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POWERED AERO-GRAVITY ASSISTED MANEUVERS IN VENUS 
AND MARS CHANGING THE BANK ANGLE OF THE 

SPACECRAFT 

Jhonathan O. Murcia P.,* and Antonio F.B.A. Prado †  

In a three body system, with the Sun as the massive body, a planet as secondary 

body and a spacecraft as a massless body, the change in the spacecraft trajectory 

due to a close approach with the planet is known as a gravity-assisted maneuver. 

If the planet has atmosphere and the pericenter of the spacecraft is lower than the 

atmospheric limit, the aerodynamic forces affect the gravity-assist, and the new 

maneuver is known as aero-gravity assisted. Including an instantaneous impulse 

in the pericenter, it is created the powered aero-gravity-assisted maneuver. The 

present paper uses this type of maneuver considering Drag, Lift and the bank an-

gle to control the Lift direction. With this maneuver, it is possible to make energy 

and inclination changes in the trajectory of the spacecraft, which are very expen-

sive maneuvers. A value of L/D = 9.0 is used to represent the maximum value 

used by waveriders spacecrafts to get maximum effects of Lift. Due to the prox-

imity with the Earth, the presence of planetary atmosphere and applications in 

previous gravity assisted maneuvers, the planets Venus and Mars are selected to 

be used in the numerical simulations. A RKF 7/8 integrator with adaptive step is 

implemented. To observe the influence of Lift and Drag, the ballistics coefficient 

changes from 0.0 to 5x10-7 km2/kg and the impulse at the pericenter is 0.5 km/s. 

Results show that controlling the Lift directions makes possible to increase or 

reduce the energy variations of the spacecraft.       

INTRODUCTION 

The Gravity Assist maneuver is designed to give gains or losses of energy for a spacecraft mak-

ing a fly-by around a target planet. A single Gravity-Assist (GA) with angles of approach of 90° 

and 270° gives the maximum losses and gains of energy, respectively (Reference 1). The atmos-

pheric influence (Aerogravity-assisted maneuver, as shown in References 2, 3 and 4) is assumed to 

be made with a ballistic coefficient varying in a large range. The Lift to Drag ratio (L/D) goes up 

to 9.0 for waveriders spacecraft (Reference 2). Recent developments in hypersonic unmanned ve-

hicles allows the application of these maneuvers for the space exploration, since they are techno-

logically viable. The gravitational influence of the maneuver was studied in detail. Practical appli-

cations of the GA are the missions Voyager and Messenger (References 5 to 16).  

The impulse applied during the GA allows the reduction or increase of the effect of the com-

bined maneuver, but it is requires the use of fuel. This maneuver have been used in planets and 
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moons of the solar system (References 17 to 24). In the case of planets with an atmosphere and 

using a spacecraft with wing-body shape, the GA can be complemented with the aerodynamic 

forces during the atmospheric flight (References  2 to 4 and 25 to 32). Recently, the combination 

of the GA with the application of an impulse and passage by the atmosphere was studied.  One of 

the advantages of the application of the Powered Aero-Gravity Assisted Maneuver (PAGAM) is to 

save propellant and to reduce the cost of the mission, by getting energy from the atmospheric forces 

(References 33, 34, 35). 

The mathematical model used to describe the trajectories around the center of mass of the sys-

tem is the Restricted Three Body Problem (Reference 36). In this case, the mathematical model is 

based in our solar system, where the massive body is the Sun, the secondary body is the selected 

planet and the third body is the massless waverider. Planets of the solar systems like Jupiter, Venus, 

Mars or the Earth have atmosphere with enough density to generate aerodynamic forces in the 

spacecraft when it is passing near the pericenter. The influence of the atmosphere during the gravity 

assist generates the Aero-Gravity Assisted Maneuver (AGAM). With the spacecraft using some 

type of control in the bank angle during the AGAM, the direction of the aerodynamic forces are 

controlled to generate orbit changes, increasing or decreasing the effects of the atmosphere. The 

waveriders spacecraft are ideal to implement the PAGAM because they have maximum Lift-to-

Drag ratios, larger than 9.0 in hypersonic flight (Reference 2, 25, 33 to 35). The main goal of this 

research is to analyze the influence of Powered Aero-Gravity Assisted Maneuvers around Venus 

and Mars to obtain energy and orbit changes with the variation of the Lift bank angle from -90° to 

90°.  

MATHEMATICAL MODEL 

The system is formed by a set of three bodies: a massive body M1 (the Sun), a second body M2 

(target planet), both of them moving in Keplerian orbits around their common center of mass, and 

a third body of infinitesimal mass M3 (spacecraft), which is orbiting around M1 when it makes a 

passage near M2  (see Figure 1).  

The equations of motion are derived from the restricted three-body problem (Reference 36) with 

the addition of the aerodynamic force AF, that includes the bank angle, changing the vertical com-

ponent of the Lift and the direction of the Lift component in the plane of the primaries: 

𝑥̈ = 2𝑦̇ + Ω𝑥 + 𝐴𝐹𝑥,     (1) 

𝑦̈ = −2𝑥̇ + Ω𝑦 + 𝐴𝐹𝑦,     (2) 

𝑧̈ = −
(1−𝜇)𝑍

𝑟1
3 −

𝜇𝑍

𝑟2
3 + 𝐴𝐹𝑧,     (3) 

In this case, 𝐴𝐹𝑥, 𝐴𝐹𝑦 and 𝐴𝐹𝑧 are the aerodynamic force components in the Cartesian rota-

tional system, the potential  is a function of the position vectors  𝑟1 = √(𝑥 + 𝜇)2 + 𝑦2 + 𝑧2 and 

 𝑟2 = √(𝑥 − 1 + 𝜇)2 + 𝑦2 + 𝑧2 . The gravitational constant is 𝜇. Equation (4) shows the potential. 

Ω =
1

2
(𝑥2 + 𝑦2) +

(1−𝜇)

𝑟1
+

𝜇

𝑟2
,    (4) 
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Figure 1. Description of the PAGAM showing the bank angle. 

The components of the aerodynamic forces (Lift and Drag in the wind system 𝑉𝑊) are functions 

of the dynamic pressure 𝑞 = 𝜌𝑉𝑊
2

2⁄ , where 𝜌 is the air density, which is a function of the altitude 

(Reference 35).  

𝐴𝐹 = 𝐿 + 𝐷,     (5) 

To model of the atmospheric densities are selected to be exponential models, which means 

that  𝜌 = 𝜌0𝑒(−ℎ/𝐻), where 𝐻 is the scale height, ℎ the altitude of the spacecraft from the surface 

of the planet and 𝜌0 is the density at this surface. The scale heights selected are 11.1 km for Mars 

and 15.9 km for Venus. The surface densities are 0.020 kg/m3 in Mars and 65 kg/m3 in Venus.    

Since the Ballistic Coefficient includes the Drag coefficient and the spacecraft area/mass ra-

tio (𝐶𝐵 = 𝐴𝐶𝐷 2𝑚⁄ ), the Drag and Lift forces can be expressed by Equations (6) and (7), (References 

33 to 35).  

𝐷 = 2𝑚𝑞𝐶𝐵 ,     (6) 

        𝐿 = 2𝑚𝑞𝐶𝐵(𝐿/𝐷).    (7) 

The Drag force acts opposite to the direction of the motion of the spacecraft and only inside the 

atmosphere. Due to the fact that the PAGAM is performed to generate energy changes, the Lift is 

controlled to act orthogonal to the wind velocity vector with components in the positive direction 

of Z for -90° < β < 90°. The Lift direction is obtained by controlling the bank angle. In the case of 

β = 0° the Lift is pointing in the vertical direction with respect to the plane X-Y, for β = -90° the 

Lift is acting in the direction of the planet and for β = 90° it is in the radial direction. The compo-

nents of the aerodynamic forces in the wind system are described by equation (8) (Reference 37). 

𝐴𝐹𝑉𝑤
= [

−𝐷
𝐿 sin 𝛽
𝐿 cos 𝛽

],     (8) 
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 The energy variations, inclination changes and semi-major axis are measured in the inertial 

reference system, before and after the PAGAM. The results are obtained from the numerical inte-

grations of the equations of motion. The total variation of energy ΔE obtained by the maneuver is 

the difference between the total energy in the inertial reference system, measured before and after 

the PAGAM (Reference 25,33). Equations (9-11) describe the energy variation. It is assumed that 

the total variation of energy is due to the kinetic energy variation, because the potential energy is 

constant, since the maneuver is considered to be instantaneous.   

E− =
1

2
(𝑋̇𝐼

2
+ 𝑌̇𝐼

2
+ 𝑍̇𝐼

2
),    (9) 

E+ =
1

2
[(𝑋̇𝐼+Δ𝑋̇𝐼)

2
+ (𝑌̇𝐼 + Δ𝑌̇𝐼)

2
+ (𝑍̇𝐼 + Δ𝑍̇𝐼)

2
]                           (10) 

ΔE = E+ − E−.    (11) 

RESULTS 

The trajectories analyzed are in the prograde direction, with approach angles of 90° and 270°, 

and directions for the impulsive maneuver covering angles from -180° to 180° and in the primaries 

orbital plane (XY). The magnitudes selected for the impulses are 0.0 and 0.5 km/s, the L/D ratios 

are 0, 1 and 9. The direction of the Lift force is selected to change as a function of the bank angle, 

which it is assumed to be constant along the trajectory and orthogonal to the wind velocity vector. 

The Drag coefficients are proportional to the Ballistic Coefficient (CB), changing from 0 to 5x10-7 

km2/kg. The altitudes selected for the periapsis are 153 km for Mars and 330 km for Venus, because 

they showed to generate interesting trajectories in previous publications (References 25, 33 to 35). 

When the PAGAM is applied with a bank angle of 90° or -90°, the Lift is acting in the orbital plane 

XY, generating changes in the energy and in the semi-major axis without changes in the inclination. 

In the case of bank angle with -90°, the Lift is pointing to the center of the planet and, for 90°, it is 

pointing in the direction opposite to the planet. When the bank angle is 0°, it indicates that the Lift 

is orthogonal to the orbital plane of the primaries and it generates the highest inclination changes 

(Reference 35). The canonical units are used, where one canonical unit of distance is equivalent to 

the mean semi-axis from the orbit of the planet around to the Sun and, for the velocity, it is equiv-

alent to the orbital velocity. For the specific energy is used the square of the orbital velocity, the 

values are 24.07 km/s for Mars and 35.02 km/s for Venus. More than 100.000 trajectories were 

simulated and analyzed. 

To analyze the results, it was selected the cases with L/D = 9, because they generate the higher 

influence of the Lift in the trajectories and significant changes in the energy. Trajectories with L/D 

= 0 does not change as a function of the bank angle, because the Lift force is null for all the trajec-

tories, so the trajectories are only affected by Drag. The Figures 2 to 15 shows the results of trajec-

tories in Mars and Venus. In the case of Venus, for bank angles lower than 0°, highest ballistic 

coefficients generate aero-capture and orbital decay due to the air density and the proximity of the 

Sun. In this case, negative bank angles reduce the effective ballistic coefficients for the AGAM. 

Three sections of maneuvers are analyzed. The first one for the range 0° < β < 90°, when the 

Lift has components in the direction opposite to the planet and with a vertical component with 

respect to the XY plane. The second one is for when β = 0° and the third one is for -90° < β < 0°, 

when the Lift is in the direction of the planet. In all cases it is observed that the influence of the 0.5 

km/s impulse generates more energy changes and dominates the trajectories, compared to the 

AGAM or maneuvers without impulse. This phenomenon is observed when the red and blue re-

gions (vertical in the cases of AGAM) are horizontal in the figures when the PAGAM is applied 

(see Figures 2 to 15). 
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For approach angles of 90° and positive values for the bank angle, the red color represents losses 

of energy and the blue color the energy gains. All the trajectories show losses of energy, decreasing 

the losses with the increase of the ballistic coefficient (blue). It is means that the Lift and Drag 

coefficients are maximums, reducing the velocity changes and the duration of the atmospheric 

flight. The Lift direction is opposite to the planet and the gains in altitude reduce the effects of the 

density. The reduction of the bank angle reduce the component of Lift in the plane XY and increases 

the energy losses, which is observed by the changes in the energy from -7.3x10-3 CU (β = 90°) to -

7.7x10-3 CU (β = 30°) in the case of Mars and -0.136 CU to -0.146 CU in the case of Venus. The 

reduction of the bank angle indicates a reduction of the Lift in the plane that contributes to the 

maneuver. The same behavior is observed in Venus and Mars (see Figures 2, 3, 4, 5, 6, 7 top and 

left). 

When the approach angle is 270°, the energy variations are positive and the lowest energy var-

iations are reached at the maximum ballistic coefficient region (red zone). In this case, the incre-

ment of the vertical component of the Lift or the reduction of the bank angle reduce the energy 

losses, as observed in the increment of the values in the red section from 7.0x10-3 CU to 7.4 x10-3 

CU in Mars and  0.128 CU at β=90° to 0.138 CU at β=30° in Venus. Comparing the maneuvers 

with the AGAM with approach angle of 90°, the influence of the approach angle of 270° generates 

positive variations of energy. The inverse behavior is observed with the increase of the ballistic 

coefficient. The reduction of Lift in the radial direction increases the influence of the gravity assist 

and reduce the energy losses. 

  

  

Figure 2. Variations of energy for PAGAM-M with β = 90°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 
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The application of the impulse generates the PAGAM (right side of the Figures). During this 

new maneuver, the principal energy variations are presented in regions with attack angles between 

0° and 120°, with losses of energy for approach angles of 90°; -120° to 0° for an approach angle of 

270°. In the same way of the AGAM, the region of energy gains and losses are inverted for the 

approach angles of 90° to 270° in the PAGAM. Initially, for the highest values of the bank angle, 

the maximum and minimums energy variation zones are distributed in the highest and lowest bal-

listic coefficients sections. When the bank angle is increased, the reduction of the influence of the 

Lift force in favor or opposing to the gravity of the planet transform the initial blue and red regions 

of the energy variations in horizontal lines. In other words, for β = 0°; the energy losses and gains 

are functions of the angle of attack and do not show changes as a function of the ballistic coefficient. 

For approach angles of 90°, the regions of losses of energy are located at the lowest ballistic coef-

ficients with angle of attack around 60° and the direction of the impulse is against the movement 

of the spacecraft and pointing to the planet. The highest values of CB indicate that Lift reduces the 

influence of the impulse in the direction of the planet, reducing the energy losses for angles of -

120°. In the trajectories where the approach angle is 270°, the minimum energy variations are pre-

sented at the angle of attack of  -60°  and maximum CB; the impulse acts in the Lift direction and 

against the motion of the spacecraft, reducing the gravitational effect of the maneuver. In both 

cases, the main contribution of the gravity assisted to the whole maneuver is when CB is minimum 

and the impulse is applied between 60° and 120° and acting in the direction of the gravity to incre-

ment the curvature angle and the effects of the swing-by. 

 

  

Figure 3. Variations of energy for PAGAM-M with β = 60°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 
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Figure 4. Variations of energy for PAGAM-M with β = 30°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 
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Figure 5. Variations of energy for PAGAM-V with β = 90°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 

 

  

  

Figure 6. Variations of energy for PAGAM-V with β = 60°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 
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Figure 7. Variations of energy for PAGAM-V with β = 30°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 

The AGAM with β = 0° shows interesting results. The losses in energy variations are present at 

CB = 0.5x10-7 km2/kg, and the energy gains are present when the aerodynamic forces are null. The 

vertical component of the Lift increases the energy losses. For the PAGAM, the regions of losses 

and gains of energy turn into horizontal lines, indicating a reduction in the effect of the Lift in the 

energy variations. Energy losses are present at 60° for an approach angle of 90°, and -60° for an 

approach of 270° and with components against the velocity vector, breaking the spacecraft and 

reducing the velocity at the end of the maneuver (see Figures 8, 9).  
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Figure 8. Variations of energy for PAGAM-M with β = 0°, L/D = 9 Ψ = 90° (upper), 270° 

(lower) and ΔV = 0.0 (left), 0.5 km/s (right). 

  

  

Figure 9. Variations of energy for PAGAM-V with β = 0°, L/D = 9 Ψ = 90° (upper), 270° 

(lower) and ΔV = 0.0 (left), 0.5 km/s (right). 

Trajectories for the bank angle between -90° < β < 0° are analyzed only in Mars, because in the 

case of Venus, the atmospheric density reduce the CB for the hyperbolic flight. The influence of 

Lift and the change in the direction affect the energy variations and invert the maximums and min-

imums positions, compared to the maneuvers with 0° < β < 90°. For an approach angle of 90°, the 

regions of losses of energy are located at CB=0.5x10-7 km2/kg and the energy losses increase with 
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the reduction of the approach angle. For an approach angle of 270° and maximum CB, the maneu-

vers increase the energy gains with the reduction of β or with the increment of the Lift component 

in the plane of the primaries. The Lift in the direction of the gravitational force of the planet incre-

ments the effects of the AGAM (see Figures 10, 11, 12, 13, 14, 15).                        

  

  

Figure 10. Variations of energy for PAGAM-M with β = -30°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 

  



 12 

  

Figure 11. Variations of energy for PAGAM-M with β = -60°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 

  

  

Figure 12. Variations of energy for PAGAM-M with β = -90°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 
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Figure 13. Variations of energy for PAGAM-V with β = -30°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 
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Figure 14. Variations of energy for PAGAM-V with β = -60°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 

  

  

Figure 15. Variations of energy for PAGAM-V with β = -90°, L/D = 9 Ψ = 90° (upper), 

270° (lower) and ΔV = 0.0 (left), 0.5 km/s (right). 

CONCLUSIONS 

The powered aero-gravity-assisted maneuver with the presence of Drag and control in the di-

rection of the Lift force using the bank angle were studied around the planets Venus and Mars, by 

numerical integrations of the equations of motion. The goal was to determine the changes in the 
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orbit of the spacecraft due to the direction of the bank angle. More than 100.000 cases were simu-

lated and presented.  

The results were divided in three sections, i) for 0° < β < 90°; ii) β = 0° and iii) -90° < β < 0°. 

In the case of β = 0°, the Lift is acting in the vertical direction with respect to the plane XY and it 

reduces its influence during the AGAM and the PAGAM. This is observed due to the location of 

the minimum energy variations at the maximum ballistic coefficient for the two approach angles, 

showing a reduction of the energy of the maneuver proportional to the increment of the CB. In the 

PAGAM the energy variations are distributed in horizontal sections because the Lift component is 

orthogonal to the gravitational force, and the energy variations in the PAGAM depends on the 

direction of the impulse. The PAGAM results for an approach angle of 90° are the opposite, com-

pared to the ones obtained for the angle of approach of 270°. 

With the variations of the bank angle, it is possible to observe the influence of the direction of 

the Lift in the AGA and PAGA maneuvers. Implementing this method, it is possible to control the 

energy variations along the trajectory for different applications, changing the inclination, increasing 

the influence of the gravitational and aerodynamic forces and reducing the cost of the mission due 

to the application of the aerodynamic forces instead of propulsion. The reduction of the bank angle 

decreases the influence of the Lift in the plane and, in the case of positive bank angles, it reduces 

the influence of the gravity and drag in the maneuver. For negative values of the bank angle, the 

Lift increases the influence of the swing-by, because it is in the same direction of the gravitational 

force of the planet. It also increases the duration of the atmospheric flight. For an angle of approach 

of 90°, the reduction of β increases the energy losses and, for an approach angle of 270°, it increases 

the energy gains. Results of PAGAM show regions of maximum and minimum variations that are 

symmetric when the bank angle is opposite. The variations in the direction of Lift affect the energy 

variations, changing the maximum and minimum zones according to the bank angle position.      
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