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ABSTRACT

Hamilton’s principle is applied to obtain the equations of motion for fully relativistic collision-free plasma. The variational treatment is pre-
sented in both the Eulerian and Lagrangian frameworks. A Clebsch representation of the plasma fluid equations shows the connection
between the Lagrangian and Eulerian formulations, clarifying the meaning of the multiplier in Lin’s constraint. The existence of a fully rela-
tivistic hydromagnetic Cauchy invariant is demonstrated. The Lagrangian approach allows a straightforward determination of the
Hamiltonian density and energy integral. The definitions of momentum, stress, and energy densities allow one to write the conservation
equations in a compact and covariant form. The conservation equations are also written in an integral form with an emphasis on a general-
ized virial theorem. The treatment of boundary conditions produces a general expression for energy density distribution in plasma fluid.
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I. INTRODUCTION

Variational formulations of fluid dynamics have a long history,
but the modern presentation was mostly developed in the 1950s and
1960s." ” Although the Lagrangian and Eulerian formulations were
firmly established during this period, they continue to be an important
topic of research. In the Lagrangian formulation, each fluid element
can be treated as a particle, whose position is followed in time.
Accordingly, each fluid element is identified by a spatial integration,
which is performed over the position occupied by the element at the
initial time t=0. In the Eulerian approach, the integration region is
fixed in space, and the fluid element passes through this position at the
instant of time f. For the fixed initial position and changing ¢, transfor-
mation from Lagrangian to Eulerian variables specifies the trajectory
of the fluid element. This continuous transformation (Lagrangian
map) of configuration space into itself, parameterized by time ¢, forms
the concept of fluid flow.

The canonical Lagrangian picture is akin to particle physics and
quantum mechanics, providing a convenient tool in the treatment of
symmetries and conserved quantities.” ® On the other hand, the non-
canonical Eulerian equations are closed in the macroscopic fluid varia-
bles, giving the general picture of flow. These equations can be, in
principle, solved without finding the trajectory of all the fluid elements.
They are generally preferred in practical applications and in the treat-
ment of boundary conditions. Both formulations are equivalent.”

Although not variational, relativistic formulations of the equa-
tions of motion for perfect fluids have been presented in many

textbooks.'”'" Nevertheless, due to its importance in astrophysics,

since early efforts, the variational formulation has been extended to
cover relativistic perfect fluids.'””" It should also be mentioned that
the topic of invariants in fluid flow, first advanced by Cauchy in 1815,
continues to be of interest in current research.'® ' Invariants appear
in varied applications of plasma physics.'” '

Plasma fluid equations possess an energy integral and a subsidi-
ary energy principle derived from a linearized Lagrangian form of
hydromagnetic equations.”””” This energy principle has been success-
fully used in the stability analysis of magnetically confined plasmas.
However, it seems that a complete variational formulation of fully rela-
tivistic plasma fluid equations, including the full set of Maxwell’s equa-
tions and conserved quantities, is lacking in the literature. The present
paper is partly based on the author’s unpublished Ph.D. thesis.”* It is
deemed worthwhile to present these well-established results in a con-
sistent form due both to its inherent importance and in the interest of
applying the same formulation to extended theories of gravitoelectro-
magnetism. Some comments about these applications will be pre-
sented in Sec. VIII. Due to its fully relativistic content, the results are
applicable in astrophysical plasma problems, although not including
gravitation in their present form. This is the quest of extended
gravitoelectromagnetism.

Equations of motion of plasma fluid can be derived in a fully
covariant form. However, in applications, the equations become more
transparent without using the covariant formalism. In particular, the
transformation between the Eulerian and Lagrangian frameworks, as
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well as the derivation of a hydromagnetic Cauchy invariant, becomes
straightforward using the Jacobian matrix of configuration space in
the transformation. This approach, proposed by Cauchy, is fully
explored in the present paper. It makes possible to demonstrate the
existence, possibly for the first time, of a Cauchy invariant for three-
dimensional relativistic, compressible, and rotational plasma flows in
the presence of a magnetic field. Nevertheless, the covariant form of
the dynamical equations is readily obtained after defining the energy
and momentum densities and the stress tensor for each component of
the plasma fluid. The covariant form of the conservation equations is
presented in Appendix A.

The content of this paper is organized as follows: Sec. II develops
the variational principle for fluid plasma in both its Eulerian
(Subsection 11B) and Lagrangian (Subsection II1C) forms. In the
sequence, Sec. I1I presents the fluid equations in the Clebsch parame-
terization, including a discussion about helicity injection in plasma.
Then, Sec. [V demonstrates a hydromagnetic Cauchy invariant. This is
followed by a derivation of the Hamiltonian density and the energy
integral in Sec. V. The conservation equations are put in compact and
integral forms in Sec. V1. Section V1I is dedicated to the boundary con-
ditions and the energy density balance. Finally, Sec. VIII presents
some comments, notably concerning the extension of electromagnetic
theory to gravitoelectromagnetism.

Il. HAMILTON'S PRINCIPLE AND THE PLASMA FLUID
EQUATIONS

Hamilton’s principle provides an elegant derivation of the
equations of motion of a fluid."”" A brief account of the concepts
of classical field theory and notation used in this paper is given in
Subsection A.

A. Basic concepts of classical field theory

In its Eulerian form (fixed frame), Hamilton’s principle states
that the fluid equations of motion for generalized field coordinates
¢(r,1) can be derived from a Lagrangian density L(¢p, ¢, Vo, t) by
the variational principle,”

5Jd3rdt£:0. (1)

The virtual displacements are constructed for constant r and ¢ so that
Hamilton’s principle and integration by parts give

oL oL oL
3 oL _9-
Jd rdt {8 o +8(p5 +8(V(p) 5(Vgo)}

:Jd3rdt 8_£_2 8_£ —V. 8_£
dp Ot \0¢ d(Vo)

For arbitrary variation of the field coordinate ¢, with vanishing varia-

tion d¢ at the end points, this leads to the Euler-Lagrange equation,

Sp=0. (2)

oL 0 (oL oL
30~ i3) ¥ (oiver) ©
This equation can be written in the following form:
6L_0 (ocy W
Sp 0t\o¢p)
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where
oL oL oL
—=—-V:[—— (5)
dp o (3(%))

denotes the variational or functional derivative. The momentum den-
sity conjugate to ¢ is defined by
oL

t 6

"(rt) = 5o (©)

so that the Euler-Lagrange equation implies
oL

= 7

50 %

The Hamiltonian density is defined by
= Z Ty — L(

with a sum over field coordinates. Using this definition of H, the varia-
tion of the total Hamiltonian becomes

H(wwanngt) q)w(rbqu)wt)a (8)

oH=3" J {%m 4100, — %5%

o

oL . oL

3
_T% Py — W : 5(V(/)o/):| d’r. (9)

Substituting the definition of 7m, and the expression of the
Euler-Lagrange equation for the field coordinate ¢, gives

_ . 0 (oL oL 5
0H = Z J {(paéna % (B(p )5(/)0, \ (—B(V(pa) 5%)} d’r.

o

(10)
Hence,
OH = ZJ@; O, — 71,00,)d’r — Zi;( or oY) ) - dr,
P ! ! —~J\9(Vo,) ™"
(11)

where the surface integral vanishes for a system with vanishing d¢ at
the end points (closed system). In this derivation, it was assumed that
‘H and £ do not depend explicitly on the time. In the Hamiltonian for-
mulation, H is a function of 7, ¢,, V¢, so that

M =320 [l 0, Vo,
=3 | (Grc o+ g0t gy A0 )
- ZJ e Rl e L

Comparing the two expressions of 6H leads to the Hamiltonian form
of the field dynamic equations
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_OH M
Pa = on, om,’ 5
A oM ( oM ) 5H 13
= -y () o
do, I(Ve,) 00,

Here, the functional derivative notation indicates the variation of H
for small differences d¢,, in the path followed by the field variable ¢,,

oH_ M ( oM )
dp, 0o, I(Ve,))

If F is the volume integral of a density function
F(7ty, @, Vo, t), its time derivative is given by

A s (( e )

(14)

dt dt or 5p, " o
OF O0F 0H OF oH\ 4
_E+;J(5¢a om, Om, (3(,01)61 " (15)
Hence,
dF  OF 5
E_E+ e J{f,H}d r, (16)

where {F,H} is the classical Poisson bracket for 7 and H. This rela-
tion constitutes the noncanonical Hamiltonian representation of a sys-
tem. In particular, taking 7 = H leads to the energy integral

aH d [, .
Efaderfo. (17)

B. Eulerian variational principle

The Lagrangian density for a multi-species relativistic perfect
plasma is taken in the following form:

. 1 , B

c zq:( U—po+ij A)+2<EOE MO), (18)
where the summation extends over all the particle species designated
by the charge g. For simplicity, no indices will be used to distinguish
the field variables of the various species. Each species evolves indepen-
dently with a flow velocity v (collision-free plasma) except for the
Vlasov mean-field interactions. Nevertheless, a small level of random-
izing must be assumed validating the hydrodynamics concepts and
leading to a scalar pressure. The plasma energy density U is given by
the sum of the mass and thermal energy densities,

nmcz
I
Y ya—1

U= (19)

The Lorentz factor is

- 1 -~ 1
Vi-pg o Vi-ed

the fluid pressure for a perfect gas is p = nkgT, and the “adiabatic”

coefficient 4 for a relativistic plasma is a function of the temperature
T (cf. Appendix A). The interaction energy density between the

) (20)

charged particles and the electromagnetic field is —p¢ + j - A, where
p = nq is the charge density of the plasma species g and j = pwv is the
current density. The electromagnetic field variables E and B are related
to the potentials ¢ and A by

0A
E=-Vo-5 1)
B=V xA.
These relations lead to Faraday’s law
VXE=— %—Ij, (22)
and to the magnetic Gauss’s law
V.B=0. (23)

The free-field Lagrangian can be written in terms of the first elec-
tromagnetic field invariant A,

1 B? A
“|eF——| =——. (24)
2 Ho 441y

The second electromagnetic field invariant is

M=— 4(EC' B) . (25)

This second invariant is used in the strong magnetic field assumption,
which requires that the electric and magnetic fields are approximately
perpendicular, i.e., M 22 0, leading to a non-scalar pressure tensor and
to the double adiabatic CGL equations of state for the plasma.”*”’
Since anisotropic plasma states are not considered in the present
paper, constraints involving M are not imposed on the plasma fluid
dynamics.

The hydroelectromagnetic equations of motion are obtained
from the expression of the Lagrangian density by the variational proce-
dure described in Subsection II A The field coordinates are

¢,A — electromagnetic field potentials,

v —  fluid velocity,

n —  fluid number density, (26)
s —  proper entropy of a fluid element,

ro — Lagrangian coordinate of a particle.

The vector field r((r, t) establishes the initial position of the fluid ele-
ment (particle) that occupies the position r at time ¢. The above field
variables are not completely independent; they must satisty the follow-
ing constraints:

n+V.(nv)=0 — continuity,
ds/dt =0 — isentropic flow, (27)
dro/dt =0 — identity of particles.

Here, 1 = On/0t indicates the partial time derivative. It gives the rate
of change of the density # at a stationary point r. The total or convec-
tive time derivative d/dt = /0t + v - V gives the rate of change of a
quantity moving instantaneously with the velocity v. It describes the
advection by fluid motion. As for the fluid constraints: (1) Fluid conti-
nuity is a kinematic condition of fluid motion (cf. Appendix B). This
condition corresponds to the conservation of the number of particles.
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(2) The specific entropy s is constant in time at any point that moves
along with the perfect fluid without irreversible processes taking place
(cf. Appendix A). (3) The last condition above implies that there is a
one-to-one correspondence between Lagrangian and Eulerian coordi-
nates (cf. Appendix B). This constraint was introduced by Lin so that
the total set of constraints gives rise to a Herivel-Lin flow.” The mean-
ing of the Lagrangian multiplier in Lin’s constraint is clarified in Sec.
111. Hence, Hamilton’s principle can be put in the following form:

S[drdt|L+a(n+ V- (nv))+ bn%+nc : (%)] =0, (28)
where a, b, and ¢ constitute a set of Lagrangian multipliers.

Now, ¢, A, v, n, s, and r, are independent functions of r and ¢
that can be varied. In carrying out the variation, the volume of integra-
tion is kept fixed, in the Eulerian sense. Furthermore, the thermody-
namic potentials satisfy the fundamental law (cf. Appendix A),

1 1 kgT
—ds=——d
kB s kBT (‘/A—l) +

An equation of state, which is a subsidiary condition to the fluid flow,
must also be given. For a perfect fluid, this is simply the perfect gas law
p = nkgT. Hence, an Euler-Lagrange equation for each field coordi-
nate ¢ can be derived from the modified Lagrangian function £’ given
by

TA ﬂ_d_”
Ja—1y n’

(29

7 Py ol
+a(n+v-Vn+nV-v)+bn(s +v-Vs)
. 1 , B
+nc-(fg +v-Vry)| += | eE" ——|. (30)
2 Ho

The Euler-Lagrange equations are obtained by straightforward differ-
entiation and listed in the following:

1
)op V-E=—S"p,
(i) o¢ - Eq P
108
2 ot’

kgT
u ) %JrquVa
Ya—1 ns €

+bVs+ (Vry) - ¢ =0,

()04 VxB=py j+
q

(iii) v ymov — y3(% (

(1V)5n @__m_cz_ kBT -~ 8 kBT
dt Y Y4 —1 On\y, —1 s
—q9+qu-A,
db 9 ( kgT
0o 5550,
dc
i) o —=0. 31
(vi) org T (31)

Equations (i) and (ii) are the laws of Gauss and Ampere, respectively.
Equation (iii) gives the fluid velocity v in terms of the vector potential
A, the scalar potentials a and s, and the deformations (strains and

scitation.org/journal/php

rotations) in the initial fluid positions . Defining a relativistic inertia

factor o by
2
. Y 0 kBT
=7 |:1 mcz ay (VA — 1> n.,s:| ’ (32)

the Euler-Lagrange equation (iii) can be written in the compact form,

mav + qA = Va — bVs — ¢ - (Vro)T7 (33)

where the superscript T denotes the transposed dyadic. Note that this
equation has the form of a Clebsch representation for the canonical
momentum mow + gA of a fluid element. The Euler-Lagrange equa-
tions (iv), (v), and (vi) are equations of motion for the Lagrange multi-
pliers a, b, and c. These equations can be used to eliminate the
Lagrange multipliers from equation (iii). This can be accomplished by
means of the following relations, which can be obtained using vector
and dyadic relations, the constraints ds/dt = dro/dt =0, the
Euler-Lagrange equation dc/dt = 0, and the identity V x ry = 0:

d da
E(Vﬂl) = VE —Vou- (Va),
d db
7 (bVs) = (Vs) = — Vo (b¥s), (34)
4 [(Vro) - ¢] = —(Vv) - (Vo) - .

dt

The total time derivative of Euler-Lagrange’s equation (iii) in the form
(33) gives

d d
= (mow + qA) = 7 [Va — bVs — (Vro) - ¢]
da db

+Vo - (bVs)+(Vv) - (Vrg) - ¢, (35)

and the scalar pre-multiplication by Vv gives

Vo - (mow + qA) = Vv - [Va — bVs — (Vry) - c|. (36)
The addition of these two equations yields
d da db
= . =V—— —. 37
p (mow + gA) + Vv - (maw + gA) =V 5 (Vs) o (37)

Finally, using equations (iv) and (v), the remaining Lagrange multipliers
a and b are eliminated from the equation of momentum conservation,

d
T (mow + gA) 4+ Vv - (mow 4 qA)

kgT
=—qVp+qV(v-A) - FVy~ — V(VB—/H:)
L

- |:n8n (yA - l)y,::| * (VS)& <yA - l)n,y. (38)

Maxwell’s differential relations can be determined from the fun-
damental law of thermodynamics,

idszid( kBT)+ v dy_dn
kg kpT "\, —1 a—ly n

(39)
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Thus,

(40)

le Pl Plo
TN
= >
e
-]
G
_
N—————
=
\
|
~2
; =)
~
_
‘»
< |=
~]

TN
~=
R
>~
S
_
N—
I
>§]

These relations reduce the equation of momentum conservation to the
following form:

d
7 (mow + gA) + Vv - (maw 4 qA)
=—qV¢ +qV(v-A) — mdVy™!

v, Vy V
“V(ksT) + kBT</7A—/ _ —”), (41)
w—1ly n
where
oc:«,(1+ ’a VkBZT). (42)
a4 — 1 mc

Note that the thermal motion increases the fluid inertia. These relativ-
istic effects may strongly affect the reconnection process in astrophysi-
cal and inertially confined plasmas.'*** Next, using

_ Vo? , Vo?
Vy !l = ey and Vy=y9 R (43)
the momentum conservation equation becomes
d V(l’lkBT) 0A
- — B oV — g
7 (M) " Vo —a,
—qv-VA — q(Vv) - A+ gqV(v - A). (44)
Now, the vector and dyadic relations,
v-V)A=(VA) - v—vx(VxA)),
(v-V)A = (VA) (V x 4) s

V(v-A) = (V'v) -A+ (VA) v,
give

%(mow) = L(n:BT)
Introducing the electromagnetic field components E = —V¢ — 0A /0t
and B = V x A, the equation of momentum conservation becomes
d \Y
E(mom):—%+q(E+va), (47)
which has the form of a Lorentz force acting on the fluid element.
Multiplying by #n and applying the continuity condition
On/ot = —V - (nv), the equation of momentum conservation yields

fq(V¢+%—?) +qux (VxA). (46)

9 (nmaw) + mawV - (nv) + nmv - V(oaw)

ot

V- (nmowvwv)

= —Vp+ ng(E +v x B). (48)

Therefore, the full equation of momentum conservation for each spe-
cies in a relativistic perfect plasma fluid submitted to the action of an
(self-consistent or external) electromagnetic field can be written as

0 Ya VP
- T
ot {y( * Y4 — lnmcz) nmv}

4V, {y(l—i—y—‘q%)nmvvﬁ-pf} —pE+jxB, (49)
Y4 — 1 nmc

where[ is the unit dyadic.
The entropy conservation law ds=0 leads to the differential
equations of state (cf. Appendix A),

d_ 1 d( va kaT>

P vksT \ys—1
_ Vi Zd("”*_lf). (50)
Y4 — 1n Ya Y
Thus,

can be used to express the fluid pressure in terms of the temperature,

d va vksT

ZIyvl1 LAl

dtP( +yA—1mc2 v
1 'kaT

szv(iﬁ/A —)+2(E+v><3), (52)
Y Ya—1 m m

The acceleration in this equation can be written in a compact form in
terms of the function a,

d e q

Scalar multiplication by v gives

d s o\ j-E
U‘E(ow)——;v-V(;>+—. (54)

Thus,

2d? | adx_ @d 0\ 20\ B
2 dt Udti “/dt(“/) y@t(y) .

In terms of the Lorentz factor 7,

v 1 d? 2
a=lTp T 50
and
d, ,n 10 (ac®\ j-E
- = —. 57
dt(occ) yat(y)+nm (57)
Multiplication by the mass density nm gives
d 5 dn  nmc* 0 (u
£ - T2 (2 4R
dt(nmc o) — mcto I ot (y> +j (58)

Using the continuity condition,
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=-V.u, (59)

it follows that

0 5y nmc 0
a(ﬂmcza)-i-v-(nmc aw) = . 8t()+] E. (60)

d(ﬁ) :d( a ”’kBZT) _ b 61)
b Y4 — 1 mc nmc

the energy conservation equation becomes

Since

0 2) = 2 4 .
E(nmczoc) + V- (nmcaw) = 9t +j-E. (62)

With some rearrangement, the energy conservation equation can be

written as
0 2 1 2.2
E{mmc +<yA—l+ﬁ)yp

+V. [(ynmcz + yy%lyzp) v} =j-E. (63)
A

Summary: The variational procedure shows that the momentum
conservation equation,

i[“/(l—i— ’a MBT)mv}:—E—i—q(E—i—va), (64)
dt y4 — 1 n

describes the plasma fluid flow together with the equation of
continuity,
on

StV

and Maxwell’s equations,

v) =0, (65)

1
V-E=— Gauss’s 1
o E p Gauss'slaw,
(66)

Ampere’s law,

VxB= MOZ] zat

where p and j are the charge and current densities corresponding to
species q

p=nq, j=nqo. (67)
The electromagnetic field variables are related to the potentials by
0A
E=-V$——
¢ ot’ (68)
B=V xA,

which leads to the consistency relations

OB
VXE=—-—
x ot

V-B =0 magnetic Gauss’slaw.

Faraday’s law, 69)

The pressure p is related to the temperature T according to the isentro-
pic flow condition ds/dt = 0. This is equivalent to the energy

scitation.org/journal/php

conservation equation. The equation of state for a perfect fluid is
p = nkpT, which can be used to relate the density n to the tempera-
ture T.

Introducing the weakly relativistic approximation,

UZ

ARyl

(70)

the energy conservation equation reduces to

9 nmc +nmvz+ P
ot y4—1

dommam

2 N
+V- (nmczv +nm%v + yAyi 1

pv> ~j-E, (7]
dominant

where the dominant terms (in the expansion in powers of 1/¢) cancel
due to fluid continuity. Similarly, the equation of momentum conser-
vation for charged species reduces to

d -
5(nmv)+V~ (nmvv+p1> =~ pE+j x B, (72)
or, in the equivalent Lorentz force form,
dv YaksT
-V == E B). 73
m—y = (VA*I)—H%( + v x B) (73)

Consequently, Hamilton’s principle applied to the Lagrangian
density £ leads to the required conservation of momentum equation
and Maxwell’s equations for each species of a collision-free relativistic
plasma under the action of a self-consistent electromagnetic field. In
Subsection C, the variation of £ will be carried out in Lagrangian
coordinates.

C. Lagrangian variational principle

In this subsection, the equations of fluid motion are considered
within the Lagrangian approach. The variation is applied to the posi-
tions of the fluid elements. Changing from Eulerian (r,t) to
Lagrangian (rg, 7) coordinates, Hamilton’s principle becomes

5 7nmc27 nkT 08
5Jd rodt] Z( B E— nqep + nqA 5

q

1 B?
+-|eE*——]| =0, (74)
2 Ho

J is the Jacobian dyadic,

f = V()r = Vo(ro + 5) :f + Voga (75)

and ] = |J| its determinant. In this variational principle, the integra-
tion extends over the fixed initial positions, and the field variables are
considered as functions of ry and 7 (these coordinates may be consid-
ered as fixed on the fluid element). The velocity of a fluid element
is given in terms of the Lagrangian displacement & =r —r, by
v = 0&/ 0t (the velocity is defined at the position of the fluid element,
which may be considered as a particle), and the Lagrangian form of
the equation of continuity is
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nJ] = ny(ro,7 =0). (76)

The equation of conservation of entropy becomes

Os

— = 77

7 (77)
Introducing the Lagrange multipliers a;, and by (for each species), one

has

1 B Os
+§<60E2 _u_()) +zq:(aL(n]—n0) +bLE)} =0. (78)
The Euler-Lagrange equations are

1
() 06 Vo-E=—3 po.
q

0
(i) A Vo x B= uozq:jo +Clza—f,
(iii) o€ ]nq{ a(é+ (82> gﬂ

_9 nyp O (K8 1%
—QT{I[nymcz /6*,) (yA—l) :|L‘28 n A}

dJ B nmc? B nkgT
d(Vor) Y Ya—1

0
+nqA-a§’+naL>}
g

. N 1/f’lC2 kBT 0 kBT
(iv) on ﬂL—fﬂLyA_lJr”%(/ —l>?‘s+q¢qA.(‘)r’

oby 0 ( kT
(v) 0s i Jn s (VA — l)m. (79)

Note that the variation of the electromagnetic field components with
respect to the fluid displacements & must be considered separately for
each species and that ] must be different from zero so that the transfor-
mation r, < r is one-to-one.

Now, the expression (iv) for a; can be substituted in the
Euler-Lagrange equation (iii) for &,

5} ) 5 0 ( kgT 1 0¢
“ mc — m® — qA
ot {] me = 0y <VA - 1> ] 2ot ac " }

+ Vo - —nq¢

where ] = |V,r| is the determinant of V,r and C is the dyadic of the
cofactors of the elements of Vyr. Moreover, the formulas of transfor-
mation from Eulerian to Lagrangian coordinates, also derived in
Appendix B, give

Vry = ( I+ Voﬁ) - Vorg = (i + V0§)71

= [(T + V&) - vr] " = (Vor) . (82)
Thus,
a T
Vo) J(Vro) . (83)
It follows that

0 kgT
" [KWO)T”Z%Q : 1) }
A~ 1)

0 ( kgT
— . T 2_ B
=V, [](Vr‘)) ]n On (VA - 1>%5

+J(Vro) - Vg [n %( kgT 1)%3]' (84)

But the first term on the right-hand side vanishes, since

Vo [J(Vr)T] = Vo€ =0, (85)

and the second term can be written as

L0 (kTN | [ ,0 (kT
1’1 a ( l)%;| = ]V |:1’l on ('})A — 1)775:|7 (86)

so that the Euler-Lagrange equation for & becomes

0 30 [ kgT 10¢
81{ J|myme* = my* 9y (“/A - 1)n,s:| ¢ on +]nqA}

, 0 ( kT 0
< B ) } :]nq{—qu—&-(VA) -—ﬂ. (87)
The quantity n] = ny is independent of t; therefore,

611 -1/, ot
3
8{%6610(@7*) 0, 4

J(Vro) - Vo

+JV|n

ot Eoy\yu—1/), .0t

1 8 [ kgT o€
_V{ an( )}qV¢+q(VA)-aT. (88)

a1/,

a 5,0 ( kT . . )
A\ Using the thermodynamic relations,
Vo 8(V0r) On (“/A )},J 8 Yn
d¢  (0A\ 0 0 [ kgT kgT
—ma|-55+ (%) 5] (50) (kT kT
1 8§ 85 ot on Ya—1 7,8 n’ (89)
" 89
The expressions for the Jacobian given in Appendix B give o < kgT ) ___Ya kgT
" 5 M\u—1),  ma—-17y"
= T
=—— |Vor|=C =J[(Vor)'] ", 81
9(Vor) 8(V0r)| o] IL(¥or) ™' (81) one obtains
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0 YA VkBT Bé
E[ym<l+yAflmc2 E—i_qA
:—lV(nk T)—qVe + (VA)v% (90)
n b 1 1 ot’

where the left-hand side corresponds to the time rate of change of the
canonical momentum of the plasma fluid element. The transformation
back to Eulerian coordinates is carried out by means of the following
relations:

==, (91)

-V
toys Jt

9
ot

9 _
ot
so that

0 Ya  VksT

“ V) (1A

@) (i

= —lV(nkBT) —qV¢ —qA — qu-VA+q(VA) -v.  (92)
n

Multiplying by n and using the equation of continuity, this equation

becomes
d va  vksT
— (vl 1
ot P( +“/A —1me )"

) vkaT _
+V. {y(l + Ta_7ks )nmvernkBTI]
v4 — 1 mc?
=—nqV¢p — nqA +nqu x (V x A), (93)

which recovers the equation of motion in the Eulerian form. This can
be easily verified using the definitions p = nq, j = nqu, E = —V¢
—0A/0t, and B =V X A, and the equation of state p = nkgT, which
gives back Eq. (49).

I1l. CLEBSCH REPRESENTATION

Recall the Euler-Lagrange equation (iii) for dv in the Clebsch
form

mowv + gA = Va — bVs — (Vry) - c. (94)

The Jacobian dyadic of the transformation r = r(ro, t) from the initial
position ry to the present position r is J = Or/Jry = Vyr, so that

Vro=] ' produces the inverse transformation ro = ro(r,t) from
the present to the initial position. In this way, (Vro) - ¢ = ¢y corre-
sponds to the initial value of the Lagrange multiplier ¢, which satisfies
the equation of motion dc/dt = 0. Defining a reference value
Py = —cy, the canonical momentum of species ¢ is given by

P = mowv + qA = Py + Va — bVs. (95)

Since the vector potential can be modified by a gauge transformation,
this reference value is somewhat arbitrary. In particular, if Va = bVs
at some point, the reference value P, corresponds to the initial value
of the canonical momentum at this point. Hence, P, can be considered
as the initial value of P within a convenient gauge transformation. A
canonical vorticity vector Q can be defined by

Q=VxP=VxPy—Vx(bVs) =Qy+ Vs x Vb, (96)

where Q) = V X Py is the reference vorticity associated with the Lin
multiplier ¢o = —Py. Note that the canonical vorticity is not affected

scitation.org/journal/php

by the longitudinal Euler potential. The canonical momentum can
also be written as

P = mov +qA =Py + V(a —sb) +sVb
=Py + VA+sVb, (97)

where 4 = a — sb denotes a new longitudinal Clebsch potential, with-
out changing the canonical vorticity,

Q=0Q)+ Vs xVb. (98)

The canonical vorticity includes flow vorticity and magnetic field val-
ues. The parameters s and b are the Euler potentials in the Clebsch
representation

{ (Q—Qp) - Vs =0, ©9)

(Q— Q) Vb=0,

with V- Q=0 and V-Qy = 0. The canonical vorticity increment
Q — Q lies in the intersection of the two surfaces defined by s = con-
stant and b = constant, and (Q — Q) - V4 gives the triple product,

(Q—9Q) Vi=Va VbxVs. (100)

The evolution of the potentials s and b is governed by the equations of
motion,

@,
dt

d__0(kT\ __,
dt Os\y,—1 Mi '

The advection of the thermal potential b depends on the variation
with s of the thermal energy density for constant # and 7, which is sim-
ply proportional to the temperature T of the perfect fluid. Note that
the motion of the longitudinal potential / is governed by the following
equation:

(101)

di _da
dtdt
The Euler potentials are not unique since an arbitrary function of s

can be added to b, or vice versa (but not simultaneously). Indeed, add-
ing f(s) to b gives

+ Ts. (102)

Vs x V(b +f(s)) = Vs x Vb + Vs x (%Vs) = Vs x Vb. (103)

The specific helicity associated with P is given by

P-Q = (Py+ Va—bVs) - (Qy+ Vs x Vb)

=Py (2Q—Q0)+V (aQ+sz XP()), (104)
and the total helicity is given by the volume integral
K = J (P-Q)dr = J Py - (2Q — Q) d’r
v 14
—Q—{) (aQ + bVs x Py) - d*r. (105)
$

The first term in the right-hand side corresponds to the evolution of
the total helicity inside the volume V. The second term gives the flux
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of both the canonical vorticity Q, weighted by the longitudinal
Lagrangian coefficient a, and Vs x P, weighted by the Lagrangian
coefficient b, passing through the surface bounding the volume V. The
longitudinal coefficient a of the canonical momentum is associated
with the conservation of fluid elements (particles), and the thermal
coefficient b is associated with the conservation of energy. The surface
term vanishes if  and b are continuous and both the canonical vortic-
ity Q and Vs x Py are tangent to the surface S. The Clebsch coeffi-
cients a and b may present singularities inside the volume V or on the
surface S. Since helicity measures the linkage or knottedness of the vor-
tex lines in a flow,"” the internal singularities may be associated with
small regions of increased diffusivity and X-points (knots) of the Q
field. The surface singularities are usually associated with external
sources of Q flux. For example, helicity can be injected in a plasma by
discontinuities in the potentials (voltage drops on electrodes inserted
in the plasma). Another classic example is given by Woltjer’s theorem
that uses the invariance of the magnetic helicity in an ideal plasma.'”**
These effects show the importance of surface terms in the Clebsch rep-
resentation. Note that the magnetic field B =V x A, modified by the
(large) charge to mass ratio q/m, has the same role as the fluid vorticity
o =V x (ow), modified by the relativistic inertia factor o. In terms of
the longitudinal potential /, the specific helicity becomes

P Q=P (20— Q)+ V- (AQ—sVb x Py). (106)

Using the transport theorem (cf. Appendix B), the time variation
of the total helicity is given by

d_Ka
dt Ot

This shows that, in steady state (0/9t = 0), the total helicity K is invari-
ant if v is tangent to the surface S, generalizing Woltjer’s theorem."”

If S is an open surface bounded by the contour C formed by the
line elements d¢, the Q flux through S is given according to Stokes the-
orem by

[ (P- Q)d3r+§ (P-Q)v-d°r. (107)

S

J JVxP)d

cﬁ fi; (Py + Va — bVs) - de

=a(Cy) —a(C)) -l-i; (Py — bVs) - de. (108)
c
The integral of the conservative vector field Va depends only on the
values of a on the endpoints of the path C. This gives a vanishing
contribution if a does not have a singularity along the closed con-
tour C. Returning to the previous example, a voltage drop across
close isolated electrodes inserted into a magnetized plasma (ideal-
ized divertors) can produce a finite vorticity flux. The line integral

scitation.org/journal/php

The circulation I'y may include the effect of non-conservative sources,
such as the electromotive force of transformer action. This electromo-
tive force is responsible, for example, for the inductive helicity injection
in a tokamak. In general, the increment a(C,) — a(C;) can be included
in Iy, although they denote different vorticity sources. Assuming con-
tinuous values of g, the flux through a surface S; bounded by the closed
contour C;, which is defined on the Euler surface s, becomes
‘{’Szl"o—fi; bVs - de(s). (111)
Cs
The flux calculation simplifies for a Q field configuration in which s is
an ignorable quantity, that is, the system is homogeneous with respect
to s. In this case, the Euler potential b is independent of the symmetry
quantity s, and the flux ¥'; becomes

"PS = FO — b+ ds.
C

(112)

Defining a normalized flux Y, = (W, — I'y)/ § ds, the Euler potential
b is given by b = —, so that the corresponding canonical momen-
tum P and canonical vorticity Q components are given by

P, = Py + Va+ Vs,
{x 0 a lﬁ S (113)

Q =V x P, =Q)+ Vi, x Vs.

If one component of the field Q lies in a symmetry direction, the total
field can be written as a sum in terms of the reference value and of the
flux associated with the symmetry component. These simplified expres-
sions are restricted to the case in which the system is homogeneous with
respect to s, but gives some idea about the meaning of the Euler poten-
tial b, at least over a surface of nearly homogeneous specific entropy.

Given the canonical momentum in the following form (here
repeated for convenience):

P = mov + gA = Py + Va — bVs, (114)

recall that the Lagrangian coefficient a satisfies the equation of motion
(Euler-Lagrange equation (iv) for ¢» in the Eulerian formulation),
da _ mcz kBT 0 ( kBT

y4—1 " on

- 1) —qp+qu-A. (115)
rTA T 7,5

Using Maxwell’s differential relation,

O (BTN T
On\y, —1 Mi n’

one can write a set of equations of motion for the Euler coefficients of
the Clebsch representation for P,

(116)

of the reference value P, of the canonical momentum corresponds ié _ 1 i ( T > + Ya ld“/ _ l@ —o,

to the circulation, kpdt Tdt\y,—1 ya—lydt ndt
da mc* y,kgT

Fozﬂ;Po-de. (109) E:_T_A—_l_ ¢ +qu-A,
c A (117)

Thus, @ ~T,

dt
l1/:r(,Jra(cz)—u(cl)—ﬁ; bVs - de. (110) de_y,
c dt
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where

c:]:~c0:—I:~P0,

and J = Or/0rg = Vor =1 + V& is the Jacobian dyadic (¢ is the
Lagrangian displacement and v = d&/dt). Hence, the present value of
the canonical momentum P depends not only of the evolution of the
mean fluid variables but also of the reference (initial) distribution Py,
that is, of the trajectory of each fluid element. In this way, the Clebsch
representation is equivalent to the Lagrangian approach (cf.
Subsection I1 C), which describes the motion of each fluid element. In
the Eulerian formulation, the substitution of the equations of motion
for the Euler coefficients in the expression of the canonical momentum
leads to an equation for dP/dt which depends only on the mean fluid
variables (cf. Subsection 11 B). As stated in the Introduction, the two
formulations are equivalent.”

(118)

IV. AHYDROMAGNETIC CAUCHY INVARIANT

Making use of the vector relation,

(A~V)A:(V><A)><A+%V(A~A), (119)

applied to the vector ow, the acceleration can be written in the follow-
ing form:

d 0
7 (ow) = a(ow) +v-V(ow)
0 V(aw)?
= a(ow) +(Vxow) xv = (120)

and the curl gives, using the continuity equation,

V x (%(ow)) :%[V X (aw)] +V x [(V x aw) ><v]+(VTU2) x Vo

d (Vxow)dn
= E [V X (OC’U)] — " E
\a
—[(Vxow) Vo+ (T) x Vo (121)
Thus,
d (V x (om)) B (V x (ow) V>
dt n N n v)r
+%V X (% (rxv)> —(szii:va. (122)

Using the second Maxwell differential relation in (40), the relativistic
inertia factor defined in Eq. (32) becomes

vi vkgT
oz:y(l—i— V4 %) (123)
Y4 — 1 mc
Hence,
da Ou
Vo =—V —VT 124
ot Tar ' (124)
where

scitation.org/journal/php

o P 2vkpT dy
o ya—1 me ) dv’

Do 94 VhsT (1 dy,/dT
OT  94—1 m2 \T y,(ya—1))

Taking into account the transformation of the absolute temperature

(125)

T = T/y from the frame moving with the fluid velocity v to the rest
frame temperature T (cf. Appendix A), this expression becomes

(126)

(2 e

% 9T @ )Vv:>Vv><Va:0.
c

This leads to a diffusion equation for the vorticity,

%(V ><n(oc’u)) _ (V Xn(W)'V)H%V « (%(M,)), (127)

Now, the equation of momentum conservation,

%(mav) = —¥+q(E+v><B), (128)
gives
d Vp x Vn
V x (a(mow)) = fTJqu x E
+ql-B(V-v) + (B-V)v—(v-V)B]. (129)
With the help of the continuity equation and Faraday’s law,
d Vp x Vn dB  Bdn
V x (E(mow)) = fqz+qza+q(B-V)v.
(130)

Substituting the vorticity diffusion equation,

d (V X (maow) +qB) B (V x (mow) + qB V)v Vp x Vn
B ' ow

n n

dt
(131)
The perfect fluid flow is barotropic (in which the pressure p and the

density » are directly related), so that the last term in the right-hand
side vanishes. The canonical vorticity Q defined in Sec. I1I reads

Q=VxP=YV x (mav) +qB, (132)
so that the diffusion equation for Q becomes
d (Q Q
—(—=]=|=—"V]v 133
dt (n> (n ) ! (139
Introducing a change in the dependent variables such that”
Q
2= C-Vyr, (134)
n
the canonical vorticity equation becomes
L€ Vor) = [(C- Vor) - V. (135)

dt

Here, Vor = Or/0rg = J is the Jacobian dyadic of the transformation
r = r(ro,t) from the Lagrangian ry to the Eulerian r coordinates
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(JJ| # 0 and Vo =] - V). The transformation r = r(ro,t) specifies
the trajectory of a material particle (or fluid element, cf. Appendix B).
For fixed t, it determines the transformation of the particle from the
initial position ry to the position r at time . Since

d dc
a(C'Vof):E‘V()T‘FC'Vo’U
:‘Z—?Vowc.iw

_dc
S dt

the canonical vorticity equation reduces to

-Vor + (C - Vor) - Vo, (136)

d_C Vr*0$d—C*0
a " dt (137)

=C= C(r()).
Thus,

Q
; = C(To) . Vor. (138)
Setting t =0,

=—" Vor. (139)
no

Q Q

n
This result was obtained, for an incompressible fluid and without the
magnetic field, by Cauchy in 1815."*'® Cauchy demonstrated that a
fluid element that is in irrotational motion initially remains in this con-
dition throughout the flow. However, the hydromagnetic Cauchy
invariant shows that the magnetic field may introduce flow vorticity in
an otherwise irrotational motion. This has important implications in
the rotation curve of galaxies and in the mass accretion of astrophysical
systems, where the gravitomagnetic field replaces the magnetic field.

V. HAMILTONIAN DENSITY AND THE ENERGY
INTEGRAL

The momentum densities that canonically conjugate to the
Lagrangian field coordinates ¢, A, &, n, and s are

gy =0,

s = —6kE,

e = nwm(l + yAVi IV::ZZ) % + noqA, (140)
n, =0,

s =>b

Using the Lagrangian density,

2
B nomc*  nokgT &
EO_Z( y -1 Iy,

1 B?
+- | eE*——], (141)
2 Ho

the Hamiltonian density in Lagrangian coordinates can be easily
calculated

scitation.org/journal/php

00, 0A
HO—ZTCO( 87 *[,0_ €0E'E
2
74 vksT (%) 23
3 1 - A —
+Zq: no/m( +yA—1mc2) ot g ot

nomc®>  nokgT g
B Z<_V_VA_1—”0¢I¢+”0‘IA'8T)

2, nokgT a8
= yme +——— | 1+ +
Zq: [no/mc 1 ( - noqd

E%l EZEZ
o 2\ @ o/

Recalling that 1y = nJ, the Hamiltonian density can be defined in the
Eulerian sense by

T 748
H= Z nymc® + ks 1+ 1ab + nq¢
7 Ya—

(142)

1 1—f?

0A 1 B?
ﬂg_.(ﬂu_)
ot 2 Lo

H = Jd370]H0 = J‘d3TH4

(143)

so that

(144)

Note that, although the same graphical symbol was used, the electro-
magnetic field variables in Eulerian and Lagrangian coordinates corre-
spond to energy densities related by the ratio 7/n,. The electromagnetic
field Hamiltonian density can also be written in the following form:

0A 1 B?
= —cE — — = | B> ——
Hem € 8’[ 2 (EQ ‘u0>

1( , B
= €0E . V¢ + = GQE +—. (145)
2 Ho
Hence, using Gauss’s law,
nkBT "/Aﬁz
H= nymc* +—— [ 1+
;[’ m—« G
1 , B
+6V - (PE) + = | eoE° +— |. (146)
2 Ho
According to Sec. IT A, the energy integral is given by
dH d nkgT Na
7 _dtJ Zq: nymcz+yAl<1+l—[§2
1 . B ST 2
+= E()E +— d?’+— 60¢E'd r=20. (147)
2 Uy dt
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The stability of the fluid plasma can be investigated introducing a
Lagrangian perturbation & in the energy integral.”

VI. CONSERVATION EQUATIONS

The conservation equations can be written in a compact form
introducing the energy and momentum densities, and the stress tensor
for each species of the plasma fluid

1

U, :ynmchr(
! Ya— 1

+ ﬁ2> 7*p  fluid energy density,

Gy = | ynm + 7a
Ya

22
I /2p> v fluid momentum density,
c

T = ynmvv + (I + yfAl 7 v—f) p material stress tensor.
Ya — c

(148)

Hence, the momentum and energy conservation equations become

9G _
Z(a—tMVva) = (pE+jx B) (149)
q q
and
Z(%HZV : Gf> => (B (150)

q q

Note the following relations:

f:izynmszr 34— Y B p.
ya—1

= VU

Ty: P ynm® + (1 + VV—AI“/ZﬁZ)P =pUr + (1+8p,
L

= = v

) = 14+ 62 = =

Using Gauss’s, Ampere’s, and Faraday’s laws, the momentum
and energy conservation equations can be written as

;(chwm) #V (S ) =0

q q

%(Z Ur + Uem) +v. (ZGf+Gem) =0,
q

q

(151)

(152)

where the electromagnetic field quantities are defined by”” '

1 B S
Uy = 3 (60 E? + ,u_) =T,y :1 fieldenergy density,
0

Gen = €(E x B) field momentum density,

~

- E2- 1 (B-
T, =¢|\—I—EE|+—|—1I — BB field stress tensor.
2 o \ 2

(153)
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The system of plasma fluid equations is given in the conservation
form by

dp

i —V.j  chargedensity, (154)
o o n .
ot (zq: Gy + Gem) ==V (Zq: Ty+ Tem) momentum density,
(155)
% (; U + Uem) = V. (; Gy + Gem> energy density.
(156)

Integration over a volume V gives the integral form of the conserva-
tion equations

J pd’r = —ff>j -d*r  charge, (157)
v S
[ SUGr + G\ dr = 4{) S Ty 4 T ) -
v\ Js\ 5
momentum, (158)
J E Uf + Ugp \d&Pr = fczﬁ; ZGf + Gep \ - d°r energy.
VA a S\ ¢4
(159)
Now, the laws of Ampére and Faraday give
1 .
E-VxB=yu,> j E+-E-E,
Xq: ¢ (160)
B-VxE=-B-B.
The subtraction of these two equations gives
ExB 1 . B
V. =SNG E-—-|eB2+=—]|, (61
( Ho ) zq:] 2 < ’ Mo)
hence,
VS = _Zj'E_ Uem» (162)
q
where
ExB
Sem = = = G (163)
Ho

is the vector of Poynting. Integration over V yields the theorem of
Poynting,

(164)

J (Uem + Zj-E)zPr - —% S - d2r.
Vv q S

In general, the angular momentum density is defined by L = r x G. It
can be shown that, due to both the conservation of momentum density
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and the symmetry of T, the angular momentum density is also
conserved.
Finally, consider the quantity

(
-1 (Z ff+im) —r (Zq:Gf +Gem>. (165)

p— . a . 3
Jvr <Z Gr + Gem)d r. (166)

Assuming that all quantities are bounded, one takes the time average
over a long period of time according to the definition

) :H;fdt:w:wo. (167)
Hence,
Jv<1 (T Tm>>dar _ f{;< (S T>> L

(168)

This is a general form of the virial theorem.” Substituting the expres-
sions for the stress dyadics

J Z ynmv* + 34 TA_ P2\ p| 4 Uen Y1
v Ya—1

q

= Ya LUV 2
= r- nmov+ | I + ———7y"— -dr
S e )
—J) <r- <60EE+ §) + rUem> d*r. (169)
S Ho

Since, at the edge of the plasma configuration, the mass density nm
and the pressure p vanish for all species (mass discontinuities are
ignored), the virial theorem shows that the configuration is contained
by the field surface terms. The field energy density existing beyond the
plasma surface represents a back pressure acting on the plasma fluid.
This shows that a plasma fluid cannot be self-contained, since all terms
in the volume integral are positive.

Vil. BOUNDARY CONDITIONS AND ENERGY DENSITY
DISTRIBUTION

The plasma fluid and electromagnetic field variables must satisfy
several boundary conditions at the fluid-vacuum interface, as follows.
Let 7 denotes the unit vector normal to the fluid-vacuum interface
and ((X)) the increment of any quantity X across the boundary in the
direction #. For the interface between two fluids,

n - {((v)) =0. (170)
For the fluid—vacuum interface,
fi-v=0. (171)

Gauss’s law in the fluid-vacuum interface gives

V~E:%Zp¢ﬁ~<<E>):%Za
q q
V-B=0=1-((B)) =0, (172)

where ¢ designates the surface charge density associated with species
q. Also, the laws of Faraday and Ampere give

VxE:—%:ﬂ%x((E)):O
) (173)

OE
VXB=pg)y poto-=ix((B)=p) K
q q

where K designates the surface current density.
The equation of momentum conservation for species g is given by

d b
nm [y(l—i—yy—A P )'v} = —Vp+nq(E+v x B). (174)

4 — lnmc?

Thus, using the laws of Gauss, Ampere, and Faraday,

d Ya_ VP
— 1
7 {W/( +)}A—1nmc2)v}

=-Vp+e|V- (EE) - (E- V)E|

—EOQ(E x B)— |:60E x (V x E) +iB x (Vx B)|. (175)
ot Ho

Using the following relations,
(V-E)JE=V-(EE) — (E-V)E
=(VE)-E— (ExV) xE,
(V-BBB=V-(BB)—(B-V)B =0,

VEZ (176)
Ex(VxE):(VE)-E—(EV)E:T—(E.V)E
B><(V><B):(VB)~B7(B~V)B:VTBZf(B~V)B,

the equation of momentum conservation becomes

d Ya_ VP
—|v(1
" {/( +yA - lnmcz)v]

-1, B)- BB
pI +— €0E +— I — E()EE+7
2 Ho Ho

0
= 760&(E>< B)—V.
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Furthermore,
d Ya_ 0P 9 Ya_ 0P
1+ A _ v 1
" {/( +yAflnmcz)v} i {/( +yAflnmc2)v}
ramy(1+—TA P Ny v
Y4 — L nmc?
+nmsz[y(l+7YA P )}
v4 — Lnmc?
(178)
and
1 1
V. <60EE+—BB) =¢(E-V)E+—(B-V)B+ (ZP)E
Ho Ho 7

1
=¢(E-V)E+—(B-V)B
Ho

D (vo+2).

Denoting an infinitesimal displacement either inside the fluid or from
one side of the fluid boundary to the other by dr, the equation of
momentum conservation gives

9 Ya VP
nmat [y(l + - nmcz>v 5r]

—I—nmy(l I - P )('v~V'v)~(5r

y4 — L nmc?

2502 (1 Ya VP
trmuo\y JryA—lnmc2

(179)

0 1 , B
,Eoér-g(ExB)—é p+2<eOE +P‘())
1
+[eo< VE+ LB )B} or
Ho
OA
—Zpéqﬁ — Zpérﬁ (180)
q q
Taking the limit ér — 0,
2 YA VP
nmv-o {y(l +r = linmcz)}
1( , B
+o| p+3 | ok o +> pdd=0. (181)
0 q
Hence,
YA 4 _
<<nmy(1+—y 4 1nmc2) +p+Z,0</)+Um>> =0.
(182)

This indicates that the sum of the kinetic energy density, of the pres-
sure of each plasma species, and of the total electrostatic forces is bal-
anced across each interface by changes in the field energy density. For
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a quasi-neutral plasma with negligible kinetic energy, this simply cor-
responds to magnetic confinement,

((reae)) o

VIll. COMMENTS AND CONCLUSIONS

A consistent set of hydrodynamic and Maxwell equations was
obtained applying Hamilton’s principle to a perfect fully relativistic
plasma fluid. This derivation of plasma dynamics from general princi-
ples shows the strength and validity of fluid descriptions. The connec-
tion between the Eulerian and Lagrangian formulations for the
variational principle was demonstrated by means of the Clebsch repre-
sentation for the canonical momentum of each fluid element, which is
implicit in the Eulerian formulation. The Euler potentials (also known
as Clebsch or Monge potentials) in the Clebsch representation are asso-
ciated with constraints in the variational principle. It was shown that
each Euler potential or Lagrangian multiplier is governed by an equation
of motion which defines the evolution of the canonical momentum
from its initial distribution. In this sense, the Clebsch representation is
equivalent to the Lagrangian picture. However, it is possible to eliminate
the Lagrangian multipliers in such a way that the final equation of
motion for the canonical momentum depends only on the mean field
values, corresponding exactly to the Eulerian formulation of fluid flow.

It was shown that the Lin coefficient for fluid flow corresponds to
the reference (initial) distribution of canonical momentum for each
charged fluid element. Furthermore, the Lagrangian multiplier associ-
ated with the continuity constraint for fluid flow corresponds to the
longitudinal Euler potential in the Clebsch representation. A general
discussion about helicity injection in the plasma system was carried
out. In particular, a generalized form of Woltjer’s theorem for the total
helicity was obtained by a simple application of the transport theorem.
The helicity changes are definitively associated with current injection
in tokamaks and with the relaxation of toroidal plasmas toward an
equilibrium state, and one may envisage a link with the excitation of
turbulence in small (layer or pointlike) regions in the fluid. In this
case, the equation of motion for the longitudinal potential must lead
to a discontinuous solution, such as a shock wave. But this poses a
challenge for further studies.

A canonical vorticity vector was defined in terms of the curl of the
canonical momentum. It was shown that the fully relativistic canonical
vorticity density is a Cauchy invariant, partially integrating the equa-
tions of motion of the plasma fluid. This also shows that a magnetic
field can introduce flow vorticity in an inviscid fluid, with important
implications in mass accretion and magnetic dynamo-effects.

It was shown that the Lagrangian formulation leads directly to an
energy integral including the plasma fluid and the electromagnetic
fields. Following standard procedures, the conservation equations
including plasma fluid and electromagnetic field interactions were
written in an integral form. In particular, a general form of the virial
theorem was obtained. A general expression for the balance between
plasma fluid and electromagnetic field forces was also obtained by the
introduction of an infinitesimal displacement either inside the fluid or
across one side of the fluid boundary to the other.

Finally, it must be pointed out that all the results presented in
this paper can be applied to an extended version of the gravitoelectro-
magnetic theory. Gravitoelectromagnetic field equations give a result

(183)
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similar to the electromagnetic field theory with the following
analogies:

E—E,, B— By
d)_’d)gv A—>Ag7
1 4nG
©= g M T (184)

where E, and B, are the gravitoelectromagnetic fields, ¢, and A, are
the corresponding potentials (¢,, in particular, is the Newtonian
potential), G is the gravitational constant, and the charge q is replaced
by the mass m in a single species fluid. Using this simple analogies, the
dynamic equations which describe the evolution of a continuous mass
distribution are readily obtained, according to the same variational for-
mulation. These equations constitute an extended version of the gravi-
tomagnetic theory originally proposed by Thirring in 1918.*° The
first application of this weak-field approach to Einstein’s general rela-
tivity theory resulted in the astronomical calculations performed by
Lense and Thirring’” and reviewed by Pfister’® of the forces on a test
mass due to the rotation of a large central mass. This so-called
Lense-Thirring relativistic effect has attracted great interest in recent
years as it became barely possible to detect the effect using terrestrial
spacecrafts.”” Actually, the effect was recently confirmed at an accu-
racy of 19% by measurements taken by the Gravity Probe B space
experiment.”’ The extended version of gravitoelectromagnetism can
be used to describe, for example, the dynamics of a galactic system
formed by a very large number of stars plus the surrounding gas. This
application is the subject of work currently in progress.
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APPENDIX A: COVARIANT FORMULATION

1. Preliminary remarks

The contravariant coordinates’ four-vector is

x = (ct, 1), (A1)

with the corresponding covariant form

Xy = nl”,x” = (—ct, 1), (A2)
where
-1 0
N = ( 0 f) =n" (A3)
is the Minkowsky (flat-space metric) tensor. Note that
1 0
"1, = (0 f) =9d, (A4)

is the Kronecker mixed tensor. Also,

Ny =4 (A5)
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The covariant gradient four-vector is

a (1 d V)’ (A6)

"7 o~ \cot’

with the corresponding contravariant form

ot =y"o, = (—%g,V). (A7)
In general, the invariant scalar product of two four-vectors is
a,b' = agl’ +a-b=—agby+a-b. (A8)
In particular,
K = xuxt = —t 1. (A9)

The scalar product of 0, with itself gives the d’Alembertian
operator,

o 0 1 9*
2 = o= g =___ 2
[I'=00"=n OxH Ox¥ 528t2+v’

which is also invariant. The proper time interval dz is defined by

(A10)

cde® = —n,dxtdx” = di? —dr* = ¢ <1 - ’:—f) darr,  (Al1)
where

dr
=— Al2
YT (A1)
is the fluid velocity. The contravariant form of the fluid four-

velocity is

= % =7(c,v), (A13)
where
dt o\ 1
T (1—6—2) T /i-dje (A1)
is the Lorentz factor. The scalar product gives
v 0" = (=, v) - y(c,v) = =2 +0?) = =& (A15)

2. Covariant equations of motion

The Lagrangian can be written in a manifestly covariant form
as follows:

(Al6)

o A
e
7 o 41
where the proper energy density U, sum of the rest mass and ther-

mal energy densities, is given by

ICJ:;mez—l— P

(A17)

A

ya—1

The number density in the rest frame, which is denoted by the
upper circle label, is related to the number density in the moving
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frame by the Lorentz factor n = n/y. The pressure p is an invariant
under a proper Lorentz transformation, and 7, is a function of the
rest frame temperature T = yT. The term j,A* corresponds to the
interaction energy between the fluid and the electromagnetic field,

JuA = (=pe.j) - (%A) =-—pp+j-A (A18)

The electromagnetic field tensor is given by'’

0 E/c

B = z (A19)

—E/c €-B

and
Fo =, — [ 0 EC (A20)
ny nup Ny = E/C 65 .B ’

where € is the totally antisymmetric Levi-Civita tensor in three
dimensions and 7, is the Minkowsky tensor. The first electromag-
netic field invariant A is given in terms of F** by

B w 0 —E/c . 0 E/c !
A=FuF _<E/c E~B>'(—E/c E.B>

2(E? — &2B?
__p-ew) o
.
The anti-symmetric electromagnetic field tensor can be derived
from the four-vector potential as follows:

FY = 9'AY — 9V A¥, (A22)
that is,
T
10 10
0 E/c — __Z
:/ = cOt (f A>f cOt (f A)
—E/c €-B v c v c
o 1Ly,
| 104 - (823)
“Vp+-—= VA—(VA)
c c Ot
Hence,
0A
E=-V$——
Vo ot’ (A24)
B=VxA.

The relation F* = 0"A” — 0VA* is a consequence of gauge
invariance of the second kind. The quantities A,(x) and A,(x)
—0,f (x) are physically indistinguishable, so that A* can be required
to satisfy Lorenz’s condition

194
- CA=0. A25
G TV A=0 (A25)

The inhomogeneous field equations can be written in terms of the
four-potential as

QA =0 =
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1
[To=-=>»
[TA" = —pe » j v (A26)
q [TA=—p Zj-
q

In the covariant form, the total energy-momentum tensor T+”
is given by the sum of the plasma fluid ij " and electromagnetic
field T#" tensors defined in Sec. VI

o _ (UG ’

f CGf Tf
T — Uem C:Gem )
e CGem Tcm

Hence, the total momentum and energy conservation equations can
be written in the covariant form as follows:

10
o0,T" = (-—,V ).
(c ot )
Z Ur + Uem E cGy + cGep
q q

_ _ =0.
Z cGy + cGem Z Tf + Tem
q q

(A27)

(A28)

This equation describes the exchange of energy between the plasma
fluid species and the electromagnetic field. The energy-momentum
tensor of the perfect fluid is given in the covariant form by

MoV

=+ (U4) 55
(-1 0 o 1 v/c
p( 0 f) * <U+p>y (v/c 'v'v/cz>' (429)

In terms of the electromagnetic field tensor F*”, the fluid energy-
momentum equation for each species g can be written as

O, = j,F". (A30)
Thus,
10 2 (U+pp2) (U+p)70/c
oY) (e _
(U +p)y2v/c oI + (U +p)y2m]/c2
T

. 0 E/c (A31)
= (=pe)) ~E/c €-B)

The energy and momentum conservation equations are given,
respectively, by the temporal component [cf. Eq. (63)]

%%[vz(tﬂpﬁzﬂ +V- {(fﬂp)vzg} =J"§,

[

(A32)

and by the spatial components [cf. Eq. (49)] of the previous
equation
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e (it

=pE+jxB. (A33)

The full set of equations which describes the dynamics of the
plasma in the covariant form includes the equations of continuity,
momentum and energy conservation, and Maxwell source equa-
tions, which can be written, respectively, as

0y" =0, continuity,
8, T}“’ = j,F*  momentum-energy, (A34)
0,F" =, Z 7" Gauss-Ampere,
q
where
F = QRAY — QAR 9,AM = 0. (A35)

The above set corresponds to a total of 5 + 4 equations (here, g
indicates the number of species) in the 6g-+4 variables:
# =gqn(c,v), A" = (¢/c,A), p, and T. The set is closed by the g
equations of state p = nkpT. The condition of entropy conservation
is satisfied by the above covariant set of equations constrained by
the second law of thermodynamics as will be presently demon-
strated. Multiplication of the energy-momentum conservation
equation by the four-velocity yields

wo__ . w o O v
u,la,,T]r = vy F*" = nqu,v, F*

Ty . 0 E/c o
e g e.8) 9 (ase)
=ngqy’(—¢v)- (EZU/XCB =0.

Hence, replacing T}‘ " by its covariant form,

w v ° vy
UH(?,,T} =v,0, [pr/" + (U+p) 2 }

=0,0"p— 0, [((} +p) v”}

o u
+% (U+p)e 0, (%) - o. (A37)
0
Using the equation of continuity,
8;1 (;l Du) = 07 (A38)
the previous equation becomes
1 U
not [pﬁu (j) + 0, (J) =0. (A39)
n n
The second law of thermodynamics (cf. Appendix A 3) gives
o [ 1
raea(Y) cpa(2) a0
n n

Thus,
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n TU”@HS = pvtdus =0, (A41)

where s is the invariant specific entropy of the species g in the per-
fect fluid.

3. Relativistic equation of state for a perfect fluid

The fundamental thermodynamic relation (second law) in the
rest frame, for either reversible or irreversible processes, reads

roll) o) )

where ¢ is the entropy density in the local rest frame. The number
density transforms from the rest frame to the frame moving with
the fluid velocity v as n = yn. The absolute temperature and the
entropy density transform as T = T /y and ¢ = /7, respectively.
The specific entropy (proper entropy of a fluid element) is defined
by

(A42)

s=o/n=a/n, (A43)

and like p is an invariant under a proper Lorentz transformation.

In general, the plasma fluid is characterized by the macro-
scopic variables (n, v, U, s, p, T'), which evolve according to the con-
tinuity, momentum, and energy conservation equations making a
total of five equations for eight variables. The temperature can be
considered as defined by means of the fundamental relation. This
relation shows that two of the thermodynamic scalar variables must
be independent. Accordingly, three equations of state for the inten-
sive variables s, p, and T can be written in terms of the number and
energy densities as independent variables in the rest frame

s(nv), p(nv). 1(n0). (A44)
The fundamental relation can be written as
Tds_;dU—(Uj‘D)dn. (A45)
n n
Hence,
B & Utey (A46)
oU aT On n
and the integrability condition,
2 2
AR (A47)
ondU  9UOn
gives
c9p 9T (o \OT
ou  On U

If the equation of state T= %(;1, U) is given, the integrability con-
dition can be used to obtain p = p(n, U) and the fundamental rela-

tion to obtain s = s(n, U). If any one of the three equations of state
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is given, the other two equations of state can be obtained.
Therefore, taking into account the fundamental equation, only one
scalar equation of state is needed to close the system of fluid
equations.

Using the definition of the plasma energy density in the rest
frame,

U = nmc® + , (A49)
Pa—1
the fundamental relation becomes
Tds = d(yif‘@) _% (A50)
Ya—1n n

Assuming isentropic flow with ds=0, the fundamental relation
gives either

@:Ed<v_A{_j) (AS1)
p P \va—1n
or the equivalent differential relation
d A1 (ya—1o
9P _ A Td(—m n) . (A52)
P va—1n Ya

As previously discussed, one equation of state relating p, n,
and T is needed to close the system. This equation, as well as the
dependence of the coefficient y4 on the thermodynamic variables,
comes from experimental results, phenomenological arguments,
or kinetic theory. Assuming the ideal gas law in the rest frame
p =nkgT as the given equation of state, the pressure is related to

the temperature by
b _ éd( a T> ,
P \na—1

Now, the “adiabatic” coefficient (or “polytropic index”) of a relativ-
istic perfect gas is”’

(A53)

_ ! . (A54)
me? K, <mc2/k3 %)

where K, are the modified Bessel functions of the second kind and
order v. Hence,

djzmﬁd

(o)
P kT K, (mcz/kgi")
(e fta)

)

kB%KZ (mcz/ks%
N dK, (mc2 / kgf) ., d <mc2 /kBg%> (A55)
K (mcz/k3T> mc? /kgT

and the equation of state becomes™”*' "
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mct Ks (mcz/k3%>
kB%KZ (mcz/kBT)>

K, (mcz/k3%>

(mcz/kB%)z

(A56)

In the non-relativistic limit, the above equation of state reduces
to the usual form of the adiabatic law for a monatomic gas,

5/2 o
px <kBT) for kzT < mdc, (A57)

and in the extreme relativistic limit to [the threshold for pair
production is kzT = 2mc?, with y, = 1.3832 and y,/(y4 — 1)
=~ 3.6097]

o 4 o
P x (kBT) for kT > mc*. (A58)

If the relatively weak dependence of 74 on the temperature is
neglected, the polytropic equation of state is obtained,

5 Ya/(7a—1)
kBT o4

Figures 1 and 2 show the variation with the temperature of the coef-
ficient 7, and of the normalized pressure for a relativistic electron
gas, respectively.

Note that the fundamental relation in a moving frame is

JTds = d (y’;l ﬁ) +pd (ﬁ) ‘ (A60)
=

Introducing the ideal gas law p = nkgT,

(A59)

1 1 kgT dy d
Sds—— g Bl ) 4 Ta 4V _an (A61)
kg kpT \ys —1 a—ly n
0 1 2
5 5
3 3
3
4 4
3 3
0 1 2
ksT/ (mec?)

FIG. 1. Coefficient y, for a relativistic electron gas.
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FIG. 2. Equation of state for a relativistic electron gas. The thin lines correspond to
the asymptotic limits p oc (ks T)*/2 and p o< (ks T)".

APPENDIX B: KINEMATICAL CONCEPTS OF FLUID
MOTION?

1. Kinematics of continuous systems

Fluid flow is a continuous transformation of configuration
space into itself (the Lagrangian map), parameterized by time ¢,

o r
Initial position of a —  Position (B1)
fluid element or point P attime .

For fixed ry and changing ¢, the transformation r = r(r, t) specifies
the trajectory of P. For fixed , it determines the transformation of P
from the initial position to the position at time t. The inverse trans-
formation is denoted by ry = ro(r, t).

Eulerian or spatial variables (r,t) describe the evolution of a
field function f = f(r, t), which corresponds to the value of f expe-
rienced by a particle instantaneously at the position r. Lagrangian
or material variables (ro,t) single out individual points, so that
f = f(ro,t) is the value of f experienced at time ¢ by the particle ini-
tially at ro. The convective derivative of f is df /dt = Of (ro,t)/0Ot
which gives the rate of change of f following P, while 9f/0t
= Of (r,t)/ 0t gives the rate of change of f at a position r.

Now, the velocity of a point P is defined as a function of the
material variables by

dr(ro,t)

V= (B2)
the functions v(r, t) and v(ry, t) being related by the change of var-
iables r = r(ro,t) and ro = ro(r,t). Acceleration of the moving
point is defined by

dv(r,t) Ov
= =— - Vo. B3
a0 ()
The relation between convective and spatial derivatives is
af _ of
2 L .V B4
il v 'f, (B4)

scitation.org/journal/php

which gives the rate of change of a quantity moving instantaneously
with the velocity v.
The Jacobian of the transformation r = r(ro, t) is

or

representing the dilatation of an infinitesimal volume as it follows
the motion

&r = Jdr,. (B6)
The transformation r, < r is one-to-one, provided J satisfies

0<]<o0. (B7)
The Jacobian determinant can be written in the following form:

1 =
]:§CT  Vor, (B8)

where C is the dyadic of the cofactors of the elements of Vor.
The inverse of Vyr is

%:<6T~V0r>: Vo

= \Vor\i :Vo=JV-v. (B9)

This expression is the statement of Euler’s theorem, namely,

daJ
— =]V .. B10
iR (B10)
For an incompressible fluid, V - v = 0 and dJ /dt = 0.
2. The transport theorem
Consider the integral
J f(r,t)dr (B11)
14

performed over a piece of fluid occupying a volume V = V(r,t) at
time ¢ and a volume Vy = V(0) when t=0. The volume V is at all
times composed of the same particles. Therefore, by changing coor-
dinates r — r, the moving region V(¢) in the r— variables is
replaced by the fixed region V, = V(0),

Jf(r, t)d3r:[ f(ro,t)]d3r0. (B12)
% Vo
Hence,
df py_ af 4
Ejvfd r= VO(]dt +fdt)d 1o
(Y v o)
— Vo(dt+fv v)]dr
_[ (¥ 3
= V(dt +fV v>d r (B13)
But
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a o
Therefore,
d s [ |9f _ s
Ejvfd r—[v{atJrV (fv)}d r (B15)
and
d 5, _ 0 3 2
ajvfd r= 8tjvfd r+£fv dr, (B16)

where S is the bounding material surface. The differentiation in the first
term of the right-hand side is taken with V fixed so that, in particular,

d_V:fFvwin:J V-vdr,

gives the change in the volume of the piece of fluid as a result of the
movement of its surface. In general, the transport theorem states
that the rate of change of the integral of f over a material volume V'
equals the rate of change of f integrated over the volume fixed in
space that instantaneously coincides with V plus the flux of f out of
the bounding surface.

(B17)

3. The equation of continuity

The number of particles occupying a region V is given by

J n(r, t)d3r. (B18)
%

The principle of conservation of the number of particles can be
expressed by

d

— | n(r,t)dr=0 B19
% nr (B19)
and states that the number of particles in a material volume V does
not change as V moves with the fluid. Using the transport theorem,
this reduces to

J {% +V. (nv)} d’r = 0. (B20)
The volume V being arbitrary, it follows that
%—l—V- (nv) =0, (B21)

which is the spatial (Eulerian) form of the equation of continuity.
An alternative form is

dn

—+nV-v=0.

d +nV-v
Multiplying this equation by J and using Euler’s formula for the
Jacobian, the material (Lagrangian) form of the equation of conti-
nuity is obtained,

(B22)

i(n]):O = nJ=np, (B23)

dt
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with the initial density distribution ny = ny(ry). Combining the
transport theorem and the equation of continuity, one obtains

d df
— | nfdr=| n=dr. B24
7 Jvnf r Jvn Fria (B24)
4. Transformation from Eulerian to Lagrangian
coordinates
Consider the transformation
r,t— ro, T, (B25)

where ry is the initial position of a fluid element (Lagrangian
coordinate). The Eulerian variables r and ¢ are related to #; and

by

r=ry+§(ro,7), t=r, (B26)
where & is the Lagrangian displacement. It follows that
Vo = (Vor) - V+ (Vot) /0t = (I + V&) - V. (B27)
0
Hence,
V=(T+V8)  Vo=T 'V, (B28)
and
Vo=(T-Vee) . v=J.v (B29)
Also,
0 _Or oo 0¢ 0
oo T o0 T (530
and
o 0 0¢
=00 o THVed) -V (B31)
Using the definition of velocity, v = 9&/ 07,
r=rg+&(ro, 1) =ro+ J v(ro, v)dr. (B32)
0

The convective derivative, when expressed in Lagrangian coordi-
nates, reduces to 9/0r,

2+U~VE£.

ot a (B33)
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