-
state HLLC-type solvers (TORO, 1999). This method splits the Riemann fan into
4 intermediary states q-5'q-"HgRMand gR-obtained between the 5 waves sb,
stt1sM | sREand sR. Therefore, as illustrated in Figure 4.5, the solution inside the
Riemann fan are described as:

if X< sk

if st < X< gt
if stk X< gM
if sM < X'< gRT
if SRk X< R

. if0>SsR

q(xt) = (4.42)

cx- o

-
Kk
ql
q-

Figure 4.5 - Schematic structure of the HLLD solver Riemann’s fan.

L Lx A M Rx (R

S S

S

Source: Author’s production.

where the slopes s- and sR approximates the fast magnetosonic waves A and Af,
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respectively, using the following relations:

. e R Y -
s-=min min , Uy — max ,C 0

N ey U 5 G O ] (4.43)
sR = max max uk,uR +max ct,cR ,0

The middle slope sM approximates the entropy wave A, by:

:I% R R, R L L:IL L R L
M — ST Uy PTUY — ST Uy PTU—pTFp (444)
(SR —uR) pR — (s~ —up) p- ' '

Lastly, the waves s-=and sRE'associated with the Alfvén waves A, and Ax respec-
tively, are approximated by:

B B
s HBnl_ gren vy Bl (4.45)
Sy PR Sr—gm

1 1
where B, = £ BL + BR is an average value of the component of the magnetic

2
field which is parallel to the flux. In the HLLD solver, this component is assumed to
be constant through the intermediary states of the Riemann’s fan. Furthermore, the
velocity component parallel to the flux, uy in this case, and the total pressure are also

considered constant inside the Riemann’s fan. These values are given respectively

by sM and:
R R RAKL L L LR LAR R R L L R L
0 ST Uy PTPT — ST Uy PTPT FPTPT ST U ST Uy Uy — Uy
e
(sR —uR) pR — (s- —up) p-

(4.46)
where the total pressure pr stands for the sum of both gas and magnetic pressure
as: .

pr=p+3 [BIZ] (4.47)

Applying the slopes st and sR into the Rankine-Hugoniot condition given in Equa-
tion 4.34, the intermediary states g-~and qR“are obtained for the values of a as L
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or R, respectively.

1 1 s ]
—P°" 5 & P e —
a | e B a —
T EH B ' o B
e e UV = D €D —
o FREEE H et - BiXaXe) N
0= Hean 5 Ee-upeptug o +8xe [ (4.48)
—] — [ sa—sM ]
S=I= Bo —
=5 H H B XX —
B2 B2X1X3
where the auxiliary variables x are given by:
(I 1 o I e )
X1 = pA(s*—ud) s2—sM —B2 (4.49a)
- .
X2 =Bm sM -1} (4.49D)
Xz = p2(s* — ud)* — B2, (4.49c)
(. [
Xs = sVBm+UuiBd +uiB: —u-'B*- (4.49d)

Analysing those intermediary states formulation, it is noted that the energy term
requires the computation of the other variables beforehand. Further analysis also
shows that there is a combination of values that may lead to a division by zero in
X1. Also, when sM = ug, s* = ug£c¢, B2 = BZ = 0 and B}, = yp?, the problem may
produces complex magnetosonic velocities. In those cases, the intermediary states
g2tare equal g2.

To obtain the remaining intermediary states g™ are assumed that p3'= p3t’
Applying the slopes s-=and sR™into the Rankine-Hugoniot condition, these states

37



are obtained as:

|| [T O

—1
1 1 palj
_opamm argM
e iy, el RDW':[ =T -
—. — 1 P u lejl-u PR B B sign(Bm)
UV | 1 ——— o O
amm AT H P "Xs IED p-t+ uF = pREE BRHE B sign(Bm)
= }— L = |—] _\/
a —HE" 5 Eatparue™ B2yt Bakign(B,y,)
— Ball ] [
RN o Y e I i — lil ] 1 L
—By T H HXs BYIpt BT pROE ptIEROIURES W sign(Bm) |
pat | L1 — I:I 1
’ X5 BZRDPLDF BL- pREF pLipREIYREL ZLDSIgn(Bm)
(4.50)

where [Csignal corresponds to minus or plus signals depending of the values a = L
or R, respectively. The auxiliary variable s is given by:

I e Y s |
Xs = ptt+ pRE . (4.51)

Considering that the density p is always greater than zero, Xs can not be a value
involving a division by zero. However, the function sign(By,) is not defined when
Bm = 0. In this case, according to Equation 4.45, both the slopes s-"and sR™
assumes the value sM, resulting in a two-state solver with the slopes s*, sM and sR.
Therefore, the solution inside intermediary states g2™tare considered equal to its
correspondent states g2’

| (|
Obtained the slopes and the intermediary states, the numerical flux Fy . p gb, gR

approximates the solution of the Riemann problem in Equation 4.28 as:

] 1
= q'—’ if st >0
(S 1
=gt +st gttL-qgt ifst<0<stH

| ] ] 1 _
q- +stigtmh sthlst gbblsbgt,  ifsttk o< sM

i
[
m

Fho 9-,9° = L] L] )
Hq® +s® gRttoR if SRCE 0 < SR
1 [
=Pl if SR < 0
(4.52)
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4.4 Runge-Kutta methods

The Runge-Kutta (RK) methods are a class of numerical methods for solving ODE’s
in the form ?jct] = f(q, t), where f is a continuous function inside the integrated do-
main. Those methods are characterised by not requiring the computation of deriva-
tives, neither storing solutions from previous iterations. Instead, the RK methods

requires the current solution and evaluations of f(q, t).

The number of computations of f required for every time evolution iteration using
a RK method is called the number of stages. In general, a RK method with s stages
is written in the form:

g™t =q"+ bk, (4.53)
i=1
where 1 —1
b i — |
ki = Atf AL, "+ gk, T (4.54)
j=1

The constants a, b and ¢ characterises each RK method. The choice of these constants
are done so that Equation 4.53 reconstructs the Taylor series expansion of g" to g"*?
until the term of O (AtP*1), where p is the convergence order obtained by the RK
method, that is:

1 A
@” +  biki—q" — d'q” @ o(AtPHh). (4.55)
) |' dt'
N g

RK evolution Taylor series expansmn

The convergence order obtainable with a RK method is associated with an appro-
priate choice of constants and the number of stages, where higher convergence order
requires more stages to be obtained. In Burden and Faires (1989) is presented the
best convergence order obtainable for a s stages RK method, These results are shown
in Table 4.1.

Table 4.1 - Best convergence order obtainable with a s stages RK method.

Number of stages (s) 1 2 3 4 5<s<7 8<s=<9 10<s
Convergence order 1 2 3 4 s—1 s—2 s—3
Source: Burden and Faires (1989).

In the MHD solver proposed in Chapter 7, the RK methods are applied to perform
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the time evolution of every cell of the FV discretisation given in Equation 4.6. Thus:

F-, —F* R e - —H&
i.j.K i.j.K + ij.K i,j,K + i,j,K i.j.K
AX Ay

fijx = + S (qijk) - (4.56)

In particular, the solver implemented in this work uses the two stages, second order,
RK method defined by the constants:

b]_ = - bz = = o =1, dp1 = 1. (457)
This RK method is written in the formulation given in Equation 4.53 as:

qmt=q" + ;f @ t") + ;f @ +1(q"t"), 1"+ Ap), (4.58)

which can be written in the two-step compact formulation:

o = q" +f(q". 1)

n+l — 11N aux aux (4.59)
q 2 [a" + g* + (g™, t+ AD)

4.5 Courant-Friedrich-Lewy Condition

The Courant-Friedrich-Lewy condition (CFL) is a constraint required in order to
ensure the convergence and stability of the numerical scheme. The idea is to obtain
a relation among the mesh spacing Ax, Ay and Az, the characteristics of the problem
and the time step so that the fastest characteristic do not cross an entire cell during
the time step.

This relation is useful to obtain a safe time step for the next time evolution At"*?
as:
At = g [max (Saav, SaiN] (4.60)

where the dimensionless parameter ¢ [ (0, 1) is a predefined value called Courant
number, s,qv and sgis are values associated with the fastest slopes due to advective
and di [udive e [edts, respectively. Considering the primitive formulation of the MHD
model, the advective e [edts are determined by the matrices Ay, Ay and A,, which
are predominant in Ideal MHD. The advective e [edts are computed as:

o = MaXcroA) | MaXcraldy) | MaxicraAs)
adv X Ny Nz

(4.61)
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where Ay is the highest slope, in absolute values, among the characteristics ap-
proximated for a Riemann problem solved in the x direction. Thus, for the MHD
equations:

N
Ax = max |s-|,|s"] . (4.62)

The values Ay and A, have analogous definitions for the y and z axis, respectively.

In contrast, the di [udive e [edts are associated with the matrices coupled with second
derivative terms, such as Ayy, Ayy Or A;,. These terms do not appear in the Ideal
MHD model, but occurs in formulations such as the Resistive MHD model. In this
case, the dil[udive e[edts are determined by:

VANANIAVA
2 maX croi(n) (AX2 + Ay? + Az?)’

Sdif = (463)

where max crgi(n) is the highest value inside the domain for the resistivity.
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5 DIVERGENCE CLEANING

In certain numerical methods, such as the FV, the simulations of the MHD equations
produces numerical errors in the magnetic field that violates the Gauss’ law for
magnetism [ B = 0. Physically, as discussed in Brackbill and Barnes (1980),
these errors appear as a force parallel to the magnetic field, which creates magnetic
monopoles. This eledt may compromises the topology of the magnetic field lines,
leading to plasma transport orthogonal to the magnetic field. Moreover, this non-
physical behaviour can lead to numerical instabilities (DEDNER et al., 2002; TOTH,
2000).

The origin of these eledts can be illustrated by considering the divergence of the
Induction equation (Equation 3.2d):
0([B)

—a -+ (B x u)] =0. (5.1)

Mathematically, due to the identity [ (I[X1) = 0, the term [ B is expected to
remain constant during the entire simulation. However, this identity is not numer-
ically valid, leading to the generation of BB components after every time step,
causing the loss of the [_-B = 0 constraint.

The influence of these components over the physics of the problem are measured
with several approaches. In particular, Hopkins (2016) define a parameter given by:

| C-B]

Dg = min (AX, Ay, Az) B

(5.2)

If the parameter Dg is greater than 1, the divergence over B is considered to com-
promise the solution. This methodology is used in Hopkins (2016) to measure and
ensure the quality of the solution for several divergence cleaning approaches.

These approaches are numerical strategies applied alongside with the time evolution
process in order to avoid these divergence errors. One of the first approaches was
proposed in Brackbill and Barnes (1980), where a Poisson equation is associated with
the divergence of the magnetic field in order to obtain the divergence components
and then, subtract from B. This approach is unfeasible for many applications due
to the high computational costs associated with the implicit methods required to
solve the Poisson equation.

Another well known approach is the parabolic-hyperbolic approach based in Gener-
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alised Lagrange Multipliers proposed in Dedner et al. (2002). This approach couples
a new equation and a new variable to the system. These new elements are responsi-
ble for transporting and di[uding the numerical errors associated to the formation
of the magnetic monopoles. This approach did not remove the components which
causes divergence in B completely, but it removes the enough to sustain the physics
and the stability for many applications at a very low computational cost.

Other popular divergence cleaning methods are the 8-wave (POWELL, 1997) and
constrained transport (EVANS; HAWLEY, 1988). In Miyoshi and Kusano (2011) is
performed a comparative study of those methods.

5.1 Generalised Lagrange Multipliers approach

One of the most successful approaches for the divergence control are the Gener-
alised Lagrangian Multiplier (GLM) based divergence cleaning corrections. These
approaches are based in the strategy introduced in Assous et al. (1993) for Maxwell’s
Equations. In Dedner et al. (2002) this formulation is extended to MHD problems
based in the formulation of the Lagrange multiplier presented in Munz et al. (2000).

Generalised Lagrange Multipliers are a class of methods for maximising or minimis-
ing function under some constraints. In the context of divergence cleaning methods,
the usage of the GLM methods consists in maximising the Induction equation, while
imposing the constraint [-B = 0. For that, a scalar field is coupled to the Gauss’s
Law:

D)+ B =0 (5.3)

where D is a dilerkntial operator that characterises the divergence cleaning ap-
proach. The solution  is applied into the Induction equation in order control the
evolution of the magnetic field:

aa'f’ + [-(UB — Bu) + [ 0. (5.4)

In order to study the properties of dilerknt choices of D(y) over the divergence
cleaning process, a formulation for the evolution of [ B is obtained by taking the
divergence of the Equation 5.4, obtaining:

2(=B)

ot C2q0= 0. (5.5)
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This equation can be written in terms of D(y) using Equation 5.3:

oD(y) _ _
ot C2q0= 0. (5.6)

Dedner et al. (2002) presents diLerent options for the operator D, obtaining the
classes of divergence cleaning methods discussed in the Subsections 5.1.2, 5.1.3, 5.1.4
and 5.1.5. In order to minimise the alterations in the MHD original implementations,
in some of these corrections, the terms associated with the divergence cleaning are
integrated by using splitting methods.

5.1.1 Splitting methods

Splitting methods are a class of techniques used to divide the integration of a com-
plicate PDE into several simpler parts and solve them independently. In the context
of the GLM divergence cleaning methods, this formulation is applied in order to sep-
arate the evolution of the MHD equations from the divergence cleaning terms. This
allows the inclusion of the GLM approaches with few modifications in the original
solver.

In the context of the MHD equations with GLM divergence cleaning, the fluxes or
source terms can be decomposed so that:
dqg

qt (@) +f(q), (5.7

where f; (q) represents the fluxes from the MHD equation as presented in Equation
4.6 and f, (q) are the terms associated with the divergence cleaning. In order to
obtain a mathematical description of the splitting methods, the following operators
are defined as a time evolution iteration with a time step At over the correspondent
PDE:

HAt () : ‘;‘t‘ =f.(a) (5.82)
SO ‘2‘2 =f,(q). (5.8b)

In this work, the splitting method used for the divergence cleaning is the 15t order
Godunov splitting, presented in LeVeque (1990) as:

n — AtI:IAt n -
q(t" + At) = S™ H™ (q(t")) (5.9)
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5.1.2 Parabolic correction

. L . 1 .
The parabolic correction is characterised by the operator D(y) = C—th, with

p
¢, [0, oo]. Its eledts over the divergence of the magnetic field can be analysed
by applying this operator into the Equation 5.6:

oy _ _
T C200= 0. (5.10)

This is a parabolic equation, analogous tlo the heat equation, which presents di [udive
e [edts over Y. Considering the relation C—zlp = D(¢) = — :Blfrom Equation 5.3, the

p
parabolic correction di[udes Y, and consequently the divergence in B, at a di[udion
speed 3.

The relation ¢ = —cf, [ B, obtained for the parabolic operator, can be applied into
Equation 5.4, obtaining:

‘?:+ [~ (UB — Bu) =c; [(I-B). (5.11)

Thus, the GLM-MHD model with parabolic correction is obtained by changing the
induction equation of the MHD maodel, given in Equation 3.2d, by the Equation
5.11. This new model is solved treating the term cg (I B) as a source term.

5.1.3 Hyperbolic correction

. . , 1 .

The hyperbolic correction is defined by the operator D(Y)) = Cz?;!: with ¢, []Q, oo].
h

Performing an analogous analysis as for the parabolic correction, the e [edts of this

correction over the divergence components of the magnetic field are described by

the hyperbolic equation:
—— —Ch =0. (5.12)

This equation is analogous to the wave equation, which presents advective properties.
Therefore, ¢ and [-H are transported at a speed c2. Unlike the parabolic operator,
the hyperbolic operator does not provide a solution for  to be applied into Equation
5.4. Instead, substituting this operator in the Equation 5.3 produces a new equation
which describes the evolution of (:

oy

T 2B =0. (5.13)
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Thus, the GLM-MHD model with the hyperbolic correction consists in including
the Equation 5.13 into the system and changing the MHD induction equation for
the formulation given in Equation 5.4, which in the conservative form became:

‘2}?+ (B —Bu+yl) =0, (5.14)

where | is an identity matrix. This equation is integrated so that the divergence
cleaning terms are included into the fluxes. This modifies the formulation of the
Jacobian matrices of the primitive formulation presented in Equation 3.5. Using
the primitive variables w = (p, p, vx, Vy, Vz, Bx, By, Bz, ), the Jacobian matrices

became:
1 1
.0 p 0 0 0 0 0 0 __
ux yp 0 0 0 0 0 0
AR s S Ll =
0 0 u 0 —= =B 0 0
ACLM = 0 0 0 Uy _% 0 _% 0 5 (5.15a)
o0 0 0 0 0 0 1
0 B, B, 0 —-u u 0 0
0 B, 0 —By —u, 0 u, 0
o 00 O O ¢ 0 0 0
1 1
y 00 p 0 0 0 0 0 __
uy 0 yp O 0 0 0 0
0 u 0 o0 =% —? 0 0
1 Bx — DBy Bz —
AGLM — 8 g L(')y L? 8 _é _‘iiy 8 — (5.15b)
y y P P - ’
0 —B, Bx 0 u —ux 0 0
o 0o 0 0 o0 o0 o0 1[H
o 0 B, -B, 0 -u, u 0
o0 0 0 0 0 c¢& 0 0
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1 1
: 0 0 0 p O 0 0 0
u; 0 0O yp O 0 0 0
0 u 0 © —% 0 —% 0
0 0 u 0 -8B —2 05
ASLM = % 0 0 u, % % —% 0 &= (5.15¢)
0 -B, 0 Bx u 0 —ux 05
0 O 0 0 © 0 0 1/
0 0 O 0O 0 © 0 ¢ 0
The numerical flux associated with the matrix AS-M can be written as:
(- (- Yy
Foahgr =ActMOW o auno W 5y OW (5.16)

0X ()4 X Ox

where q is the vector of conservative variables containing the variable y, AMHD s
the Jacobian matrix of the original MHD formulation with an extra column and line
of zeros, corresponding to Y and its equation, and A} contains the terms associated
with the divergence cleaning. Thus, the numerical flux for the GLM formulation
with the hyperbolic correction can be obtained using the HLL-type numerical fluxes
presented in Section 4.3 as:

(I I Y N I N I |

1]
FE™™M g, a® =Fuumuo 95 a° +Fy q-,q° (5.17)

q-.q9

ow o .
where the flux Fy = Aﬂga—x. For sake of simplicity, the null lines and columns of the
matrix A} are neglected. Thus, this flux became:

ﬂ o 510

0

N
B - - ated wi
where wml——isl the solution for the Riemann problem associated with the ma-

trix AY whose eigenvalues are —cy, and c,. This two wave problem can be solved
analogously as performed for the HLL flux in Equation 4.38b, obtaining :

I - L R_gL

- _ + —B

F, q50R == El Vool B 7B (5.19)
2 3 BR+BL 2 YR—yt
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where the parameter cy, is given in function of the Courant number as:

o .
Ch = At min(Ax, Ay, Az). (5.20)

5.1.4 Parabolic-hyperbolic correction

The parabolic-hyperbolic correction is the most used approach among the proposed
in Dedner et al. (2002). This correction is based in the combination of the parabolic

1 :
C%aat,l: with ¢, and ¢, [
[0, oo]. Applying this operator into Equation 5.6 leads to the telegraph equation:

and the hyperbolic operators, obtaining D({) = C12L|J +
P

0’y  cpoy

bl S L A B 111 =10 5.21

or ot (>-21)
which presents advective and di[udive e [edts determined by the values c2 and cg,
respectively.

As the GLM-MHD model with hyperbolic correction, the induction equation for
the parabolic-hyperbolic correction is replaced by Equation 5.14. In this case, the
equation which describes the evolution of ), obtained by substituting the parabolic-
hyperbolic operator in Equation 5.3, is given by:

oy c?
—+CB=—2

5 =g (5.22)

The parabolic-hyperbolic correction is executed using a splitting method so that the
operators HAt and St corresponds to the integrating the equations:

0B
— + [B—Bu+yl)=0
HAt(q): Ot oy (5.23a)
—+c2[B=0
ot
oy c2
At N ]
S8 (@) 1 5, quj. (5.23b)

where the operator HA! is identical to the hyperbolic correction presented in Equa-
tion 5.17. Thus, the first step of the parabolic-hyperbolic correction consists in per-
forming a time evolution iteration using the hyperbolic correction.

The operator S#t is associated with the parabolic terms. Considering the solution
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tﬁ, obtained after applying the operator HAt, as initial condition, the equation asso-
ciated with the operator S#t has the analytical solution:

.2
°h

t

Y(t) = ge % . (5.24)
Therefore, the variable ) is updated to the next time instant by the equation:

l]Jn+1 — lIJ\e_ChapAt/ min(Ax,Ay,Az), (5_25)

where op = min(Ax,Ay,Az)z—g.
P

5.1.5 Elliptic correction

The elliptic correction is a approach analogous to the projection method presented
in Brackbill and Barnes (1980). In the context of the GLM divergence cleaning, it is
defined by the operator D(y) = 0. Applying this operator into Equation 5.6 leads
to the Poisson equation:

C2q= 0. (5.26)

This operator is expected to compute and remove the divergence components glob-
ally. As the parabolic-hyperbolic correction, this strategy solves the modified Induc-
tion equation, presented in Equation 5.4, using a splitting method. The first step
consists in solving the original Induction equation, producing a magnetic field with
divergence errors denoted by B. Then, in the second step, the following equation is

solved:

0B

5, =~ 0 (5.27)

Discretising the time derivative, this equation became:

B! = B — At [[L] (5.28)

The challenge of this approach lies in the calculation of the scalar field . For that,
is considered the divergence of this equation:

[-B"! = [B — At ()] (5.29)

50



Considering that [=B"*! = 0, the Equation 5.29 became the Poisson equation:

1 ~
= — [B. 5.30
At (5.30)

C

This equation can be numerically solved for Y. Then, this solution is applied into
Equation 5.28 to produce a divergence free magnetic field.

The Poisson equation is an elliptic problem which requires an implicit method to
be solved. This implies in the resolution of a system of linear equations. In order to
illustrate this system, the solution vector  is defined. This vector is a column vector
with N = NNy lines for 2D problems or N = NxNyN, lines for 3D problems. The
elements of ), denoted as ), consists in a reordered sequence of all values of ) ;
or Yjjk. This reordered sequence is indexed by p, which is mapped to the indexes i,
J and k by the relation:

e p=i+ jN, for 2D problems;

e p =i+ jNy+ kNyNy, for 3D problems.

This formulation allows to define the discretisation matrix A and the vector b with
the values of Alt B mapped according the vector . Thus, the Poisson equation
is reduced to the linear system Ay = b. Linear systems obtained from refined
discretisations are too big for approaches like Gauss’ elimination to handle, requiring
iterative methods, discussed in the following.

5.2 Relaxation Methods

Relaxation methods are particularly interesting to solve linear systems derived from
the discretisation of a elliptic PDE (VARGA, 1999). These methods are based fixed
point iterations, which the system is rewritten in order to represent the solution as
a fixed point of a function f. A fixed point is an element of the domain of a function
that maps itself in the image, that is:

g =f ), (5.31)

According the fixed point theorem, a sequence started from a guessing solution
applied recursively into the relation

(m+1) — I:I(m)l:I —
W =f g™ . m=01,... (5.32)

o1



converges to the solution  if some requirements are fulfilled (BURDEN; FAIRES,
1989).

Jacobi Method

The Jacobi method is one of the simplest approaches for solving linear systems
numerically. It consist in decomposing the discretisation matrix A as the sum of
the matrix D, with the elements of the diagonal of A, and the matrix R with the
remaining elements of A, i.e.:

1 1
1 0 0 0 a12 a3 ... a1N
az o 0 0 6123 B - VAN
D= 0 asz ... 0 az o .. A3N (5.33)

0 0 0 ... an,N aNn,1. angz angs

Using this decomposition, the system Ay = b is rewritten as:

DO+R)y=b (5.34)

The usage of the diagonal matrix D is particularly interesting because it is easily
inverted. Thus, the solution of the system can be written in a fixed point formulation
as:

Y =D"1(b—RyY). (5.35)

The Jacobi method is defined by using this relation as a fixed point method to
iterate an initial guess Y@ until convergence, i.e. the residual after m iterations
r = AP — b became lower than a predefined tolerance. Thus, each value g, C
after m + 1 iterations are written as:

1 1

(m+1) _ 1 Chyl— L1 5.36
p - a ap,qlqu : ( . )
p.p qsp

In particular, for the Poisson equation associated with the Elliptic solver for 2D
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problems, the fixed-point equation, using the ijk mapping, became:

1
+ 5> L] L L] AXCNAY?
e =22 i+ o™ Ay + e e s - i
2 At
(5.37)
where 8,p = (AX? + Ayz)_l. For the 3D formulation, the discretisation:
. 5 LT 1
l‘IJIm Y % llJi(Tl),j,k"'llJi(Tl),jk AYZAZ + qJI(T—?—lk+qu(,Tll,k DX N7
5.38
AXPNAY?N72 - (5.38)

+ UJ.(Tfﬁl + M AXZAYZ B ik

With 830 = (AX2AZ2 + Ay2Az2 + AX2Ay?) ™ is used.

By this formulation, the iteration from m to m + 1 do not require any value ob-
tained during this iteration. Thus, the computations of ™*? can be performed in
no particular order. This allows the usage of parallelism to divide the workload of
a Jacobi method’s iteration among di Lerent processors. However, frequently during
the Jacobi iteration, a value y{™ is required to iterate its adjacent cells after g{m**
was computed. Therefore, both values ™ and Y™*Y need to be stored, increas-
ing the memory requirements significantly, which is not desirable for very refined
computations.

Gauss—Seidel Method

In order to avoid this extra memory storage, the Gauss-Seidel method is defined
so that the values Y{™ can be updated to §™*") right after their computation.
The Gauss-Seidel method is constructed similarly as the Jacobi method. The main
diLerknce is the decomposition of the matrix A as the sum of the diagonal matrix
D, with the matrices L and U defined as:

1 1 1
0 0 0 djp a413 ... aA1N
1 0 0 0 0 d23 ... dAzN
L= 1 dz2 0 ... 0 U= 0 0 ... aAzN (539)
aNn,1 adNng2 aNngs - 0 0 0 0

Using this decomposition, the system Ay = b is rewritten as:

(D+L+U)y=h. (5.40)
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These terms can be reordered as:

(D+L)Y=b—Uy. (5.41)

This formulation can be interpreted as a fixed point equation that converges to
(D + L) Y. Therefore, the fixed point iteration is obtained:

(D + L) p™D =p —uyyp™, (5.42)

Reordering these terms, the values Y™ are computed as:

(m+1) _ n—1 I:I_ (m+1) __ (m) -
P =D b—Ly up™ . (5.43)

Therefore, a single value {™ is updated as:
1 —-—

1 L1 1
p,p q<p q=p

In special, for the Poisson equation, the fixed point iteration for a value {, is iden-
tical as the presented in Equations 5.37 and 5.38 except for replacing the usage of
the values (™, with q < p, for the updated values y{™*®. Therefore, the fixed
point iteration for the Poisson equation for two and three dimensions, using the ijk
mapping, became:

1

. 5 . N szAy2
WY = e Dy G+ Axe At o
(5.45)

m+1) _03p %(m) (m+1) 2 ) m+1) A o o

Wik —7 L|Ji+1,j,k+L|Ji—l,jk Ay A7+ gl + WSk XAz
5.46)

. AXPNY?N7? = (
+ qu(T)k+1+L|Ji(T,k—l)1 AXZAYZ_T ik

By this formulation, the storage of the value wgm) is no longer required after the value
™D is obtained, implying in a formulation with better memory management than
the Jacobi method, and also converging with less iterations (BURDEN; FAIRES, 1989).
However, this formulation does not allow the use of parallelism since the method
requires values that are obtained during the iteration, implying that the iteration
should be performed in a particular order, rendering the parallelisation ine Ledtive.

54



In the context of the Poisson equation, a parallel formulation for the Gauss-Seidel
method can be obtained through alternative formulations such as the Red/Black
Gauss-Seidel (KARNIADAKIS; KIRBY 11, 2003; BRIGGS et al., 2000). Other parallel
strategies are developed in the works of Courtecuisse and Allard (2009) and Dol-
withayakul et al. (2011) with applications in MPI and CUDA.

The Red/Black Gauss-Seidel approach consists in flagging the cells C as Red or
Black. Then, the fixed point iteration is splitted into two steps denominated Red
and Black steps. The Red step is performed by iterating and updating every red
cells of the mesh. The Black step has an analogous definition.

The cells are flagged as Red or Black according to the rule:

1
Egthek, if i + j is even

%d, otherwise

= 2D case: Colour(C;;) =

—1
Esthek, if i + j + k is even

@d, otherwise

= 3D case: Colour(Cijk) =

An example of a 2D mesh with the Red/Black flagging is presented in Figure 5.1.
When performing the Red step, the iteration of a red cell requires only the values of
the surrounding black cells, which are known a priori. Since the iteration of every
red cell is independent of any unknown value, the red cells can be divided among
the processors trivially.

After the Red step, all the red cells have their updated values at iteration m + 1,
which is the required information to perform the Black step. As well as the Red
step, during the Black step, the black cells can be divided among the processors,
since their required updated red cells are known beforehand. Thus, the Red/Black
Gauss—Seidel iteration can be represented by the operator:

(m+1) — = Ij(m) —
1] = Black step Red step . (5.47)

The Red/Black Gauss—Seidel approach combines both the faster convergence and
memory management gain of the original Gauss-Seidel method with the parallelisa-
tion obtainable with the Jacobi method. This approach is the technique applied in
this work for solving the Poisson equation. Nevertheless, the Red/Black Gauss—Seidel
approach still requires a huge amount of iterations in order to obtain convergence.
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Figure 5.1 - Red/Black Gauss-Seidel colour distribution in a 2D mesh.
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Source: Author’s production.

In this work is proposed the use of multigrid methods in order to accelerate this
convergence and perform fewer, and cheaper, Gauss-Seidel iterations.

5.3 Multigrid methods

Relaxing methods requires a large amount of iterations to converge to the desired
solution. In special, for multi-dimensional problems, the number of equations and
variables became too large when finer meshes or grids, are used, turning a single
iteration of the relaxing method very costly.

In this context, a methodology capable of reducing the cost of a single iteration and
accelerating the convergence, thus requiring less iterations, became essential. One
of the most successful approaches for this problem are the multigrid (MG) methods
(YAVNEH, 2006; WESSELING, 2004; ARRARAS et al., 2015). These methods represents
the vector of data using a series of coarser grids so that the refinement of a grid in
the level 3= [din, ..., L is always 29 times coarser than the grid representing the
next refinement level. The most refined level of this sequence is the level L, which
uses the same refinement parameters of the simulation.

The MG methods are based in the idea whereupon techniques like the Jacobi and
Gauss-Seidel methods vanishes the high frequencies of the error between the exact
and the iterated solutions, denoted by e = Yy — ™, in few iterations. On the other
hand, the lower frequencies requires a huge amount of iterations (BRIGGS et al., 2000;
URBAN, 2009) to be solved. Using this error definition, the system At - = b can
be rewritten as: ] ]

AL ML el =pt (5.48)

Considering that the high frequencies of e are vanished as (" is iterated a
few times, this error is considered to be dominated by low frequency terms after a
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predefined vpre NUMber of iterations. The MG methods aims for calculating the error
el instead of keep iterating Y™ - until obtain convergence.

In order to calculate the error e -, the Equation 5.48 is reordered as:
Alel =plt — Abytee L (5.49)
Substituting the right side for the residual r- = bt — AL ®ere) L

Alel =rt (5.50)

The idea of solving this new system for el is combined with the property that
projecting a solution into a lower resolution level transforms their low frequency
components into higher frequency components (BRIGGS et al., 2000). This allows to
solve a system in the next coarser level, obtaining a solution e 5 so that the error
el is reconstructed as:

L — pL-1-L

e et (5.51)

where PL-~1~L is a prolongation operator performed as a multi-linear interpolation
as defined in Deiterding (2011).

Solving the system in the coarser grid requires fewer iterations than would be re-
quired for solving in the finer grid. Besides that, a single iteration in the coarser grid
have a lower computational cost for the relaxing method iteration, due to presenting
one quarter of the equations and variables for 2D cases, and an eighth of them for
the 3D cases.

Therefore, instead of solving the Equation 5.50, the following system is solved in the
next coarser level L —1:
A-leHt =51, (5.52)

where A-"1 is the discretisation matrix for the level L — 1 and r 5 is obtained by
the projection of the residual r‘:

L—1 — PL-»L—lrL

re - = , (5.53)

where the projection operator P-~1"1 is defined as an averaging function (DEITER-
DING, 2011). .

Analogously as performed in Equation 5.48 for the most refined level, the solution
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et can be decomposed as:

1

1
At et reltt =t (5.54)

where e -~ are the components with low frequency of the error et;? and e -*
is the approximation of this error after m iterations of the relaxing method. These
low frequency components e -~ can be solved analogously as the error presented in
Equation 5.50 as:

Atet Tt =t (5.55)

where rt-—1 = r&l—l — AL_le|(:VFre) L_l.

This process of solving the lower frequency components of the error in a coarser
grid can be repeated recursively until a predefined coarsest level [in, where the
component e #in can be neglected after some iterations.

Once the error e  obtained from a level [E L, is considered to converge to
the exact solution of the system A€ 5= rit is prolongated to the level [ 31 in
order to approximate the value e ™! analogously as presented in Equation 5.51 for
the level L — 1.

After the low components of the error e “are obtained, they are added to the so-
lution e 5 as presented in Equation 5.54 for (3= L — 1. Then, the system is
iterated again for a predetermined number of iterations vpes, Obtaining a solution
e pretVeost) Hipat converges to e 5 This process can be applied recursively until the
solution Y is obtained in the finest level.

In general, there is no particular order of which order the projection and prolongation
operator should be applied, as long as the finest and the coarsest levels are respected.
This leads to infinity variations of MG methods, where the most commons are the
V-cycle, the W-cycle and the full MG (URBAN, 2009). In particular, the V-cycle,
illustrated in Figure 5.2, is chosen for this work.

5.4 Combining the elliptic and parabolic-hyperbolic corrections

One of the original contributions of this work is the combination of explicit parabolic-
hyperbolic and the implicit elliptic approaches. The idea is to take the advantages of
both methods, the low computational cost of the explicit method and the insurance
of the divergence constraint provided by the implicit method.
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Figure 5.2 - V-cycle multigrid algorithm.
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The proposed method, denominated GLM triple correction, consists in performing
the explicit parabolic-hyperbolic approach, producing a small divergence over B,
until a cleaning criteria is fulfilled. Then, the implicit elliptic method is applied in
order to restore the divergence constraint. For this work, the cleaning criteria chosen
is perform the elliptic operator after every number of time evolution iterations ny.
In order to reduce the computational cost of this step, this work applies the MG
formulation over a Red/Black Gauss-Seidel method to take advantage of both the
e Lciehcy of the MG method and the parallel approach of the Red/Black Gauss-
Seidel method.
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6 PATCH-STRUCTURED ADAPTIVE MESH REFINEMENT

The computational discretisation of the physical domain as presented in Section 4.1
divides the entire domain into cells of equal refinement. However, the choice of a
proper refinement for this type of discretisation is challenging, once a coarse refine-
ment may cause the solution to not be properly represented in the mesh, specially
if it contains localised structures or steep gradients, causing loss of information. On
the other hand, a very fine refinement leads to a considerable amount of unnecessary
computations in these cases, wasting a lot of computational time and memory.

In this context, adaptive techniques are proposed to overcome these limitations.
These techniques maximise the e [ciehcy of the simulation by using an adaptive mesh
which is more refined in the regions where the localised structures are presented, and
is coarser in the smooth regions. The generation of adaptive meshes can be divided
into two approaches: structured and unstructured meshes.

In general, a mesh is defined as a set of geometrical elements that covers the phys-
ical domain without gaps and overlapping elements. Thus, an unstructured mesh
covers the physical domain using elements that presents an irregular pattern, such
as non similar triangles or tetrahedrons. On the other hand, structured meshes are
defined by elements that presents a pattern on its form, such as similar rectangles
or parallelepipeds. Frequently, in these meshes, the elements presents a positioning
pattern, normally being indexed alongside with the coordinate axes.

The main advantage of unstructured meshes is its superior geometrical flexibility.
This type of approach, usually implemented using cell-based data structures, needs
to store all the adjacent cells explicitly. The lack of a simpler methodology to go
through the elements of the mesh causes the memory access during the simulations to
be irregular, implying in a poor performance on vector and super-scalar computers.
Among another disadvantages of this approach are the di Cculty in obtaining higher
order solutions and the aspect ratio of each cell.

In contrast, the structured meshes are adequate when the geometric flexibility is not
a priority in the application. In particular, the usage of rectangular domains allows
some optimisation in comparison with the algorithms required for the unstructured
meshes, such as the implementation of a single numerical scheme for every region,
independently of the refinement.

The construction of the adaptive mesh is based in refinement criteria techniques,
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which measures the local smoothness of the solution in every mesh element. If the
result of the criteria exceeds a predetermined value [, khe mesh element is flagged for
refinement. After that, the flagged elements are replaced, or overlayed, by a patch of
r4 more refined elements, where r is the mesh refinement factor and d is the number
of dimensions of the problem. In particular, this work always uses the refinement
factor r as two.

In special, this work uses the patch-Structured Adaptive Mesh Refinement (SAMR)
method, as presented in Deiterding (2011), to implement the proposed MHD code.
This formulation di Lerk by, instead of refining every flagged cell, they are clustered
into rectangular boxes containing both flagged and non-flagged cells so that the
percentage of flagged cells exceeds a predefined parameter v, as described in Section
6.2. Then, every cluster of flagged cells are overlayed by a finer submesh. Applying
this algorithm recursively in the finer submeshes, a mesh hierarchy as illustrated in
Figure 6.1, is obtained.

Figure 6.1 - Example of hierarchy of retangular submeshes. The clustered regions marked
in grey are overlayed by a finer submesh.

— e

Source: Author’s production.

Considering the field of FV schemes for hyperbolic partial equations, the SAMR
methods were first introduced in the works of Berger and Oliger (BERGER; OLIGER,
1984; BERGER, 1982). In this earlier approach, a more refined submesh could be
overlapped over a coarser mesh without any restriction of alignment between over-
lapping meshes, allowing the use of rotationed meshes, which requires complicated
interpolation operations. Posteriorly, Berger and Corella (BERGER, 1982; BERGER;
CORELLA, 1989) proposed a simpler version of the SAMR, which every mesh of the
hierarchy must be aligned, allowing simpler interpolation operations. In Bell et al.
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(1994), this version was demonstrated to be more e Lcieht, specially with vector and
super-scalar computers.

6.1 Mesh Hierarchy

The SAMR mesh hierarchy is composed by a sequence of meshes G~enumerated by
the refinement levels [ 0,1, ..., L with refinement Ax5'Ay~and Az50 that they
present a constant ratio r between adjacent levels, that is:

AXEI AylEl AZEI
AxD T AyD T AzO

=r. (6.1)

Alternatively, the refinement of any level can be obtained from the base mesh re-
finement as: L 1 1

A= A AytE oAy AzRE DA 6.2

A Y= Ay A (6.2)

These meshes are embedded so that the domain covered by a finer mesh is also
covered by the next coarser mesh, that is:

G- Gt [Gi=Q (6.3)

where the base mesh G° cover the entire physical domain Q. These meshes are
divided into a set of non overlapping rectangular submeshes G'so that:

Gl= MIGY  withGLl nGLl = Om; Em, (6.4)

where Mjs the number of submeshes, or patches, used to represent the mesh G
The set of meshes G-with (3= 0,1,...,L is implemented as a tree so that each
node of the level [dorresponds to a patch G-} Furthermore, these nodes presents a
parent-child relation so that every node corresponding to a patch contained in G
is a child of the node corresponding to the overlayed patch in G This hierarchy
is exemplified in Figure 6.2. Moreover, this tree allows the definition for multiples
parents for an element due to the possibility of a finer patch being placed over two
coarser patches as shown in Figure 6.1.

6.1.1 Patch boundaries

The mesh hierarchy representation as multiple independent rectangular submeshes
allows a single implementation of the numerical scheme for every patch, indepen-
dently of the refinement level. Thereby, the time evolution process can be performed
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Figure 6.2 - Adaptive mesh and corresponding tree structure to store the patches.

L=2 _
® Y L=0 1 2

.0. ... IL=1 é:
Ne—=
‘%
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for every patch individually. However, to compute the fluxes in the boundaries of ev-
ery patch, the solution of the cells in adjacent patches are required. This restriction
compromises the patch independence to perform the time evolution.

In order to overcome this limitation, the patch structure are complemented with
extra auxiliary cells, called ghost cells, at their boundaries. This allows the boundary
values to be stored in the same data structure as the submesh. An schematic example
of a patch containing two layers of ghost cells is presented in Figure 6.3.

Figure 6.3 - Example of a patch containing two layers of ghost cells.

Source: Author’s production.

Before and during the time evolution, the ghost cell values must be set or updated. As
illustrated in Figure 6.4, the ghost cells can be divided into three cases regarding to
its positioning over the mesh hierarchy. The solution for the ghost cells are obtained
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according to its positioning case:

e Physical boundary: the ghost cells are updated according to the problem
boundary conditions.

e Same level patch: the ghost cells are updated by coping the solution from
the adjacent patch.

< Coarser patch: the ghost cells are interpolated by the solution in the coarser
level using a multi-linear interpolation.

Figure 6.4 - Patch with ghost cells placed over the mesh hierarchy. The ghost cells marked
with A represents ghost cells that overlays the physical domain of the problem,
while the ghost cells marked with X and O overlays patches of lower and same
refinement, respectively.
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Source: Author’s production.

6.2 Flagging algorithm

The construction of the adaptive meshes in the context of SAMR methods are
based in overlaying finer patches over coarser patches that presents a region of
interest. These regions are estimated by flagging cells of the coarser patch that
fulfil a refinement criteria. Then, using the clustering algorithm presented in Bell
et al. (1994), the flagged cells are grouped alongside with a some non flagged cells
forming the regions that requires refinement, which are replaced by new more refined
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patches. This clustering algorithm is briefly discussed in Figure 6.5. This strategy
uses a parameter v, which defines the stop criteria of the clustering process. In this
work, typical values are v = 0.85 for 2D cases, and v = 0.8 for 3D cases.

During the construction of the adaptive mesh, the flagging process consists in apply-
ing an operator that requires the solution of the cell and its neighbours. If the result
from this operator exceed a threshold value [the cell is flagged for refinement. In
particular, the proposed MHD solver implements the following refinement criteria:

e Scaled gradient (SG): This operator flags a cell if the di[erence, in mod-
ulus, between its solution and the solution in a adjacent cell exceeds the
threshold value for a predetermined variable, i.e., considering a cell at a
position (i, ), it is flagged for refinement if at least one of the following
relations is satisfied. In special, for the mass density,

| Pi+1,j — Pij | = CAlpij+r — Pij | = LA Pisa,j+1 — pij | = [

More details in this criteria can be found in Deiterding (2011).

e Multiresolution (MR): This operator is based in the adaptive multiresolu-
tion method proposed in Harten (1995). It uses a wavelet based technique
to predict the expected solution in a finer scale by a operator described
in Roussel (2003) and Moreira Lopes (2014) for 1D, 2D and 3D meshes.
More detail in this multiresolution approach can be found in Domingues
et al. (2011).

This thesis uses a level based thresholding strategy so that the parameter
[Chas a dilerent value depending to the refinement. Using the Harten’s
strategy, this level dependent [His calculated as:

]
A= ——20EY o< L. 6.5
N3r (6:5)
This is used in order to control the L;-norm. In this work, all adaptive
MHD simulations problems uses this thresholding strategy only over the
variable mass density (p).

Recently both techniques have been compared in the hydrodynamics (DEITERDING
etal., 2016; DEITERDING; DOMINGUES, 2017; DEITERDING et al., 2018) and magneto-
hydrodynamics (DOMINGUES et al., 2019b) contexts and the MR approach presented
better results considering accuracy and CPU time.
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Figure 6.5 - Cell clustering algorithm. The value Y associated with each row and column
is defined as the number of flagged cells in that row or column, and A =
Yit1 —2Y + Yj_1.
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6.3 Time evolution

As the adaptive mesh is defined, the time evolution for simulations with adaptive
meshes presents its own challenges regarding stability and conservation. As presented
in Section 4.5, the time step parameter At may satisfy the CFL condition in every
patch. In this context, the time evolution process, considering adaptive meshes, may
be performed in two di Lerknt approaches.

The simpler strategy to use a global time step that satisfy the CFL condition in
every patch of every level. This value is calculated based the mesh size at the finest
level, which produces the lowest values in Equation 4.60. Thus, this value satisfies
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the CFL condition for the coarser cells. This formulation, used in the codes FLASH
(FRYXELL etal., 2000) and CASTRO (ALMGREN et al., 2010), presents the advantages
of simpler synchronisation algorithms and software frameworks, once the solution in
every submesh being always in the same time instant.

The second approach, implemented in the AMROC framework (DEITERDING, 2011)
discussed in Chapter 7, and consequently in the proposed MHD code, uses a refine-
ment based time stepping strategy. This approach uses the same Courant number
for every patch, independently of its refinement. Therefore, as the values Axvaries
according to the refinement level, the respective time step At—must variate in the

same proportion, so that:
AtD_ AtEl _ Ato

AXD_ JAVEET N AXO
Alternatively, the time step for every refinement level can be obtained in function
of the time step in the coarsest level as:

(6.6)

1
At r—ﬁkto. (6.7)

This refinement based time stepping causes the solution in di Lerknt refinement lev-
els to be available in di[erknt time instants, requiring synchronisation algorithms to
perform the time evolution in the finest patches. In this local time stepping context,
the author proposed a new strategy to perform this refinement based time stepping
for high order schemes in his master thesis (MOREIRA LOPES, 2014) and improved
and developed these ideas during his PhD program. The Chapter 9 contains the re-
cent articles with that development (MOREIRA LOPES et al., 2019; MOREIRA LOPES
etal., 2018b). These ideas consist in using a natural continuous extensions for Runge—
Kutta methods, introduced in (ZENNARO, 1986), to perform the synchronisations
required to obtain a new scheme with high order in time. In these works, the ex-
periments were executed in the CARMEN code (ROUSSEL, 2003; DOMINGUES et al.,
2008) using hidrodynamical examples.

68



7 COMPUTATIONAL ASPECTS

This chapter is dedicated to discuss the implementation of the methods presented in
the previous chapters. These implementation are performed in the AMROC (Adap-
tive Mesh Refinement in Object-oriented C++) framework. This framework was
conceived to support the numerical simulation of partial di Lerkntial equations using
adaptive methods. For that, it implements a special version of the SAMR algorithm
proposed in Berger and Corella (1989) using object-oriented programming resources
in the C++ language. More recently, in Domingues et al. (2019b) the framework was
extended to also support the adaptive multiresolution presented in Harten (1995).

This framework, presented in Deiterding (2011), consists in about 46 thousand of
lines of code in the C++ language and more 6 thousand of lines for visualisation and
data conversion routines. Besides being written in the C++ language, the mathemat-
ical part of the mesh operations, such as prolongation and restriction, are performed
using the FORTRAN language, which presents better performance than the C++
language for mathematical computations.

The AMROC framework is freely available in the webpage https://bitbucket.
org/deiterding/vtf/wiki/Home, which contains the instalation, compilation and
running guides. In special the AMROC MHD module running scripts already con-
tain the commands to convert the output HDF (Hierarchical Data Format) files
into binary VTK (Visualization ToolKit) files used for the data visualisation in
softwares such as Vislt (CHILDS et al.,, 2012), available in https://wci.lInl.
gov/simulation/computer-codes/visit/downloads, and ParaView (AHRENS et
al., 2005), available in https://www.paraview.org/download/.

In the context of this work, the AMROC framework is divided into two main folders,
the implementation and compilation folders, as presented in Figure 7.1. There are
another folders that are ommited in this diagram. These are in general the folders
that are not relevant for this work, such as installation folders, system folders and
modules for solving another types of equations.
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The compilation folders are generated automatically during the installation process
into two steps. The first step occur during the command:

autoreconf -v

where the script generates a Makefile.in file inside every subfolder of the implemen-
tation folders that are marked in the Makefile.am files. The second step to generate
the compilation folders occur during the command:

./configure -C --enable-opt=yes --enable-mpi=yes &
--enable-maintainer-mode --enable-shellnewmat HDF4_ DIR=$HOME/hdf4

where the script generates the compilation folders based in the Makefile.in files gen-
erated in the first step and the Makefile files into the directories listed in the con-
figure.ac file located inside the vtf/amroc/mhd folder. Once the compilation folders
are built, the code can be compiled using the command:

make
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inside the directory "test case" regarding to the problem to be simulated. After that,
the compilation folder will contain the executables, some objects and libraries.

7.1 Generic SAMR solver

The folder vtf/amroc/amr contains the base algorithm for a numerical simulation
using SAMR methods for a generic system of equations. The files contained in this
folder defines the data structures and routines outside the scope of the simulated
equations, such as mesh adaptation, mesh distribution per processor, boundary con-
ditions, restriction and prolongation operators, etc.

In particular, the function IntegrateLevel() in the file AMRSolver.h calls the nu-
merical schemes associated with the simulated equation, implemented in the base
module, using the mpass counter. For each iteration of this counter, the scheme
defined in the base is performed, then the ghost cells are updated. Considering the
implemented MHD solver, this counter performs three iterations, corresponding to
the first RK step, the second RK step and the divergence cleaning step, respectively.

7.2 Base MHD module

The files EGLM2D.h and EGLM3D.h, located in the mhd directory of the imple-
mentation folder, contains the base virtual functions to perform a generic simulation
of the MHD equations. In special, these files contains the time evolution function
Step(), called from the Generic SAMR solver, and the virtual functions called from
this function. The use of virtual functions allows the definition of base functions that
may be used for most of the experiments, while allowing the redefinition of these
functions in the Specific MHD module, if required by the studied problem.

In general, the functions from the Base module performs numerical routines that are
independent from the problem simulated, such as flux computations, limiters and
divergence cleaning routines.

7.3 Specific MHD module

The file Problem.h, located in the directory src, implements functions that are par-
ticular to the studied experiment. In general, this file contains initial conditions,
resistivity and gravity fields. However, if necessary for the experiment, this file may
contain redefinitions for the virtual functions implemented in the base module.
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7.4 Multigrid solver module

The execution of the elliptic divergence cleaning using multigrid methods, as pro-
posed in the Sections 5.1.5 and 5.3 is implemented as a variation of the basic solver
class in the file MGdivClean.h, located in the mhd directory of the implementation
folder. This file is complemented with the file MG__2Dfunctions.h for the 2D cases,
or the file MG__3Dfunctions.h for the 3D cases, where both files are located in the
MGdivClean-functions directory.

The implementation of this correction requires that the file MGdivClean.h to be
included in the end of the Problem.h file corresponding to the studied experiment.
Then, in the correspondent solver.in file, the number of levels must match the value
MGLevels defined in the end of the file MGdivClean.h, which contains all the pa-
rameters related to the multigrid solver.

7.5 Running test cases

After compiled, the code is able to run by executing the run.py script using the
command:

./run.py N

where N is the number of processors to be used. The simulation parameters are
configured in the solver.in file, which contains values to be read from di [erknt classes.

» class SolverControl

— LastTime: final instant of the numerical simulation;

— Outputs: number of instants that the code will output the solution
during the simulation; alternativelly, the user may use:

— OutputEvery: number of iterations between each output;
e class AMRSolver

— subclass GridHierarchy

[—Cells(a): number of cells forming the base mesh in the direction
of the axes X, y or z, indicated by the value a = 1, 2 or 3,
respectively;

[CGeomMin(a): left boundary of the physical domain in the di-
rection of the axes x, y or z, indicated by the value a =1, 2 or
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3, respectively;

[CGeomMax(a): right boundary of the physical domain in the
direction of the axes X, y or z, indicated by the value a =1, 2 or
3, respectively;

[PPeriodicBoundary(a): boolean value to set periodic boundary
condition in the direction of the axis indicated by the value a. If
not, the other options for boundary condition are set in the field
"BoundaryConditions";

[MaxLevels: number of refinement levels allowed to compose the
adaptive mesh;
— subclass Integrator
[—Bcheme: numerical scheme for the flux computations. Set 1 for
the HLL flux or 2 for the HLLD flux;

CLimiter: flux limiter applied during the flux computations. Set
0 for neither, 1 for Minmod, 2 for Superbee, 3 for VanLeer, 4 for
MC, 5 for VanAlbada or 6 for Koren;

[(INoClean: boolean value which sets the usage of the parabolic-
hyperbolic divergence cleaning. Set 0 to perform the correction
or 1 to not;

[CGamma: value of the adiabatic constant y;
[CCFLClean: value of the CFL parameter during the simulation;
Calphap: parameter a, of the parabolic-hyperbolic correction;

[—églmClean: numerical formulation of the divergence cleaning.
Set 0 for GLM formulation or 1 for EGLM formulation;

[Resistivity: choose the MHD model to be considered. Set 0 for
Ideal MHD or 1 for Resistive MHD;

— subclass BoundaryConditions: for every boundary bellow: set
{Type 0} for symmetryc , {Type 1} for slip wall, {Type 2} for in-
let or {Type 3} for outlet boundaries.

[ eftSide: left boundary of the x axis;
[CRightSide: right boundary of the x axis;
[(BottomSide: left boundary of the y axis;
[TopSide: right boundary of the y axis;
[BackSide: left boundary of the z axis;
[FrontSide: right boundary of the z axis;
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— subclass Flagging

[$caledGradient: sets the thresholding [for the SG method;
[CIMRPrediction: sets the thresholding [for the MR method

7.6 Building new test cases

The implementation of new test cases in the AMROC MHD module requires several
steps. The first step is to create a new folder regarding to the new test case. For sake
of organisation, the new folder should be created in the respective folder according
to the number of dimensions and divergence cleaning approach:

applications/eglm/2d: For 2D problems using the parabolic-hyperbolic cor-
rection;

applications/eglm/3d: For 3D problems using the parabolic-hyperbolic cor-
rection;

applications/MGsolver/2d: For 2D problems using the Multigrid correc-
tion;

applications/MGsolver/3d: For 3D problems using the Multigrid correc-
tion.

Then, the name of the added folder should be appended into the Makefile.am file
located into the same directory the folder was added. The second step consist in
adding the following files into the test case folder:

solver.in: Contains the simulation parameters;

display_file_*.in: Files required for the conversion of the output HDF files
into the visualisation VTK files;

run.py: Execution script. The variable progname should be set with the
executable name;

Makefile.am: Required for the generation of the compilation folders;

src/Problem.h: Contains redefinitions of classes, such as initial conditions
and resistivity field, in order to characterise each test problem;
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» src/Makefile.am: Required for the generation of the compilation folders.
Contains the executable name, required libraries and their dependences.

The third step consist in adding inside the field AC_ CONFIG__FILES of the config-
ure.ac file, a path name to a correspondent Makefile file in the compilation folder for
every Makefile.am file added in this process. Then, after rebuilding the compilation
folder, the new test case is able to run.
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8 RESULTS: VERIFICATION

This chapter presents a verification analysis of the functionalities implemented in
the AMROC’s MHD solver. This analysis is performed through three rounds of
tests, which aims to check the accuracy, the performance of the divergence cleaning
approaches discussed in Chapter 5 with the parallel algorithms and the adaptive
algorithm. Then, it is discussed a more complex configuration setup involving the
Earth’s magnetosphere.

The simulations performed in this work were performed in a workstation with mul-
tiple nodes with processors Intel Xeon 2.20 GHz with 12 cores each.

Some other results were published in the article (MOREIRA LOPES et al., 2018a)
presented in Annex C, namely:

e MOREIRA LOPES, M.; DEITERDING, R.; GOMES, A.; MENDES, O;
DOMINGUES, M. An ideal compressible magnetohydrodynamic solver
with parallel block-structured adaptive mesh refinement. Computers and
Fluids, v. 173, p. 293-298, 2018.

Moreover, other new results are expected to be published in the article (DOMINGUES
et al., 2019b) under minor revision.

8.1 Accuracy experiments

The first round of tests aims for to check the accuracy of the 2D and 3D MHD
solvers. For that, three initial conditions are tested. The first one is a simpler problem
with an exact solution, which the 2D and 3D solutions are compared. The second
test compares the solution obtained by the AMROC’s MHD solver with the results
obtained by the CARMEN code (ROUSSEL, 2003), which presents a MHD module
tested and validated in Gomes (2017). The third test problem is used to present a
discussion about the e [edts concerning the choice of di [erknt limiters. This test case
is also used in the performance verification in Section 8.2.

Riemann type initial condition: 1 direction

This test is described in Domingues et al. (2013) as an experiment applied in early
stages of the development of a MHD code. Its purpose is to verify the accuracy of
the numerical schemes, once this problem has an exact solution.
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The concept of this test consist in simulating an initial configuration that resembles
a Riemann problem, as defined in Section 4.2. In this case, the domain is divided
into two states, left and right, at x = 0. The initial values for these states are given
in function of its x coordinate as:

1 31031 [ 1 1031 [
- 08 -1
] .95 — 1 =
-HE? B <HE B
]| 01 — 0 =
P°x=0=H" H x>0 =H" = —, & (8.1)
<HE" E <HE E
BHER E B E
2 2
B, Vo B. Vo

The computational domain for this problem is [—0.5,0.5]° for the 2D case and
[—0.5,0.5]° the 3D case. This problem is completed with Neumann type bound-
aries on the x-axis and periodic boundaries in the y and z-axes. For both cases,
the problem is simulated using the adiabatic constant y = g The numerical fluxes
are computed with the HLLD Riemann solver combined with a MC limiter. The
divergence cleaning is performed using the parabolic-hyperbolic correction with the
factor a, = 0.5. These simulations are performed under CFL condition o = 0.4 until
the final time t. = 0.1 using the base mesh with 20482 and 5122 cells for the 2D and
3D cases, respectively.

In Figure 8.1 is considered a cut parallel with the x-axis in these solutions, which is
compared with the exact solution presented in Domingues et al. (2013). The numeri-
cal solution approximates the exact solution satisfactorily, indicating the correctness
of the numerical solver.
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Figure 8.1 - Riemann type IC: 1 direction. Cuts over the x-axis for the 2D and 3D solutions
using meshes with 20482 and 5122 cells, alongside with the exact solution.
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Riemann type initial condition: 2 directions

This test is presented in Dedner et al. (2002) as an extension of the previous test
which is included a discontinuity at y = 0. This configures an initial state so that
each quadrant has a di [Lerent initial state, as presented in Table 8.1. Therefore, the
problem consists in 4 Riemann problems that will influence themselves during the
simulation.

The computational domain for this problem is [—1, 1]* for the 2D case and [—1, 1]
the 3D case. This computational domain is completed with Dirichlet boundary con-
ditions. For both cases, the problem is simulated using the adiabatic constanty = g
The numerical fluxes are computed with the HLLD Riemann solver combined with
a MC limiter. The GLM formulation uses the parabolic-hyperbolic correction with
the factor a, = 0.5. These simulations are performed under CFL condition 0 = 0.4
until the final time t. = 0.25.

The simulations were performed with a base mesh of 20482 and 5123 cells for the
2D and 3D cases, respectively. Their results are compared with the solutions ob-
tained by the CARMEN code (GOMES, 2017) in the Figures 8.2 and 8.3 for di [erent
variables. The implemented code (AMROC) presented very similar results to the
validated CARMEN code for both 2D and 3D cases, indicating the correctness in
the implementation of the multidimensional solver.

Table 8.1 - Riemann type IC: 2 directions. Initial values for the each quadrant.

Quadrants: 15t) x >0,y > 0; 2"¥) x < 0, y > 0;
39 x<0,y<0;4M) x>0,y <0.

Variables 15t 28 uad ran:;crd 4th

P 0.9308 | 1.0304 | 1.0000 | 3.0000

E 5.0838 | 5.7813 | 6.0000 | 1.0000
PUx 1.4557 1.5774 1.7500 | —0.7500
pUy —0.4633 | —1.0455 | —1.0000 | —0.5000
pu, 0.0575 | —0.1016 | 0.0000 | —0.5000
Bx 0.3501 | 0.3501 | 0.5642 | —0.7500
By 0.9830 | 0.5078 | 0.5078 | —0.5000
B, 0.3050 | 0.1576 | 0.9830 | —0.5000

Source: Dedner et al. (2002).
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Figure 8.2 - Riemann type IC: 2 directions. Results for p, p, E and ux obtained by the 2D
and 3D simulations from the AMROC and CARMEN codes.
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Figure 8.3 - Riemann type IC: 2 directions. Results for uy, u;, Bx, By and B, obtained
by the 2D and 3D simulations from the AMROC and CARMEN codes.
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