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Magnetohydrodynamic waves excited by a coupling between gravitational
waves and a strongly magnetized plasma in binaries of neutron stars
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Coalescence of binary neutron stars (BNSs) is one of the sources of gravitational waves (GWs) able to be
detected by ground-based interferometric detectors. The event GW170817 was the first observed in the
gravitational and electromagnetic spectra, showing through this joint analysis a certain compatibility with
the models of short gamma-ray bursts (SGRBs) to explain the signature of this system. Due to the intense
magnetic fields of the neutron stars, the plasma magnetosphere stays strongly magnetized and the
propagation of the GW through plasma can excite magnetohydrodynamic (MHD) modes such as Alfvén
and magnetosonic waves. The MHD modes carry energy and momentum through the plasma, suggesting a
mechanism to accelerate the matter during the coalescence of the binaries, explaining some characteristics
of the fireball model of the sGRBs. We present a semianalytical formalism to determine the energy
transferred by the GW-MHD interaction during the inspiral phase of the stars. Using the inferred physical
parameters for GW 170817 and considering that the magnetic fields on the surfaces of the stars are 10% T,
we show that the energy in the plasma can reach maximum value ~10% J (~103? J) for the Alfvén mode
(magnetosonic mode) if the angle formed between the background magnetic field and the GW propagation
direction is @ = /4. Particularly, for & = z/2 only the magnetosonic mode is in coherence with the GWs.
In this case, the excited energy in the plasma reaches maximum value ~103¢ J. If the magnetic field on the
surface of the progenitors of the event GW170817 was ~2 x 10° T then energies comparable to those
inferred for the GRB 170817A could be obtained. In particular, our semianalytical formalism show
consistence with the results obtained by other authors through full general relativistic magnetohydro-

dynamics (GRMHD) simulations.

DOI: 10.1103/PhysRevD.102.043004

I. INTRODUCTION

After the inauguration of a new observational window for
the study of the Universe through the gravitational waves
(GWs) produced by black hole (BH) mergers [1-5], a sign in
GWs of the event GW170817, detected by the LIGO-
VIRGO collaboration, was interpreted as being consistent
with the coalescence of a binary of neutron stars (BNSs) [6].
This detection comes four decades after the seminal
results of [7] who evaluated the orbital decaying of the
PSR B1913 + 16.

The best combination of mass measurement provides the
chirp mass M, = 1.1881”(()):(())8;1 M and a total mass range
~2.73-3.29 M, for GW170817. The masses of the com-
ponents are between 0.86-2.26 M, according to the
masses of known NSs [6].

In addition, a gamma-ray burst, GRB 170817A, was
observed 1.7 s after the coalescing time of GW170817
[8,9]. The combination of the LIGO-VIRGO data allowed
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for a precise positioning within an area of 28 deg? and to a
distance ~40f§4 Mpc [10]. On the other hand, the GRB
170817A was found in the galaxy NGC4993, consistent
with the location and distance given by the GW data [11].

Traditionally, the GRB progenitors are based on the time
domain duration [12]. Some long GRBs (> 2 s) are
associated with Type Ic supernova [13,14]. In its turn,
observations by Swift satellite [15] have revealed that some
short GRBs (¢ < 2 s) are associated with elliptical and small
star-forming galaxies [16]. Additionally, their progenitors
have been associated with mergers of compact objects
[12,17-20]. Similar results were obtained by observations
from Fermi [21-23] and Integral satellites [24].

A part of the energy released by the GRB progenitor is in
the form of highly relativistic jets. These structures can reach
radius ~10"" m producing y-rays which are characterized,
nominally, as prompt emission. At a greater distance, for a
range of ~10'> m, the afterglow, another electromagnetic
counterpart, is produced [25,26]. Despite the extensive study,
the nature of the GRB still remains as an open question [18].

One possibility is that GRBs are produced according to
the so-called “fireball model” [18,27-30], introduced for

© 2020 American Physical Society


https://orcid.org/0000-0002-0109-2483
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevD.102.043004&domain=pdf&date_stamp=2020-08-07
https://doi.org/10.1103/PhysRevD.102.043004
https://doi.org/10.1103/PhysRevD.102.043004
https://doi.org/10.1103/PhysRevD.102.043004
https://doi.org/10.1103/PhysRevD.102.043004

ADAM S. GONTIJO and OSWALDO D. MIRANDA

PHYS. REV. D 102, 043004 (2020)

the first time by [31]. Fireballs are essentially dynamical
objects, whose properties grow up quickly with time. The
GRB itself is produced by the internal dissipation within
the outflow, while the afterglow is produced by the external
shock with the surrounding medium. These models are
based on the assumption that ultrarelativistic outflows are
commonly shock generators. Adding some baryon con-
tamination in the fireball, even a small amount of baryons
(1077-107 M), dragged by the radiative sphere would
eventually carry the energy of the fireball, converting the
initial radiative energy into kinetic energy [18].

The internal shock is in interaction with itself. These
shocks can explain the rapidly varying light curves of the
prompt emission. They occur within a structure composed
by relativistic jets, when the outflow of the central engine
takes successive shells with different Lorentz factors.
Multiple shocks appear when the faster shells outgrow
the slowest shells [32-35], and the fireball shock interacts
with the external environment around the source. This
shock explains the afterglow radiation of several wave-
lengths [36-40]. The models of internal and external
shocks do not depend on the nature of the central source.
It is irrelevant whether the initial energy source is due to the
coalescence of compact objects or to collapses produced by
explosions of super massive stars [41].

The critical issue is related to the problem of particle
acceleration in relativistic shocks. The usual model is the
so-called “diffusive shock acceleration model”. In this
model, the particles are accelerated when they repeatedly
cross a shock [42], and magnetic irregularities confine the
particles near the shock [43—-46]. In the case of GRBs, the
shocks are relativistic and particle acceleration becomes a
more complicated process. Diffuse shock acceleration can
not be applied because the propagation of the accelerated
particles, close to the shock, can not be described as spatial
diffusion [47-53].

Magnetic fields are the natural way of transmitting the
energy of the central object with a small contribution of
baryons. In an ideal magnetohydrodynamic (MHD)
plasma, this can be considered as magnetic energy carrying
by the outflow of the central object [54]. This model is
dominated by the Poynting flux, without internal shocks.

Despite instabilities, the magnetic energy in the flux can
be converted into kinetic energy from plasma, then into
heat or radiation. Depending on the velocity of this energy
dissipation, the energy conversion may occur near the
central object or outside the photosphere, if the dissipation
is slow. At the same time, the dissipation of the magnetic
energy reduces the total pressure, and the pressure gradient
accelerates the flow out. As a result, a central magnetic
mechanism can provide both acceleration and dissipation
outside the photosphere as required for an efficient prompt
radiation [54].

There are questions for which the internal fireball shock
model does not provide satisfactory answers [54-58].

An alternative model called electromagnetic model
(EMM) was proposed. In this model, the energy of a
dominant Poynting flux is dissipated directly into particles
through plasma instabilities. Although the Poynting
flux is generally most directly observable, this electromag-
netic energy can be transferred to kinetic energy of the
plasma, which will radiate through different processes [59].
Scenarios with dominant Poynting flux require a
strong magnetic field (>10"> G) and large rotation rate
(Q ~10* s7!) [60]. These characteristics can be found
when a NS merger forms an accretion torus around a
BH and in newborn magnetars [59,61-64].

The presence of charged matter and high magnetic fields
suggests the participation of Alfvén and magnetosonic
waves [65] as an important mechanism for particle accel-
eration, as well as processes involving magnetic reconnec-
tion [66]. Given the high temperatures reached by the
matter in the fireball [67], associated with intense magnetic
fields, the magnetohydrodynamics (MHD) waves are
produced during the coalescence of the compact binary
systems, while they release gravitational waves [68].

The MHD waves can transport energy and momentum
through the plasma. They depend on the characteristics of
the system, such as magnetic field, local density, and also of
the gravitational radiation. This would suggest that MHD
waves may be a possible mechanism for accelerating matter
to high Lorentz factors.

In a vacuum (flat) space-time, GWs and electromagnetic
waves (EMWs) do not interact. However, the GWs and
EMWSs can couple on a curved background. In particular,
[69] finds low values for the transfer of electromagnetic
energy to gravitational energy and being proportional to
G/(nc*)B?RT ~ 1077, The authors obtain that result for a
light-ray travel time 7 ~ 107 years and considering a
constant interstellar magnetic field ~107> G over a scale
~10 light years.

The EMW traveling through a static electromagnetic
field can be excited by GWs with the same frequency and
wave vector. The efficiency of the process depends upon
the square of the field as well as on the square of its linear
dimension [70]. In a space with a stationary magnetic field,
[71] verified that hB, is the source of the electromagnetic
radiation, where £ is the GW amplitude that modifies the
metric and, as a result, it produces stretch and compression
of the lines of By.

The GW-EMW interaction has also been studied in [72].
In this case, the interaction results from the decay of a
graviton with energy 7w, into a photon with energy Am,;
plus a plasmon with energy #w,, such that the growth rate
of the plasma waves is given by (kywy/ ko, )*@ @, /4|h|*
(considering i, = 0).

In [73], the authors derived the dispersion relations
governing the coupling between GWs and EMWs and that
propagate in the parallel and perpendicular directions to
the background magnetic field. Waves propagating at an
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arbitrary angle with the magnetic field were not considered.
The authors found that the GW-EMW coupling is related to
the fact that anisotropic perturbations of the distribution
function induce drifts in the electrons and ions, which in
turn generate an electric current.

Therefore, the GW-EMW interaction is mainly related
with the generation of electric currents in the plasma
due to the perturbations in the trajectories of the charged
particles by the passage of the GW through the medium
[74]. The GW propagation along the direction of the
background magnetic field does not generate currents in
the plasma [73,74].

Although the interaction of the GWs with the matter be
weak, the GW-EMW coupling can be altered by the
presence of a strongly magnetized plasma. In particular,
the GW can interact with the EMW producing excitations
in the plasma, that is, Alfvén and magnetosonic waves.
High frequency GWs produced by the NSs merger propa-
gate through the magnetosphere of the system, interacting
with the electromagnetic fields coupled with matter. This
interaction (or coupling) can excite MHD waves, generat-
ing higher harmonics, such as electromagnetic radiation in
the radio frequency band [75,76].

On the other hand, [77] showed that a GW generated by a
magnetar might well be the source of the energy released in
a giant flare and may be even in a short GRB, through the
absorption by the plasma of the GW energy. The authors
assumed a NS magnetic field B ~ 10'® G, background
density ~107'% gcm™, an adiabatic index I = 4/3, and
GW frequency reaching ~5 kHz.

The GW-EMW coupling is more efficient if the waves
are in coherence, i.e., if the frequencies satisfy some
matching conditions and the relative wave phase remains
unaltered for a long time [78]. In fact, this is a resonant
condition [65,74,79]. Coherent interaction only requires
that the frequencies coincide and that they have identical
phase velocity. According to [78], considering GW-EMW
interaction in a “medium”, the occurrence of such reso-
nances is more rare because the GW velocity is equal to the
light speed, but the velocity of a MHD wave depends on the
Alfvén velocity. Thus, it decreases with the mechanical
pressure and increases with the magnetic pressure.

The condition for coherence to occur can be established
in strongly magnetized plasmas with pressure p and
magnetic field B if 2u,p/B?> < 1. In this paper, we study
the interaction between GWs and EMWs in a strongly
magnetized plasma, modeled by the general relativistic
magnetohydrodynamics (GRMHD) equations before
merger, and considering the magnetosphere density propor-
tional to the Goldreich-Julian corotation density [80].
When the GW and EMW frequencies are very close, the
electromagnetic energy reaches high values.

In particular, our aim is to present the set of
GRMHD equations describing the interaction of GWs with
the magnetosphere of NSs. This interaction produces

EMWs in the magnetized plasma during the binary inspiral
phase.

We present a semianalytical formulation to describe the
interaction of the +, x-polarizations with the MHD wave
modes. From this coupling, energy can be transferred from
GWs to EMWs. Additionally, we have shown that the
so-called magnetosonic mode, satisfying the coherence
condition between GWs and EMWs, could reach energies
close to those inferred for GW170817. We discuss what
parameters and physical conditions could contribute to
this.

The paper is organized as follows. In Sec. II, we present
the linearized general relativity (GR) equations and the
wave solution for the inspiral of compact binaries. The
current densities that are generated by the GWs are
presented with the linearized Maxwell equations, using
the 1 4 3 orthonormal frame (ONF) formalism. Moreover,
we show that the approximation of ideal MHD theory
remains valid during the coalescence of the binary system.
In Sec. III, we demonstrate by the closed GRMHD set
equations how the interaction between the plasma and the
GWs happens. With the dispersion relation derived by
the Fourier Transform (FT), we show how to obtain the
solutions for the equations that describe the coupling of
the + and xGW polarizations with the EMWs using the
comovel system. For the sake of completeness, we also
present these solutions in the rest frame. In Sec. IV, we
discuss how much energy can be associated with these
processes and we apply our formalism in two examples, the
simulation developed by [64] and the source GW170817.
In Sec. V, we study the refractive index of these systems.
The Poynting vector of the MHD waves is discussed in
Sec. VI. Finally, our results are summarized and further
discussed in Sec. VII, where we also discuss the relevance
of our formalism for studies involving sGRBs.

II. GENERAL RELATIVISTIC
MAGNETOHYDRODYNAMICS EQUATIONS

A. Gravitational waves

The GWs are described as ripples that propagate with
speed of light on the space-time. Their solutions can be
obtained from Einstein’s field equations [81]. The deriva-
tion of the wave equation solutions can be simplified,
neglecting, in large scale, the curved structure of space-time
by the distribution of matter, e.g., GWs of either astro-
nomical objects with intense gravitational fields or cata-
strophic events can be calculated far from source, as weak
ripples on the flat background [82].

Einstein’s full equations, Eq. (1), depend on the space-
time metric tensor (g,,,) and the momentum-energy tensor
(T ,p)- The first one results in the Ricci tensor (R,,) and
scalar curvature (R), configuring in the geometric part of
Einstein’s field equations. Last, it is responsible for
curvature of space-time defined by the metric g,, [83].
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G and c are the gravitational constant and speed of light,
respectively.

1 872G
Rab - igabR =z Tab' (1)
C

In the linearized theory, the metric tensor of the per-
turbed space-time differs from the Minkowski (flat) metric.
The metric g,;, usually splits as g,, = 14, + hap, With
|hap| < 1 [84] and n,, = (—1,1,1,1). With negligible
second order terms in k., and the conservation of
energy-momentum (9,7, = 0), the field equations reduce
to the set of nonlinear equations [85]

162G

s T p. (2)

D}_lab = -

The general solution of Eq. (2) is given by Green
functions, applying the transverse traceless (TT) gauge.
The system stays in the comoving frame and the £, tensor
is projected on the perpendicular wave propagation direc-
tion [86]. The perturbation /., does not “compress” nor
“stretch” the space-time elements, but induces a “strain”,
keeping its volume.

Therefore, the GWs are purely transverse with two
polarization modes: A, and h,. These modes differ by
7 /4 rotation around the propagation axis, which satisfies the
quadruple nature of the gravitational field [83,87]. In general,
the GW is the superposition of these two polarizations.

After a multipole expansion and for a distant observer,
the perturbation /,;, can be written in terms of quadrupole
momentum tensor that depends on the matter density. Thus,
the gravitational emission is not isotropic and the sym-
metric motions of the system do not emit any gravitational
radiation. The amplitude 4/; in terms of the quadrupole

momentum tensor is

R 2G ..
h,f/f(t,r):r—cét W (t=r/c), 3)

where

0% (1) = / p(1,7) <xaxﬂ—%r25aﬂ)d3x. (4)

For a binary system before coalescence, with masses n1;
and m, and orbital displacement in the plane x-y, the
equations of motion are harmonic oscillations, and they are
given by

xo = R cos(wyt + 7/2), (5a)
Yo = Rsen(w,t + n/2), (5b)
z0 = 0. (5(;)

Initially, the loss of energy of the system due to the GWs
can be neglected. Thus, in the Newtonian approach, the
system becomes as the one-body with equal-mass case where
the reduced mass is ¢ = m;m,/(m; + m,). The Newtonian
orbital frequency is given by w? = G(m, + m,)/R>, where
R is the orbital radius [88]. From these conditions, it is
possible to calculate the quadrupole momentum tensor,
Eq. (4), hence, the perturbation 4, for a binary system.
The GW amplitude, in the Fourier space, released by the
binary system in the inspiral phase is given by [88]

e (GMN\% 1 [1+4cos’
h+(fGW)_Aelw+(fGW>_< 3 ) 7/6< >’ (63)

r\ c w 2
4 c (GM\5/% 1
hy(fow) = Ae~fow) . < . ) — 76 C08°L, (6b)
¢ GW

where the chirp mass is M, = (mym,)3>/(m; + m,)'/5,

A =7a2B3(5/24)"2,w_ (fow),andw (fGw) are the phases
of +, x given by

3 ~5/3

v (fow) = 2xfwleoa — P — % +t3 <GCA;IC 8”fGW> .
(7)

v (fow) = wi(fow) +7/2. (8)

Equations (6a) and (6b) are the spectral amplitude
densities. They have units of amplitude intensity over
frequency.

The GW frequency increases with time (¢) until the
system reaches the merger at 7.,. In terms of the parameter
T = teoa — I, We have

L5 1\¥8 (GM, -5/
wa(T)—;<ﬁ;> < e > ; )

The GW frequency depends on the chirp mass (M) of
the binary system, the distance from the observer (r) and
the 1 angle with the normal of the orbital system. While the
system coalesces, the orbital radius decreases with the time
T as

R(z) = R, (l> " (10)

70

where R, is the initial orbital radius at #,, thereby
70 = Leoal — fo-

With the equations for fgw and R, Egs. (9) and (10),
respectively, the orbital velocity of the stars in terms of the
GW frequency is
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v = [7G(m; + my)] P f - (11)

When the stars are very close, the gravitational field is
strong and so there are important consequences on the
dynamics of the binary system. In fact, there is a minimum
distance between the stars able of keeping the orbit
circularly stable [89]. It is called inner-most stable circular
orbit (ISCO). On Schwarzschild coordinates, we have

6Gm
Rsco) = 2 (12)

where m = m; + m,.

Therefore, the adiabatic inspiral phase occurs at dis-
tances R 2 R(jsco)- Close to Rsco), the dynamics are
dominated by strong field effects and the two stars plunge
toward each other. The inspiral phase ends when the merger
begins. The GW frequency at the ISCO is

1 3
fGW(Isco) = 3\/6 272Gm . (13)

The emission of GWs removes energy from the system.
In this way, R must decrease with time while the fgw
increases. The power radiation is then

32¢° (GM zfgw\ 193

P=——|—"=5—" . 14

5G < 3 (14)

In Newtonian formalism, the total energy released is
given by

T
AE Nﬁ(GMc)S/B(fGW ))2/3- (15)

(ISCO

Considering the system GWI170817 with total mass
m = 2.73 M, chirp mass M. = 1.188 M, the frequency
IS fowgeo & 1.61 kHz, and Rsco) ~2.42 x 10* m. The

power radiation evolves like P ~ 7.49 x 10° f(]}%S and the

energy released is about AE.q ~ 1.01 x 10% J. In these
conditions, Eq. (11) produces f = v/c~0.406 in the
inner-most stable circular orbit.

B. Electromagnetic fields

We want to see how the GWs induce small perturbations
in the plasma around the stars that form the binary system.
The plasma is in the space-time described by the metric
Gab = Nap + Nap- Moreover, the plasma proprieties are
averages over the fluid elements [90,91]. In the MHD
formalism, the equations describing the magnetized plasma
come from the fluid and electromagnetic equations. We
work with the Gaussian units with ¢ = 1 (explicitly shown
otherwise, for convenience).

The Maxwell’s equations in terms of the electromagnetic
field tensors F¢* (Maxwell tensor), its dual §°, and the

-,

4-current density, j* = (p, j), are given by [92]

V,Fb = 4gja, (16a)

V, g% = 0. (16b)

In the 3 + 1 formalism [93], the Maxwell equations can
be described in the comovel frame, whereas the vector
basis of orthonormal tetrad is written in terms of the GW
amplitude [75]

0
5,0,0,0

N—

ey = (O, 0. O’a%)’ (17)

—1 0 0

(18)

—_
+
=

+
=
X
- O O O

The linearized Maxwell equations coupled to the gravi-
tational perturbations, in the specified tetrad, are [76]

VXE(I)—FT:—M ,
V x B! —%:)—47/7}(1)4—721),
v.EWD = 47p(),
v.-BY =o. (19)

In the plasma rest frame and considering a collisionless
plasma with no dissipative effects and conductivity ¢ — oo,
then the electric field (E(O)), the plasma velocity (7)), the
current density (7(0)), and the charged matter density (p?))
all disappear.

We take the covariant derivative V. F% =9, F +
I, .F® +1° ,F% [87] and we disregard terms of order
two or higher (O(h%,)~0). Here, the superscript (0)
corresponds to the background variables and the notation
(1) corresponds to the perturbed variables.

The current densities induced “gravitationally”, 73 and

fE in Eq. (19), are calculated by
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h
0) +
BY 9
W =- ol | (20a)
0
(0) x
-1 By’ 0
i =5 | (20b)
0

-,

We note that in [76], the expression JSEU has a different
signal from that obtained here. However, the physical
interpretation of this parameter obtained by [76] is the
same as that obtained here. The effect of the GWs is to
induce small perturbations in all quantities of the plasma.
Therefore, all equations are linearized around the unper-
turbed state. Important to note that the functions %, , (z, 1)
are general, their waveforms depend on the source of
gravitational radiation.

C. Plasma equations

In the ideal MHD formalism, the plasma is described as a
unique fluid, collisionless, without viscosity (and so the
pressure tensor P = pl, where [ is the identity matrix), and

no heat dissipation (that is, the heat flux é = 0) [90].

The gravitational terms are conservative, besides they are
neglected in comparison with the electromagnetic terms.
Without dissipative effects, the resistivity of the plasma is
insignificant (i.e., the conductivity ¢ — o0). For a plasma
with infinite conductivity, the particles quickly restore
the neutrality condition causing the charge p(7,1) and
the current (7) densities to disappear [91]. Therefore, the
system is adiabatic and the energy conservation condition
produces

PO = k()T (21)

where T is the polytropic index (4/5 <T" <5/3).

By the first law of thermodynamics dU = dQ — pdV
[94], where U is the internal energy per unit mass, p is the
plasma pressure, and V is the specific volume per unit mass
(V. =1/p,,). With Eq. (21), the internal energy is

ot (22)

Hence, the total relativistic energy-matter of the plasma
with respect to the 4-velocity is given by (the speed of light
¢ is shown for convenience)

(0) 2 0 © 2, PY

The relativistic enthalpy (with unit Nm~=2) is given by
[54,94]

such that 4(¥) and p'? are considered mechanical pressures.
Combining Egs. (21), (23), and (24), the proper relativ-
istic sound velocity can be calculated by

B rp©
2=2L 2P (25)
3/1 ad W(O>
The pressure gradient can be written as Vp!) = ¢2V(1),

The enthalpy, in Eq. (24), results in the matter density u(%),
when the plasma pressure is neglected or when the plasma
is in the cold plasma approximation.

The conservation of energy-momentum is determined by

VT =V, [(ﬂ + pJuu’ + pg

1 1
— (Fe P — —FF )| (2
+ 4r ( c 4r cd>:| ( 6)

The conservation of matter density in the rest frame is

(1)
a’% + o0V .50 = 0. (27)

In the comoving frame, the electric field (EO), the

velocity of the plasma (7(?)), and the current density (7<0>)
disappear. Therefore, the conservation equation for the
energy-matter density, when the terms of higher order are
negligible, is given by

ap
ot

+TpOV. 31 = 0. (28)

In the nonrelativistic limit when the internal energy is
negligible with respect to the rest-mass energy (p < u),
Eq. (28) reduces to Eq. (27).

The momentum conservation equation in the comovel
frame can be determined by

o) .

©® + p©) x B9 (29)

To complete the set of equations describing the electro-
magnetic field in the ideal MHD approximation, it is
necessary to calculate the Ohm law. That is,

m, 8;_ 1 ) >, = 1 = 1—3

n,e’ot nye n,e

Considering the very conductive plasma (¢ — o), the
quasineutrality condition (E =7 = p© =), colli-
sionless plasma, and without Joule effect (7 -E = 0), then
the Hall effect (; X E) and the 87/ Ot terms disappear in the
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generalized Ohm’s Law. Thus, as in the comoving frame

the plasma velocity is 7(®) = 0, we can write the general-
ized Ohm’s law as

EY = 3 x BO. (31)

Thereby, we have the closed set of the variables describing
the strongly magnetized plasma, in the ideal MHD theory,
and that is interacting with the GWs emitted by BNSs.

III. COUPLING GWS TO EMWS

A. GRMHD equations
The set of partial differential equations for the 16 variables
Ba E’ jv pm7 57 ﬂ, ,07 p_EqS' (19)’ (21)’ (27)’ (28)’ (29)’
(31)—describing the relativistic and strongly magnetized
MHD plasma that is coupled to the GWs generated by the

evolving binary system, in a Gaussian system with ¢ = 1, is
[68,76]

- 0BV
Vx EV == ), (32)
= aE(1> = —
V- EW = 47501, (34)
v-BY =0, (35)
op)
gt +TpOV. 50 =0, (36)
aply B}
gt +on'V -7 =0, (38)
(ﬂ(o) _|_p(0)) T —l—Vp(l) _ ](1) % B(O), (39)
EY = 30 x B, (40)

where the gravitationally induced current densities are

h
B0 h+ 41
B - 2 E X > ( )
(0) x
| B, 0
i =g | he |- (42)

The matter density and relativistic enthalpy are, respec-
tively,

(0)
© — 0 P 43
H pm + r—1° ( )

B. Dispersion relation

The differential equations are calculated for the strongly
magnetized plasma with background magnetic field
B (x, z), oriented in the x-z plane and forming a & angle
with the z-axis. The GW amplitudes £, , (z, ) propagate
along the z-axis (see Fig. 1).

We are interested in the scenario where the GWs and the
MHD waves are in coherence, i.e., when they have the
same propagation direction, frequency, and the phase
difference remains constant. This means that they must
have very close phase velocities. In this way, the waves may
interact through constructive or destructive interference and
so they can exchange energy.

Taking the second time derivative of Eq (39), eliminat-
ing p(!) by the use of Eq. (36) and B with the aid of
Egs. (32)—(33), then using Eq. (34) to eliminate E(l), after
that using the expressions for ;g) and 75;), we can obtain
the plasma perturbation wave equation in terms of the

velocity #(!)(z, 1) of the perturbations. That is,
? L0

(az umvv> [uAﬁ_
= (ity - V)0 ity (i1, - V)(V-7)

1 a0y _ 9 2
+wm%{wAJB>aoExm>

(gA-vw] .,

@mwﬁﬂ
(43)

where the relativistic Alfvén velocities for a noncompres-
sional (shear Alfvén) wave, u,, and for a magnetoacoustic
wave, u,, (with magnetic enthalpy, that corresponds
to mechanical and magnetic pressures, @, = w(®+

|l§(0)|2 /(4r)), are, respectively, defined as

Zu

A —,

k Gw BO

»

X

FIG. 1. The background magnetic field forms the 8 angle with
the GW vector that is in the z-direction. There is no loss of
generality with this choice.
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p0))2
2 — M 46
“a 47w (46)
Fp(O) ‘§(0)|2
2 — —_— 47
o Wit N A,y ( )

Equation (45) is calculated algebraically in the Fourier
space. By applying the Fourier transform with respect to
time and spatial parts, where w and k are the frequency and
|

the wave vector of the MHD modes, respectively, and using
the following definitions:

B = B 4+ Bz, (48)
ITtA = MAL'% + MAHQ, (49)

0z 0) = oz 03+ o\ (2. 05 + vV (2, 0z, (50)

we can obtain the dispersion relation

(1 —uj ) = Kuj 0 —(0? = k) uyuqy ugphs
—(@® — K*)upuqy 0 @?(1 - uiH) —k*(u2, - ufw) —upih

Equation (51) can be represented as D3l!) = J<Gl\>;v The
left side is purely magnetohydrodynamics. It describes the
behavior of the plasma through the Alfvén and magneto-
sonic modes. The right side is purely gravitational and
this term excites the plasma parameters and its respective
modes.

The amplitudes /4, , on the Fourier space are the source
terms and they depend on the evolutionary stage of the
binary system. In [76], it was used an impulse function as
8(0 — ogw) « F{h, e} (w) to consider only the
instant immediately before the merger. In [68], it was used a
waveform that reproduces the inspiral phase until instants
before the merger as represented by Eqs. (6a)—(6b).

The homogeneous solution of Eq. (51) is obtained when
the gravitational source is turned off (4, , = 0). Thus, it is
necessary to calculate the determinant of the D~'-matrix,
where

wz(uf\H_U_kz(u'zn_”,z\H) O (wz—kz)u,\HuAL
1
D! = 0 DI 0

All

o* (1%, ) -k’

(0 =k uyuy Al
A

(52)

Denominating the determinant of D~! as A(w, k), we
have

A, k) = uj ik + o?[(uz, — Dy, + u3 uz]k?

—o*(uf - 1), (53)

or in terms of the eigenvalues

Ak, ) = (1 = u3)(0* = Ku3) (0 = Kuz).  (54)
The homogeneous solutions are

w = :l:kAuAH’ (55)

1Ko
w= ‘
V2
The auxiliary parameter ¢(6) in Eq. (56) is given by

2 2 -2
“a s 2 A
e \eterg) o O

u2
<uﬁ1+czl_%> 1+/(1-0). (56)
Uy

c(0) = 4c?

where our expression differs by the factor 1/(1 —u3) of
that obtained by [76].

As expected, the perturbations produce shear Alfvén
waves (AW) and compressional magnetosonic waves
(MSW). The solutions given in Egs. (55) and (56) represent
6 equations describing the excitation modes of the plasma.
The negative sign inside the square root of Eq. (56) refers to
the slow MSW with phase velocity u, = w/k,. The positive
sign refers to the fast MSW with phase velocity uy = w/k;.
The equations for u; and u, are represented by

2 ! (1 = m) (58)

u C
N Vo

Seeing that the D~!-matrix is inverse, the solutions
for the nonhomogeneous linear system are given by
v = (D7 Tgw )

We can see that the AW mode is excited by GW
polarization h,, while the MSW mode couples to the
GW polarization &, .
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C. Comoving frame

The equations presented above are written in the proper
frame. Hence, the results obtained are related to the frames
moving with the plasma velocity around of the compact
binary. Considering the plasma frozen in the magnetic
field lines, the plasma velocity is the same of the stars, as
represented in Eq. (11).

1. Alfvén waves

The Dy‘y1 component couples to the x-polarization and

excites Alfvén waves (AWs). Calculating v, = D;)}JS‘ZVW

with D! from Eq. (52), we have

UpUa,

0 (k. w) = ~h, (0Gw) wk.  (59)

2 2.2
w-—k“u
A

The perturbed velocity is along the y-axis, perpendicular
to the background magnetic field of the binary system

(v\") L B'Y)). This defines the Alfvén velocity and its direction
as vﬁl)J_lz 4. The velocity propagation of the Alfvén wave is
high when the background magnetic field is parallel to
the z-axis and, considering the phase velocity, we have
Cl)/kA = MAH = Uy cos 6.

The velocity v, (k, w) depends explicitly on the polari-
zation state h, (wgw) and on the MHD wave frequency.
The perturbed magnetic field (By)), perturbed electric

fields (Egl) and E)((U) and other plasma quantities (j,g),

i and p(V) are calculated by

EEI)(k, ) _ E)(Cl)(k, o)

— 50 30 =—vy’ (k, w), (60a)
O @+ Kul
(1) o B A
Bk, w) = =V (k . (60b
v (k) = —vy( ,w>uAHuAL Y (60b)
. ]_u2
(1) i Aj (1)
X ) :__7E)C ) )
Jx’ (k@) rE) (k, w) (60c)
Dk, @) =L ED (k, o), (60d)
4x
ik
P (k, w) = i—EED(k, ). (60e)
JT

The directions of the perturbed electromagnetic fields
and other physical parameters are shown in Fig. 2. The
interaction is more efficient when the wave number (k4) of
the AW is parallel to the wave number (kgyw) of the GWs, or
when the background magnetic field is parallel to the GW
direction, that corresponds to 6 — 0. In this case, the
Alfvén phase velocity is maximum while the z-component

7 A

ED
B©® E:" A
- A
kGW
0
V)
O
%
T Yo gm
ED B

X y

FIG. 2. The background magnetic field is in the x-z plane and
does the 6 angle with the GW direction. The polarization £,
excites the plasma, producing oscillations in the electromagnetic
fields (Egl), E)((l) and Bﬁ,l)). The oscillations produce shear in the
magnetic field lines; this is the Alfvén mode [91].

of the electric field (Egl)) and the magnetic field B’E‘l)
become both null. This result is expected and it was also
obtained in studies developed by [73,74].

Because the AW is not compressional, it does not

produce perturbations in the pressure p(® and matter

density pﬁ,?).

p and pﬁ,}). On the other hand, the Alfvén waves change

the neutrality state of the plasma and so producing current
densities, jS}’ and jgl), which are modified as the coales-
cence evolves. Moreover, the AW produces shear in the

background magnetic field lines. See also, using Eq. (60b)

that the perturbed field lines are perpendicular to BY

during the oscillation, [91].

Therefore, it makes no sense to calculate

2. Magnetoacoustic waves
It is expected that the 4, and h, excite slow and fast
MSW in the plasma. Using v, =Dyl J (G!‘),V +D3M gavu and
v. = Dzl 8&, +DZlJ gv)v to calculate the other velocity
components, we have

hy (wgw)w’ku?
) - +(wew A
(2 (k, CO) = (0)2 — kzu%)(a)z _ kéuz) s (61)
(1 v, (k. ) ik
X ks -— = - ) 62
v (ko) tan 0 o*(1 —uf) (62)
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where tan 6 = u, /u A by definition of the Alfvén velocity.

We observe that Eq. (62) differs by a factor 1/(1 —u3)
from that obtained by [76].

The perturbed plasma velocities for the MSW, Egs. (61)
and (62) are parallel to the background magnetic field
(v x ||B )). The GW polarization h. is modified as the
coalescence evolves, and, as a consequence, it perturbs the
plasma velocity and induces oscillations in the x-z plane.
By the condition expressed through Eq. (35), the pertur-
bation of the magnetic field is orthogonal to the direction of

the plasma oscillations. The perturbed magnetic field B)(Cl) is

= oY (@, k) sin0 — v\" (@, k) cos 6
(1)

) l—uﬁvx (w, k)
w+k u}

cosd (63)

The MSW is an electromagnetic and compressional
wave because B is in the plane of the background
magnetic field. The density of the magnetic field lines
increases with the wave propagation, and, considering that
the charged matter is frozen in these lines, we see as a result
the increase in both pressure and matter density. The

perturbed electrlc field (E ) the perturbed mechamcal

pressure (p!!
calculated as

) and p(V), and the current density (j ]y ) are

PV (k, @) = grpw) vW(w, k), (64a)
u (k, ) = p;; , (64b)
EV (k,0) = =0 (0, k)BY + v\ (0. k)BY,  (64c)
Wik ey = —— 12 TP o oo, k), (64d)

B cosd c?

since that I" is the adiabatic polytropic index and, remem-
bering when necessary, uju; = (czuiu)/[(l —u%)] and
Ui+ ui = g, + ¢ uAH/(l —u?).

The directions of the perturbed electromagnetic fields

and other physical parameters are shown in Fig. 3. The
GW-MSW interaction is more efficient when 6 — /2, this

is because of vgl) and B)(Cl) being dependent on sin&. The
MSW phase velocity is calculated by Eq. (56). Usually,
¢y < ¢ and the parameter ¢ — 0 in Eq. (57).

The slow MSW phase velocity is null [see Eq. (56)] and,
independent of 6 value, the fast MSW phase velocity
produces uy — uy. If u, in the strongly magnetized plasma
reaches the value of ¢, then the fast MSW and the GW can

Z A
. v
B(O) N F

FIG. 3. The background magnetic field is on the x-z plane and
making a 6 angle with the GW direction. The polarization 4
excites the plasma, producing oscillations in the electromagnetic
fields (E;l) and B)(Cl)). The oscillations produce compression of
the magnetic field lines. This is the magnetoacoustic mode [91].

be in coherence, and so it would be possible to transfer
a large quantity of energy from the GWs to the plasma.
The constraint on_ the coherence, of the waves is pre-
served because V- B =0 and kf U, = 0. Thus, the
fast MSW is 1ncompress1ble and it is able to maintain
coherence with the GW (see, e.g., [95]). See that for § = 0°,

we have vgl) = v&l) = 0 and, hence, B)(cl) =0.

The charged matter density is absent in the set of
perturbed quantities shown in Egs. (64), because it is not
perturbed by the propagation of the magnetoacoustic wave.

D. Rest frame

The equations obtained in the last section are in the
comoving frame. However, we must consider the rest
energy of the stars when we calculate the energy stored
in the plasma by GWs generated through the evolution of
the binary system. To do this, we need to apply the Lorentz
transformation in order to place the equations in the
laboratory frame. Consider that the relativistic wind flows
in the z-direction (in fact, there is no difference if we choose
another direction for the boost).

The Lorentz factor is given by y = 1/(1 — %)'/? while
the § parameter can be calculated by adding two compo-
nents. The first component is the velocity of the plasma that
is distributed around the NS binary [see Eq. (11)]. The
second component is the perturbed velocity y§‘> obtained
through interaction with the GWs [see Eq. (61)]. The
plasma is frozen in the magnetic field lines, consequently,
the plasma velocity has the same velocity as the stars that
move in the binary system.
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The perturbed variables are in the frequency domain and
so we can proceed in two ways: either the Lorentz trans-
formation is directly applied for the variables in the
frequency domain or the parameters of the plasma are
converted for the time domain by the Inverse Fourier
Transform (IFT) and we apply the Lorentz transformation
for returning to the frequency domain. This paper follows
the last one; thereby, the interpretation of the variables in
the time domain is easier than the first case.

The MHD phase velocities transform like wuy =
s, /[r(1 _ﬂ”AH)]’ ”AH (”AH p)/(1 _ﬂ”AH)’ uy =
(uf _ﬁ)/(l _ﬁuf) and us - ( s ﬁ)/(l _ﬂus)' From
now on, the quantities in the comoving frame are repre-
sented with prime (’). The boosted velocities associated
with the plasma perturbations are given by v’ = y?v.
and v}, R yv, .

The Lorentz transformations for the electromagnetic

ﬁelc/ls are given ‘/by E, = y(E,; + ﬂB/’y), E, =
7(Ey _ﬂBx)9 E, =E, B, = y(Bx _ﬁEy)’ By =
y(By+ pPE,), and B, =B.. For an ultrarelativistic

plasma, we have f — 1. Thus, the Lorentz transformation

produces B, ~ E, and B, = E,. Thereby, the electromag-

netic energy integral f(|B£1>|2/(2/40) +2EV 2eg)dPh ~
1 1 1

[21BY 2/ uo)dk or [(1BY 2/ (2u0) + 2| EY Peg)dk ~

21 P/ o).

In the rest frame, the background magnetic field is
rewritten as B = (yB)(C())/, 0, BE‘”’). Thus, in the laboratory
frame, in addition to the poloidal component for the
magnetic field, the toroidal component also appears. A
part of this behavior can be seen in the simulations
developed by [64,96].

Note that the background electric field does not Vanlsh in
the laboratory frame and it has value E©) = (0, ﬁyB( 0).
The charge and current densities are boosted in the
z-direction. They are determined by p(!) zy(p(l)/—l—ﬂjgl)/),
A= r gV 4 1, = Y, and 1P = AV Close
to the merger and in the ultrarelativistic regime (5 — 1), we

have p(V) (k, w) ~ ]§'>(k,a)).

1. Relativistic Alfvén waves

For the Alfvén mode, the velocity of the perturbation
coupled with the GWs in the rest frame is given by

hy(owgw) @uy, @+ Ky

(1)
(k, = .
Vy ( w) 27/2 (1 _ﬂ”AH)w _ kz”AH

(65)

See that Ugl)(k, ®) remains in the same y-direction and
that it depends on the velocity of the stars and Alfvén
phase velocity due to the term (1 — $?)/(1 — Pua,/c) (with
¢ explicitly placed in the expression).

For 6 — 0, the perturbed velocity in the rest frame
returns to the expression of the comovel frame.

However, the perturbed magnetic field decreases, see

Eq. (66) below, with this coherence condition. In general,

for other 6 values, we have (1 —f%)/(1 —Buy,/c) < 1.
The component of the perturbed magnetic field stays

BY = (0,B{",0) and B{" is given by

hx(wGW)B)(cO) o’ + kzuiu
2(1 = Puy,) o - kzu%” ’

By (k,w) = (66)

The components of the perturbed electric field stay

EW = (E,((U, 0, Eél)) where the expressions for E)(Clz) are

(k ) = }/ZB (k o), (67a)

EV (k,w) = y[pB" —yBOvV (k, w)].  (67b)

Note that during the binary coalescence, the components
of the electric field increase, on turn, the current densities in
these directions also increase, mainly, the perturbed electric

field and current density associated to the x-components.

The charge p(!) and current densities jgl) and jil)

respectively, by

are given,

) i}’2 Egl) 5
p(k w) = Em (g, (k + po) = p(kuj + po)]
(68a)
W, it EY ,
i (ko) = dnuy — P (g, (Pk + w) — p(Pkuy + )]
(68b)
. 2
(o) = —iwy? {(1 — Pua,) _ 1}
i (k) 4 (MAH -p)?
x [EY (k. o) = pB (k, w))]. (68¢)

The directions of the perturbed electromagnetic field
components remain the same as shown in Fig. 2. The
y-component of the background electric field appears

due to the boost. It was added to the term Bgyl)’ in the
x-component of the perturbed electric field according to
Eq. (67b). For § — 0, Egs. (66), (67), and (68) return to
those written in the proper frame.

Note that the perturbed magnetic field has maximum
value when 0 = z/2 and the other plasma parameters also
increases with sin(0). On the other hand, the Alfvén phase
velocity increases with cos(6). Close to the merger, the
plasma is ultrarelativistic, i.e., uy — 1 (¢ = 1). This coher-
ence condition is established if 8 — 0.
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However, in this condition, the perturbed plasma param-
eters become small and this causes the associated energy to
reach low values, even with the increase in the frequency
and amplitude of the GWs.

The Alfvén wave mode is not the more efficient MHD
mode to interact with the GWs, considering that GW phase

velocity remains near to the speed of light when crossing
the region where the plasma is distributed [78].

2. Relativistic magnetosonic waves

For the magnetoacoustic mode, the perturbed velocities
coupled to the GWs are

" hy a)uf‘L (1= Pug)(1 = Buy) S uck(1 = puy) + w(uy — p)
Hlk0) = 27 (1= Pua, ) (g — ug) [(ug + ug)(1+ ) = 2B(1 + usu))] { M=f S){ w* = Kuj
—u,(1 - puy) u,k(1 _sz;;(”s_ﬁ)]}’ (69a)
U(l)(k )__hinAL(uAu_ﬂ)C% (l_ﬂ”f)z(l_ﬁ”s)z { 1_ﬂ”s u [”sk(l_ﬁus)+w(us_ﬁ)]
RO =TT Gy ) T -2 T )] e —pP -k
1=puy upk(1=pug) + o(uy

(up-p)? o

2_12.2
a)—kuf

where tané”—uA ’/uAH
(1-up)/lF*(1 —ﬂuAH) J

At this pomt we need to be more careful because the
magnetic Bi) field component is the biggest and several
steps are needed to obtain the final equation. First, the
boosted expression is B, = y[B," — BE,’]| and the right side
terms are given by

MAL/[V(MA” —p)] and 1 —uy

EV (k) = =0 (0, 0B + v\ (0. k)BY, (70a)
(1)
By (ko) () . (1)
OB (w,k)sin@ — v’ (w, k) cos O
) l—uAvx (a) k) (70b)

Cw+k ud  cosd

where the prime () is hidden to avoid mess. The expression
(1) :

for Ey "’ results in

o 1-u3 BO o)

(1) (1)
E, (k,w)=—|By’ (k, +
v (ko) (k, ) X ”i

71
cosG (71)

Using the Laplace transformation in the z — ¢ space, we
have
|

—ﬁ)]}_y(

=/ 5ol k),

h. (1 = pus)*(1 = puy)?

p (69b)

Eﬁl)(z, t)=-— [chl)(z, 1)

1-uj B _1{ ®

2 lkar}] o2

2
uy cosd

Defining @,(Cl)(z, t)=LHo/(ow+ k)v,(vl)(k, )} and
returning the prime (’), we obtain

1 1 - Lt B(())/
B an) == ) 4t
A

(2, t)] . (73)

Now, returning to the expression B, = y[B,’ — pE,'| and

using Eq. (73), we find

(1) G0, B 1-ui (0) (1)1
B, <z,t>—y[3 R s L C r>]

(74)

Finally, using Eqs. (70b) and (73) in the Fourier space,
we obtain the perturbed magnetic field for the MSW as

B)(cl)(k, W) =—

277 (up = ug)[(uy + ug) (1+ 52) = 2B(1 + ugu,)]

[B(k, w) + (k, ®)]. (75)
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The expressions for E(k,w) and II(k,w) are in the
Appendix. The term E(k, ) becomes relevant when the
GW propagates perpendicular to the background magnetic
field (0 = z/2). For this condition, the term II(k,w)
becomes less relevant. The opposite occurs when 6 = 0.

The components of the perturbed electric field stay

EW = (0, E;D, 0), where the expression for EQ) is

BV (ko) = 1[E (k) - pB (K, 0)].  (76)

The directions of the perturbed electromagnetic field
components remain the same as shown in Fig. 3. We only
added the term B)((l)/ in the y-component of the perturbed
electric field.

The mechanical pressure and the current density in the
rest frame are, respectively, given by

kugy(1 = puy)

) (k. @) = 1 Tp©@y2p) (k 77
Pk @) =~ =P pVrtv:(k,w)  (77a)
o2 Tp©
(1 oy~ I'p™
j§~)(k,w): PROm vj(c)( , o). (77b)
z s

For  — 0, Egs. (75), (76), and (77) return to the proper
frame.

According to Eq. (56), with ¢; < ¢, the fast MSW phase
velocity uy — ¢ and the slow MSW phase velocity u; — 0.
These results are independent of 6. Therefore, the fast
MSW mode is more efficient than the slow MSW mode for

interacting coherently with the GWs. While the binary stars

coalesce, the perturbed magnetic field B)(cl) increases with

the resonant interaction, and so the toroidal magnetic field
component also increases.

The electric field produces a current density in the
y-direction. In the last topic above, we show that jg)
increases with the inspiral phase. Thereby, in the x-y plane,
arises a current density responsible for producing a mag-
netic field component in the z-direction. This new magnetic
component is parallel to the poloidal background magnetic
field of the compact binaries. This behavior is also found
in [64,96].

From now on, we return to the international system
of units (SI) with the necessary changes in the MHD
equations. The main replacement rules for translating

the equations from Gaussian to SI are: E— \/471’6'0E,

(p,j') - 1/\/4ﬂ€0(p,7), and B — 471/,u0§.

IV. STORED ENERGY BY THE COUPLING

In this section we will assess how the energy is trans-
ferred from GWs to EMWs during the inspiral phase down
to the merger. The NSs produce a wind composed by
electron-positron pairs and also a plasma satisfying the

ideal MHD theory. This plasma is filling in the space up to
large distances.

We estimate the magnitude of the MHD energy modes
excited by the amplitudes of the GWs and including the
evolution of the perturbed magnetic field and of the plasma
velocities. The stars have an initial magnetic field, in the
comoving frame, that is anchored in the polar caps of each
star. It evolves as a dipole, thatis, B(r) = B, (R, /r)*, where
B, and R, are parameters on the surface of the stars [97-99].

The NSs orbit each other with their magnetic fields. The
maximum of the magnetic field of the system remains
nearly constant up to ~3 ms before the merger (see, e.g.,
[64]). However, it decreases with the distance as a magnetic
dipole [96].

We consider that the magnetic dipole moments
(u = B,R3) are aligned with the orbital angular momentum
during the evolution of the system. In [59], the authors
consider three different configurations of the magnetic
moments with respect to the orbital angular momentum.
The configurations are parallel, antiparallel with the same
moments y, and parallel with different magnetic moments
(in this last case, y; = 100u,). The authors find that the
antiparallel case is significantly more radiative than the
other cases, especially in the late stage of the coalescence.

The accelerated motion of the NSs induces a wind that is
corotating with the stars. In the MHD approximation, the
plasma is frozen in the magnetic field lines and is forced to
high velocities. The radius at which the tangential linear
velocity is equal to c is the light cylinder radius given by
Ric = ¢/Q[99,100], being Q the orbital frequency of the
system. The magnetosphere of the BNSs extends up to Ry ¢,
and for greater distances the wind is free of forces.

The morphology of the wind is determined by the
magnetic field geometry, since the charged particles are
frozen in the magnetic field lines. The charged matter
density is calculated by the Goldreich-Julian density [80]:

2¢p = =
ngy = FTQ - B, (78)

where ¢, is the vacuum permittivity, e is the elementary
charge, and B corresponds to the background magnetic
field.

For the canonical binary system close to the merger, we
have Q = fgw/2 = 750 Hz. Considering B = 10® T, we
have ngy ~ 10" m~3. Far from the stars, the magnetic field
lines start to open and the particles flow out, unbalancing
the Goldreich-Julian density. As a result, a strong electric
field appears to the longitudinal direction and the “primary”
charged particles can flow out from the star surface with
high Lorentz factor (y, ~ 107).

Due to the geometry of the magnetic field lines and
to the inverse Compton scattering [101,102], a cascade
effect is created. As a consequence, “secondary” e® pairs
are produced with typical density n, = Mn,, where M is
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the so-called “multiplicity factor”. By the energy conserva-
tion, the Lorentz factor of the “second” particle generation is
Ys = ¥p/M and it can reach values y, ~ 10% [103].

Based on the above discussion, the morphology of the
BNS magnetosphere is determined by the dipolar magnetic
field and it extends up to the light cylinder radius. Thus, the
GWs generated by the stars during coalescence excite the
plasma. As a consequence, electric currents are generated.

The plasma perturbation produces the MHD modes and
the GW-EMW interaction in the vacuum, or in a medium, is
more efficient when the phase velocities of the waves (GWs
and EMWs) are in coherence. We calculate the electro-
magnetic energy excited by the interaction using Parseval’s
Theorem. The electromagnetic field stores a quantity of
energy which can be calculated as [92]

= >0
we — [ BOF 5 [ 1B

&k, 79
g% 2Ho ne  2Ho 79)

where pq is the vacuum permeability and the magnetic
field spectral density is evaluated over the entire frequency
region R;.

For the Alfvén mode, the perturbed magnetic field in the
frequency domain, see Eq. (66), and in units of SI is

hx(wGW)B/(\CO)C @ + kzu'%‘u

(1)
By (k,w) = .
y ( 750) 2(1 _ﬂuAH/C) @? — 162%2‘H

(80)

Thus, the integral in Eq. (79) can be calculated by
considering a wave number sphere of radius in the range
[0,k]. The volume element in the frequency domain is
d*k = 4zk?>dk and we have for the electromagnetic energy
of the Alfvén wave the following result:

02
Wy =]y B () 1
2#0(1—ﬂ14AH/C)2 Uy, 3

Observe that the electromagnetic energy of the GW-
EMW interaction depends on the following physical
parameters: the GW amplitudes, the GW-EMW frequen-
cies, the background magnetic field vector, the Alfvén
phase velocity, and the f factor in the rest frame. See that
is the sum of the velocity of the stars with the velocity of the
perturbed plasma.

For the magnetosonic mode, we need to simplify the
expression of the perturbed magnetic field [see Eq. (75)].
|

h, B w

(1-5)

2 2 2 6 3
e <2+ 2 )— - tanh—‘<“”ﬂ>}‘. (81)
O)AW w _a)AW W AW w

|
Consider the phase velocities u;, [see Eq. (58)] in the
ultrarelativistic limit, where u, — c. As discussed previ-
ously, the phase velocity of the slow magnetosonic mode is
ug; — 0. On the other hand, the fast magnetosonic mode
can be in coherence with the GWs, where u7 ~ uj, when
¢y X C.

Taking u, = u, cos(¢) and u,, = u, sin(), we obtain
to the perturbed magnetic field in the frequency domain

BQ) ~

2¢(1 = p)y* (KPuz — @) (fup + up = 2Bc)[fe — uy cos(0)]*[c — fuy cos(0)]?

x {(1 = B)pyw cos(8)(c? — u3)(uy — pc)ug — uy cos(0)][(F* + 1)cuy[cos(0) + 1] — 28[u’ cos(0) + 2]

— sin(0) 282> {r*kua(c = Buy)[fe — uy cos(9)]* + w(uy — fc)[y*[c — Pua cos(0))* — uj sin*(0)]}

+ c[Be — uy cos(0)* {kus(c — Pus)[r*[Be — us cos(0)]* + uj sin®(0)] + y*@(us — fc)(c = fuy cos(O)*}}.  (82)

By doing 8 = x/2 in Eq. (82), we retrieve the equation for the magnetosonic mode seen earlier in which the propagation
of the GWs is perpendicular to the background magnetic field. So, for & = z/2 we obtain

h, B )

(1—puy/c)

BV (k,w) =

2(8 = eyt (@* = Pug) (Bua + uy — 2pc)

x {3¢%y? [—uy (FPck + w) + BPkub + Pew] + u? [us (Bhuy + 20) — c(kuy + 2pw)]}. (83)

Integrating Eq. (82) over all frequency space k*>dk, we obtain the electromagnetic energy excited by GW-fast MSW

interaction. This result is
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B) ﬂ'l’l%rB)(CO)z a)2

(1-§)*(B+1)*[4cos(6) — p>cos(20) + 5> 8]

(
W -
MSW 32uguy (0*— a)fwsw)

X

where we used y = 1/(1 — p*)"/? and oysw = ku.
For energy functions on real domains, we verify that the

terms 1/(a)(2AW’MSW>—a)2), tanh™" (w(awmsw)/@), and

log(w%AW,MSW) — ?) go to infinity when the GWs and

the AWs have the same frequency waw msw) — @ — 0.
The wave interactions are most efficient when they are in
coherence (resonant) [73,74,78]. Therefore, we will do the
analysis taking into account the condition @(aw msw) —
@ = Aw — 0 during the inspiral phase of the system.
Concerning to the 8 angle, if 8 — 0, then both the
perturbed magnetic field and the perturbed electromagnetic
energy vanish. This result is expected because when the
background magnetic field is parallel to the GW propaga-
tion, there is no coupling between GWs and EMWs. In this

RN
case, the GW propagates in the same direction of B(”) and so
no electrical currentis produced in the plasma [73,74,78,95].

In order to apply our formalism, we consider two
cases for calculating the electromagnetic energy: the
simulations developed by [64] and the event GW170817
[104] where, with our results, a comparison can be made
with its electromagnetic counterpart, that is, the associated
GRB170817A [105].

Table I shows a short summary on the initial conditions
of the simulations developed by [64] and the physical
parameters inferred from the detection of GW170817. It
has been also included in the Table the initial conditions
that we apply to the equations of our formalism developed
in Sec. II.

We consider that the magnetic field on the surface of
the stars associated with GW170817 was 10% T. This is

TABLE 1. The initial conditions based on the simulations
developed by [64] and the source GW170817 [104]. The values
for the parameters Ry, 79, fow,, and fow(r =2 ms) are the
initial conditions obtained from our model.

Physical parameter Simulation GW170817
Total Mass 3.0 Mg 2773 Mg
Chirp Mass 1.31 Mg 1.186 M,
B, 108 T 108 T
Individual Radius 1.36 x 10* m 1.36 x 10* m
Ry 1.592 x 10° m 1.543 x 10° m
70 1.926 s 2259 s
f6Wiseo 1.465 kHz 1.610 kHz
fow(r =2 ms) 1.314 kHz 1.395 kHz

w
{4w13\45w —6wpsw@” +0(@” — sy ) | —710g(@psw — @) +7log(wysw + @) — 8tanh ™! <—1\2)SW) ] }

(1—=ucos(0)/c)*

, (84)

|
considered a realistic value for NSs [59,96,98]. For the
equatorial radius of the NSs, we use 1.36 x 10* m [64,98].

Our strategy consists, firstly, of using the results of the
simulations developed by [64] to “calibrate” the discrete
inverse Fourier transform to be applied for our GRMHD
equations. This allows us to obtain parameters such as, for
example, the Alfvén velocity value that better reproduces
the characteristics of these simulations. This procedure will
allow, in the next step, to apply our formalism to the source
GW170817. In the case of the Alfvén velocity, the
comparison with [64] shows that u, ~0.2c.

It is important at this point to highlight some aspects of
these simulations. The initial conditions used by [64]
correspond to an initial separation of 4.5 x 10* m between
the stars (distance measured between the centers of the two
stars). The stars quickly lose angular momentum through
the emission of GWs and after 8 ms of evolution a
hypermassive NS (HMNS) is formed. After ~ms, the
HMNS loses angular momentum by collapsing to form a
black hole with mass of ~2.9 M.

Regarding our model, we take the frequency of 100 Hz as
the initial one. This allows us to obtain 7, = 1.926 s and
Ry = 1.592 x 10° m as indicated in Table I. When 7 =
2 ms the GW frequency reaches the value 1.314 kHz while
at ISCO the frequency reaches 1.465 kHz. The emission of
GWs causes the orbit to shrink until the NSs make contact,
consequently the light cylinder radius decreases (see Fig. 4).

In the limit of quasicircular orbit, we consider the
inspiral phase until to reach the ISCO at ¢ = 1.4 ms before
the merger. The simulations in [64] show that the MHD
energy and the toroidal magnetic field have significant

Ric(m)

15%10° |

1.0x10° |

500000 |

f [Hz]

10‘0 30‘0 50‘0 70‘0 90‘0 1160 1314:.93 146.’;.49
FIG. 4. The evolution of the light cylinder radius as a function
of fgw. We consider the inspiral phase from 100 Hz to
1465.49 Hz (BNSs at ISCO frequency).
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FIG.5. The evolution of v, /¢ as a function of fgw. It describes
a part of the f parameter in the Lorentz transformation. The other
part is the perturbed plasma velocity that comes from the
interaction GW-EMW.

values when 7 <2 ms to the merger (see Fig. 2 of these
authors).

The stars reach high velocities before the merger. The
value of v, can be obtained from Eq. (11) and its relation
with the GW frequency is shown in Fig. 5. Note that v, is
part of the f parameter in the Lorentz factor. We need to add
the perturbed plasma velocity by GW-EMW interaction
with », in order to obtain f.

The amplitude and frequency of the GWs increase as the
inspiral phase evolves. In Fig. 6, we present the i, and h,
polarizations in the time domain and as functions of the
frequency fgw- In Fig. 7, we show how the GW amplitudes
evolve in the frequency domain. The region of interaction
for the characterization of the GWs is described by the light
cylinder of the system. The ordinate axis in Fig. 7
represents the amplitude density or a histogram of the
amplitude over the associated frequencies.

We calculate the physical quantities in the frequency
domain as the equations are more easily worked out in that

300 500 700 900 1100 1314.93 1465.49

100
0.0010 0.0010

0.0005 |

< 0.0000

-0.0005 -0.0005

L -0.0010
1314.93 1465.49

-0.0010 n
100 1100

900

30‘0 50‘0 70‘0
f[Hz]

FIG. 6. The evolution of the GW amplitudes (2, and h,) as

functions of fgw and in the time domain. The waveforms are

calculated on discrete form (see [88]). The red thin line represents

the x-polarization while the blue thick line represents the +-

polarization.

100 300 500 700 900 1100 1314.93 1465.49
h+
0.005 | ” T hx J0.005
E 0000 m />\ 0.000
)
2 \W W
-0.005 | h 4-0.005
100 30‘0 50‘0 70‘0 90‘0 1160 1314‘.93 1465.49
f[Hz]
FIG. 7. The evolution of the GW amplitudes as functions of

fow and in the frequency domain. The red thin line represents
the Xx-polarization while the blue thick line represents the
+-polarization.

domain. Then, we apply the discrete inverse Fourier
transform to obtain the physical quantities in the time
domain. Thereby, the expressions in Sec. III are considered
as discrete functions in relation to the wave frequencies.

The expressions are numerically calculated in the range
of 100 Hz to fgw,., and in steps of 0.5 Hz in frequency.
Numerical tests show that this frequency step is adequate to
show the behaviors of the functions. The quantities of
interest depend on the GW-EMW frequency as well as the
resonant term given by wypp — @gw = Aw — 0. We use
Aw = 107" Hz as a resonance condition between the
waves. Numerical tests show that this value is adequate
to represent the condition Aw — 0.

The gravitational radiation propagates through the mag-
netized plasma and the charged particle trajectories are
perturbed. According to equations in Sec. III, the plasma
velocity increases with the GW amplitude (see Fig. 8).
Moreover the plasma is frozen in the magnetic field lines
and it is in corotation with the stars.

15%10°% |

1.0x10% |

5.0x107 [

Vz [m/s]
o

-5.0x107 |

-1.0x10° |

-15x10% |

1 21‘)0 1 314‘.93
f[Hz]

FIG. 8. The evolution of the perturbed plasma velocity (vgl)) as
a function of fgw. The plot is shown from the frequency of 1 kHz
as the interaction becomes more significant for fgw > 1.314 Hz.,
that is, 2 ms before the merger.
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The total plasma velocity in the laboratory frame is given
by vg ) + v, where v is defined in Eq. (11). In Fig. 9, we can
see the evolution of the f parameter during the inspi-
ral phase.

Instants before the merger, the plasma reaches velocity
close to the speed of light and so the Lorentz factor goes to
high values. We consider 6 = n/4 for the angle formed
between the background magnetic field and the GW
propagation. The phase velocity u, (fast MSW) does not
depend on the 0 angle. Additionally, the value /4 is the
one that best matches the results obtained by [64].

From Figs. 8 and 9 it is possible to verify that the GW-
EMW interaction becomes more prevalent for frequencies
fow > 1.314 kHz, which correspond to 7 = 2 ms before
the merger of the stars occurs. This result can be seen
through the simulations developed by [64].

For the Alfvén mode there is also the component

<1)(k w) for the perturbed plasma velocity. Considering
= /4, the value for vy (k ®) is slightly higher than
Z (k, o) (see Fig. 10). This happens because the last one

1200 1314.93 1465.49
1.0 : . 1.0
05L 0.5
« 0.0 Y Vl\vl\vl\vl\vl\v’\vl\vﬂvl\uﬂvfl 0.0
-05| -0.5
-1.0 L L 1-1.0
1200 1314.93 1465.49

f[Hz]
FIG. 9. The evolution of f in the rest frame as a function of
fow- The star velocities and the perturbed plasma velocity due to

the GW-EMW interaction are considered in the f parameter.

1465.49

1200 1314.93
T T

3x108

2x10%

1x108

Vy [mis]

-1x108

-2x10% |

-3x10°%

. J_ 8
1314.93 146545 <10

f[Hz]

FIG. 10. The evolution of the perturbed plasma velocity in the

y-direction as a function of fgw. The v'(vl)

the vgl).

waveform is similar to

is proportional to sin?(6) while the first one is proportional
to sin(6).

The composition of the perturbed velocity components
can not exceed the speed of light. In Fig. 5, the maximum
velocity due to the corotation of the stars is 1.18 x
108 ms™! (~0.395¢). Thus the maximum velocity due to
GW-EMW interaction can not exceed 1.8 x 108 ms™!
(=~0.6¢). These limits are respected in our model.

The simulations developed by [64] show that the
maximum of the magnetic field in its poloidal and toroidal
components increases significantly around 2 ms before the
merger occurs. In particular, the maximum of the poloidal
component increases by a factor of ~3 while the maximum
of the toroidal component of the magnetic field, insignifi-
cant at the beginning of the inspiral phase, increases by a
factor of ~10 for the merger. That is, the toroidal compo-
nent increases from 10% T to 10° T during the last 2 ms for
the merger. In the case of our model, this corresponds to
sweep the band at a frequency of 1.314 kHz (zr = 2 ms) to
1.465 kHz (ISCO).

In our model it is possible to see this effect in two
different ways: either the magnetic field increases directly
or the current densities are respon31ble for amplif %/mg the
magnetic field. In the first case, B\ )(k, w) and By’ (k, ®)
are components of the toroidal magnetic field and they can
reach high values at the coalescence. In the second case,
jECl)(k, ) and j§,1)(k, w) produce a magnetic field in the z-
direction which is the poloidal component while jgl), that
lies in the x-y plane, corresponds to the toroidal component.

See Eqgs. (68) and (77). The current density j§,l) x v,((l) / B§°>
where B§°> =B®cos() and v,(c1> (k,w) x 1/tan(0). Thereby,
iV o« (BOsin(0))"! and it increases when 0 — 0.

Additionally, see through Eqgs. (69) that vx

the value of vg)

()

component v;

depends on
. Close to the merger both y and the

reach high values (see also Fig. 8). All of

these combinations can increase the value of jy)

coalescence of the stars.
The current density jil)(k,a)) has two strong depend-
encies. The first relates to the term (1 —ﬂuAH)z/ (uAH -

close to the

B)* — 1 which decreases as f3 increases. Note that in the
ultrarelativistic regime, we have  — 1 and that term is
approaching zero. The second is associated with y and the

and By) which can reach high
values during the merger and, thus, j)(cl)
final stages of evolution of the system.

In summary, the current densities acting on the x-y plane
can contribute to the increase in the value of the poloidal
magnetic field. However, [64] show that the growth of this
component is not as significant until the merger of the stars
occurs. After the merger, and until the collapse of the
HMNS produces a black hole, the initial magnetic field

electromagnetic fields E,(Cl)
can increase in the
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grows as a result of the Kelvin-Helmholtz instability
[106,107].

On the other hand, the toroidal magnetic field grows
significantly during the coalescence. It is produced through
the quantities jg”(k, o), Bg)(k, o), and B§~1)(k, o). Note
that jgl) increases proportionally to the perturbed electric
field Egl) which in turn is proportional to the perturbed

velocity ot (k, ). Moreover, this current density gets very
high close to the merger where f — 1.

The evolution of the maximum for the perturbed mag-
netic fields B,(cl) and B§,l) is shown in Fig. 11. We can see
that these magnetic components increase along the inspiral
phase growing from 10® T up to 10° T in less than 2 ms.
This behavior is similar to that obtained by [64]. Figure 11
is shown for 8 = z/4.

While the NSs orbit each other, gravitational radiation is
emitted and it crosses in the magnetized medium that
surrounds the stars. The plasma is frozen in the magnetic
field lines and it extends up to the light cylinder radius (~10
times the orbital radius).

1200 1314.93 1465.49

2x10°

1x10°

Bx[T]

-1x10° |

-2x10° |

1200 1314.93

1465.49
f[Hz]

1200 1314.93 1465.49
1.5%10° T r n1.5%10°
1.0%x10° | 11.0x10°
5.0x10° | 5.0x10°

[ [} [}
>
0
-5.0x10° | -5.0x10°
-1.0x10° | H-1.0x10°
9 L " " 9
-15%10 1200 1314.93 Tag5.49-2%10
f[Hz]
FIG. 11. The evolution of the maximum for the perturbed

magnetic fields as function of fgw. The upper panel shows the
B,(Cl) amplitude for the magnetosonic mode. The lower panel
shows the B.(yl) amplitude for the Alfvén mode. We consider 6§ =
z/4 on both panels. The evolution of these magnetic field

components, especially in the last 2 ms of the inspiral phase,
are similar to those obtained from the simulations of [64].

The particles of the plasma are submitted for forces that
change their trajectories. Thus, the GWs can excite the
plasma parameters by transferring energy through that
excitation. Equations (81) and (84), written in the fre-
quency domain, determine the energy for the MHD modes,
respectively, AW and MSW, excited by the GWs.

Considering that the GW propagation direction does an
angle @ = /4 with the background magnetic field then, we
can determine the energy transferred for the plasma during
the inspiral phase (from 100 Hz up to 1465 Hz). Figure 12
presents the results for AW and MSW modes.

Note that the energy magnitudes obtained from Eqgs. (81)
and (84) are similar to those found in the simulations of
[64]. Furthermore, the electromagnetic energy increases
between two and three orders of magnitude during the last
2 ms (~1200-1465 Hz) of the inspiral phase, a result that
can be also seen in the full GRMHD simulation developed
by [64]. As we choose § = /4, the electromagnetic energy
is not the maximum, because of the term sin?(6) in the
energy equation.

W [J]

1035 L

10%4 |

1033 |

1032 |

Y
1031 N\,

1
120 1314.93 1

FIG. 12. The evolution of the electromagnetic energy excited by
the GW-EMW interaction as function of fgyw. The red dashed curve
represents the energy transferred to the magnetosonic mode
through the GWs. The blue curve represents the energy transferred
to the Alfvén mode through the GWs. The results presented here
are similar to those found in the full GRMHD simulations
developed by [64]. We consider 6 = n/4 (see the text).
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However, for 6 = n/4, we can see the behavior of the
Alfvén mode in Fig. 12. Although this mode is not fully in
coherence with the GWs, we have for the Alfvén phase
velocity uy = u, cos(6) ~ 0.7c and this can be understood

as “an approximated condition of coherence for the GW-
AW interaction”.

If we choose 6 — 7/2, then only the magnetosonic mode

Figure 14 presents the evolution of the energy (AW and
MSW modes) and considering & = z/4. The coalescence
frequency for GW170817 is higher than the first case
studied in this work. However, the evolutions of the two
cases are very similar. The energy transferred to the plasma
begins to significantly increase in the last 2 ms for the
merger. In particular, close to ISCO, the transferred energy

can be considered in the GW-EMW resonant interaction.
The Alfvén phase velocity vanishes and this MHD mode is
not more in coherence with the GWs. We expect that the
maximum for the perturbed magnetic field and, therefore,
the maximum transfer of energy to occur under resonant
conditions. That is, with the waves in coherence.

Applying 6 = /2 in Eq. (84), we verify that the
GW-EMW interaction, very close to ISCO, produces
~4.5x10% ] (~4.5 x 10* erg) for the MSW mode. This
result is presented in Fig. 13.

Based on the previous discussions, we are in a position to
take the properties of the source GW170817 [104], sum-
marized in Table I, in order to calculate, through our model,
the energy transferred by the GW-EMW interaction.

w
5x10% -

4x10% |

3x10% |

2x10% |

1x10% |

f [Hz]

L e L _— L _LL
100 300 500 700 900 1314.93 1465.49

11‘0_0
FIG. 13. The evolution of the perturbed electromagnetic energy
for the MSW mode as a function of fgw. The background
magnetic field is perpendicular to the GW propagation direction,
that is @ = /2. The energy is maximum very close to ISCO and
can reach ~4.5x 10% J (~4.5 x 10* erg). The MSW mode
remains in coherence with the GWs for a wide range of values of
the 6 angle. In the particular case, @ = z/2, we have the
maximum amplitude for the excitation of the electromagnetic
energy by the MSW mode.

reaches its maximum value.

Considering that the NSs of the event GW170817 had
magnetic fields on their surfaces ~10® T at the beginning of
the inspiral phase, and, with € = z/2, then the energy
associated with the magnetosonic mode could reach values
as high as 1.4 x 10% J (1.4 x 10 erg) before the merger.
In Fig. 15 we show the behavior of the energy as a function
of the GW frequency.

The resonant condition for the Alfvén mode occurs
to @ = 0. According to the behavior of the MHD energies
presented in this section, the energy of the Alfvén mode
has amplitude higher than the magnetosonic mode for
0 =rn/4

As previously discussed, this value for the € angle does
not cause the GW-AW interaction to be in perfect coherence

W [J]

10% |

103 |
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n ,' A "““
1
. RYER AR
no1oA ! 1
AR !
Y \
L \
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\ \
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\l \l |I
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\
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103t L2 ' f [Hz]
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FIG. 14. The evolution of the electromagnetic energy excited
by the GW-EMW interaction for the source GW 170817 detected
by aLIGO-VIRGO [104]. The red dashed curve represents the
energy transferred to the magnetosonic mode through the GWs.
The blue curve represents the energy transferred to the Alfvén
mode through the GWs. We consider 8 = /4 (see the text).
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(resonance). Nevertheless, seeing that the Alfvén phase
velocity is Uy, ~0.7¢, then we consider 6 = n/4 as “an

approximated condition of coherence” for the representa-

tion of the AW mode energy.
Through the behavior of the electromagnetic energy
excited by the MHD modes, as shown in Fig. 14, we can
|

obtain the representation of the Wl(\l/[gS)W and ng\l, functions

through a power series of the GW frequency (or in terms of
the system’s orbital frequency, since fow = 2f omitar)- Lhat
is, we can represent W o f%, and the result of that analysis
produces

W, = —0.338085f11 + 5315.8210 — 3.6113 x 107f° + 1.38831 x 10'1f8 — 3.32265 x 1047 + 5.13136 x 10!7 £
—5.12839 x 1020f5 1+ 3.23774 x 1023 £+ — 1.22143 x 10263 4 2.48183 x 1028 f2 — 2.23765 x 10 f

+6.56468 x 103!,

and

(85)

W&, = —0.0579517f12 4 1006.29f11 — 7.6465 x 10910 4 334092 x 10109 — 9.27454 x 10138 4 1.70623 x 10'7 f7
—2.10551 x 1020£0 4 1.72578 x 1025 — 9.10102 x 10% f* 4+ 2.90493 x 1028 f3 — 5.02533 x 1030 f2

+3.79387 x 10°2f — 7.20951 x 1033,

In [59] full GRMHD simulations of NS binaries are
presented. One of their results shows the behavior of the
luminosities as functions of time. For the simulated

wJ]
1.50x10%

1.25x10% |

1.00x10% |

7.50%10% |

5.00%10% [

2.50%10% |

0 f [Hz]

1395.92 1610.43

100 300 500 700 900 1100

FIG. 15. The evolution of the perturbed electromagnetic energy
for the MSW mode as function of fgw and associated with the
source GW170817. The background magnetic field is perpendicular
to the GW propagation direction (8 = z/2). The energy is maxi-
mum close to ISCO and canreach ~1.4 x 1030 J(~1.4 x 10® erg).

(86)

I
systems, the luminosity can be represented in terms of
powers of the orbital frequency of the binary system.

In particular, considering that the magnetic field on the
surface of stars remains constant during evolution, [59]
shows that L « Q. Looking at the simulations of those
authors that present a magnetic configuration similar to that
of our work, we can see that they present p =~ 1-2 for the
beginning of the inspiral phase.

In the final moments for the merger the growth of
luminosity is of the form p ~ 12. As luminosity and energy
are directly proportional quantities, the expansion in power
series expressed in our work through Egs. (85) and (86)
show consistency with the simulations of [59].

V. REFRACTIVE INDEX

Uniform plane waves, w, can only propagate in plasmas

with frequencies, ,,, such as @ > w, = \/N,e*/(eym,).
Otherwise, it occurs in the total reflection of the wave [108]
within the domain of the binary system. A natural example
is the interplay region formed between the interplanetary
medium and Earth’s ionosphere, although the electron
density in the ionosphere increases gradually with the
height. Reflections occur when o < w,,.

The coefficients of reflection (R) and transmission (7)
are given, respectively, by

W —a)%,—a)
R:#, (873)

\/ @ -0, +o

2\/w* — o,
T=——F—— . (87b)
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For w > w,, the values for R and T are real numbers

and the plane wave eilki=on) propagates through the

conductive layer. Otherwise, for ® < w,,, R is an imaginary
number and the wave does not propagate. It reflects in the
conducting layer.

Another way to evaluate the coefficients of reflection and
transmission is through the boundary condition of the
electrodynamics in the linear medium. Consider a plane
wave E;(z,1) = Eg e'**=) propagating in the 2-direction
and it strikes at the interface separating two mediums with
different refractive indexes (n;, n,). In terms of the
amplitude of the incident wave, the reflected and trans-
mitted wave amplitudes are

_(1-=¢
Eo, = (1+C>E°”
E, — (L)EO
T 1_’_4’ 1

where { = pn,/(uon,), py and u, are the permeability of
the medium 1 and 2, respectively.

Thus, the coefficients of reflection and transmission are
given, respectively, by

(88a)

(88b)

_ 2
R = (T) , (892)
ny T np
4”1”2
T=——"=. 89b
(ny + ny)? (89%)

R and T measure the fraction of the incident energy
that is reflected and transmitted, respectively. Note that
R+ T =1 [109]. Therefore, the goal is to find the
refractive index of the plasma medium through the
MHD waves that propagate in it.

First, we apply xB” in the momentum equation,
Eq. (39), substituting £V = —3() x B and using the

-

vector property A x (Bx C) = E(Z . 6‘) - 6‘(2 - B). Thus,

©) 5 0 = - 0 - )

w - 2
“ant g VP xBY =g B (00)
with

9 - - -

that is calculated from the pressure equation [Eq. (36)].
Then,

w© 52 - - o o
_?ﬁE“) — ]/p(o)v X V X E(l)
P =0 v 2030 _ 950 pop
+B(°>2 (BY-V)(V-E'")B :—EJ BY" (92)

with the analogue equations to the Ampere and Faraday
equations in Eq. (33). The term 8}/ Ot can be isolated:

62 . 62 N N N
<u,2,, —W>E(l> + {—S(ﬁA V)i - uﬁ,V} (V- ED)

2
Uy

0 - ~
=ui(5m+w]3), 93)

where u, = ¢cBO/(\/igwir) and u2, = c? + u3 are the
Alfvén and compressional velocities, respectively.

Applying the Fourier transform and remembering of the
expression for jp, then Eq. (93) can be algebraically
calculated for w/k, which is the velocity of the electro-
magnetic wave produced in the plasma through the GW.
That is,

®* —ku2, 0 - ED
®* —ku2, 0 0 (D
0 =K 0 R (uﬁl _ ;‘) EY
Uy
h
=u2BVko | -, |. (94)
0

Therefore, we note that the x-component of the electric
field depends on the i, GW polarization. On the other
hand, the $-component depends on the 4, GW polariza-
tion. From the equation of the Z-direction a relation for @
and k can be obtained. This results in

w CSMAH
—=+—. 95
k (95)

Uy

The velocities of the electromagnetic waves depends
on the plasma sound velocity, which normally does not
present high values when compared to the speed of light.
The refractive index is calculated as n = ck/w. Using

the previous results and taking c; = \/yp©) /wic, 1y =
BO¢/ . /uwg,, and Uy, = Uy COS 6, where 0 is the angle that

the gravitational wave vector does with the background
magnetic field, we have
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11
n=—
cgcos0
_ 1 Wrot
cos@\/ yp©

1 BOX 1
= (0) L= . 96
0089\/(M R )rp(‘” %6)

Thus, the refractive index depends on the plasma
parameters: mass density, pressure, and magnetic field.
This makes sense, since in a magnetized plasma system, the
density, the pressure, and the magnetic field are the
parameters responsible for its evolution. For the BNSs,
the magnetic field is high, so the refractive index has also to
be high.

In relation to the surrounding medium, the difference
from a more refringent medium to another less refringent is
that the former does not allow the perturbed electromag-
netic radiation to escape from the system.

To understand this result, we can take Eq. (89) with n,
representing the plasma and n, the surrounding medium.
As n; > n,, then we have R~ 1 and T — 0.

Through the equation w, = \/N,e*/(egm,), with the
Goldreich-Julian density ~10!> cm™ to the plasma sur-
rounding the binaries [98], the MHD wave would need to
have a higher frequency than 1 GHz to cross the
conducting layer. As the perturbed MHD wave is in
coherence with the GW frequency, so reaching values
~kHz, then it collides with the conducting layer being
totally reflected.

VI. THE POYNTING VECTOR

The energy flux density (energy per unit area and per unit
time) carried by the electromagnetic fields can be deter-
mined by the Poynting vector. It is given by

KU OIN-()) (97)
7

It can be calculated for the two MHD modes: Alfvén and
magnetosonic modes. The AW has an electric field in the
- )5)

direction. Thus, S is in the Z and X directions. In particular,

EV%and Egl)ﬁ directions. The magnetic field is in the B;l

. 1 .
Saw =1 BB, (98)

Substituting the expressions from Sec. 111, Egs. (65) and
(66), for the rest frame, we obtain

0)2

< 2 p(0)
SAW0<h><B (1)2—]{2’

(99)

since w/k = Cslig, /uy. Based on the above equation, the
transported energy depends strongly on the frequency and
amplitude of the GWs.

For the MSW mode, the electric field is in the E§,l)y
direction while the magnetic field is in the B)(Cl)fc direction. In
this case, the Poynting vector will be in the Z direction. That is,

. 1
Susw = _/;E§,1)B,((1>2. (100)

Using Eqgs. (69) and (75), we find the strong dependence
of the Poynting vector with the frequency and amplitude of
the GWs that interact with the plasma.

Electromagnetic fields transport energy and momentum.
When the light strikes a perfect absorber, it transmits its
momentum to the surface. Thus, the radiation pressure can
be obtained from the Poynting vector as

Pzgcx (R + 1), (101)
Hence, for the model discussed here with the significant

Poynting vector, especially at the instants close to the

merger, the radiation pressure can reach high values.

An interesting analysis of the Poynting vector consists to
find the plasma parameters that amplify or attenuate the
energy carried by the MHD modes. Thus, taking the first
derivative of the Poynting vector with respect to time, we have

ngl[ﬁgm « B 4 B Xﬁgm}
ot U

ot ot (102)

Substituting the expressions of BY and E(l), we obtain

(103)

The first two terms on the right-hand side correspond to
the Maxwell stress tensor [109]. The derivatives of the
Poynting vector and the Maxwell stress tensor are equal to
the force per unit of volume on the electrical charges in the
plasma. Therefore, the interaction of the GWs with the
electric and magnetic fields exerts the role of force acting
on the charges contained in a certain volume. This result
corroborates the assertion that the coupling of GWs with
magnetized plasma provides energy and momentum to the
charges of the plasma. Finally, if the derivative of S is zero,
which corresponds to the condition of maximum energy
transport, then the force applied on the charges should be
equal to the Maxwell stress tensor.

043004-22



MAGNETOHYDRODYNAMIC WAVES EXCITED BY A COUPLING ...

PHYS. REV. D 102, 043004 (2020)

VII. FINAL REMARKS

The main objective of this work is to present a semi-
analytical formalism, which allows to study the coupling
between GWs with strongly magnetized plasma presents in
BNS systems. With the detection of the first BNS merger
observed in GWs (GW170817) followed by electromag-
netic counterpart (GRB 170817A), the era of the multi-
messenger astronomy began.

Thus, it becomes important to develop not only
numerical simulations in full GRMHD but also to develop
semianalytical tools that allow exploring the space of
parameters, contributing to our understanding on the
physics of compact objects and the physical mechanisms
associated with the generation of sGRBs.

Our work has deepened previous studies developed
mainly in [65,69-72,75-78]. However, none of these works
presented the explicit mathematical calculations as we
developed in this article. Additionally, in these previous
works, the authors assume a delta function to calculate the
interaction and the transference of energy between the GWs
and the magnetized plasma of the binary system. We
present the expressions for the full coalescence phase
and discuss the consequences of this interaction.

We consider that the plasma is in the ideal MHD
approximation and can interact with the GW released by
the coalescence of the stars. While the NSs orbit each other,
the system releases gravitational radiation that crosses the
magnetized medium surrounding the stars. The plasma is
frozen in the magnetic field lines extending up to the light
cylinder radius (~10 times the orbital radius).

Plasma particles are forced by the /., and &, amplitudes to
change their trajectories and as a result the plasma is excited
by the propagation of the GWs. As a direct consequence of
the interaction with the GWs, two wave modes are excited in
the plasma. Initially, the set of equations is written in the
comoving frame but we need to study the consequences of
the coupling in the laboratory frame.

Once all of our formalism was developed and presented,
we apply it to two different cases: (a) for the computational
simulations in full GRMHD of [64] and (b) for the detected
event GW170817 [104]. For the first case, we calculated
the energies associated with the AW and MSW modes and
considering @ = z/4. It is important to emphasize that the
MSW mode remains in coherence with the GWs over a
wide range of € values while the AW mode remains in
coherence only for 6 = 0.

If 0 = r/4, the Alfvén phase velocity is ~0.7¢ and there
is no perfect GW-AW resonance. We denominate this as
“approximated condition of coherence” and it is permitted
to obtain an estimate of how the energy associated to
the AW mode behaves. For the MSW mode we also use
0 = x/2 which provides the maximum amplitude for the
excitation of the electromagnetic energy.

Concerning the case (a), we calculate the perturbed
quantities for the BNS and compare the results with the

simulations of [64]. We follow the system evolution with
our modeling from 100 Hz until the ISCO frequency of the
system. Figures 8, 10, and 11 show the evolution of the
main physical quantities.

We calculate the electromagnetic energy transferred by
the MHD modes for two angles (6 = z/4 and 6 = 7/2). As
discussed above, the magnetosonic mode remains in
coherence for both angles. However, the Alfvén mode is
only in coherence with the GWs when 6 — 0.

Figure 12 shows the electromagnetic energy excited when
0 = n/4. The Alfvén mode reachs ~10% J before merger,
while the magnetosonic mode reaches ~10°? J at the ISCO
frequency. However, for 0 = z/2, we consider only the
MSW mode and the electromagnetic energy is ~4.5 x 10°° J
for frequencies very close to ISCO (see Fig. 13).

We compare these results with those obtained by [64]
and, in general, our results (e.g, electromagnetic energy
modes and magnetic fields) have similar evolution, spe-
cially in the last 2 ms for the merger.

The second case study is related to the source GW 170817
detected by the LIGO-VIRGO collaboration [104]. The
main parameters are: 2.73 My for the total mass and
M, =1.186 M for the chirp mass. On the other hand,
we consider for each star B®) =108 Tand R, =1.36x 10*m
as typical parameters for, respectively, the magnetic field on
the star surfaces and for their radii [59,64]. Using our
formalism it is then possible to obtain fgw,., =~ 1610 Hz

which produces # = 0.035 fé/\?v

We find that the total stored energy in the plasma resulting
from coupling with the GWs can reach maximum value
~10%3 Jforthe MSWand ~10%° J forthe AW when 8 = 7 /4.
We show in Fig. 14 the behaviors of the energies of the MHD
modes with the frequency during the inspiral phase until the
ISCO frequency. For 6 = z/2 the MSW mode can store
~10%® J instants before the merger as can be seen in Fig. 15.

The magnetosonic mode is more efficient, since its
perturbation is perpendicular to the background magnetic
field as a compressional wave. This is the same condition to

an efficient coupling between the GWs and the plasma
—_—

waves. The shear wave excites parallel oscillations to B(°>,
reducing the stored energy.

The stored magnetic energy evolves with the GW
frequency. Thus, lower frequencies also contribute to store
the energy although the most important contribution occurs
for instants immediately before the merger, as can be seen
in Figs. 12 and 14.

The MHD waves can propagate through in the magnet-
ized plasma. Nevertheless, we need to assess whether
these waves can flow out of the region in which they
are generated. The important parameter in this case is the
refractive index. We show that this parameter depends on
the mass density, pressure and magnetic field, Eq. (96). For
the BNSs, the magnetic field is strong, so the refractive
index can reach huge values.
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On the other hand, the medium surrounding the plasma has
refractive index ~1. The difference from a more refringent
medium, that means the plasma around the BNS, to another
less refringent (the interstellar medium) is that the perturbed
electromagnetic radiation can not escape the system.

Uniform plane waves, @, can only propagate in plasmas

with frequencies such as o > w, = \/N,e*/(eym,).
Considering the Goldreich-Julian density ~10'> cm™ for
the plasma surrounding the binaries [98], the MHD waves
would need to reach frequencies higher than 1 GHz to be able
to cross the conducting layer of the plasma. Since the
perturbed MHD wave be in coherence with the GW fre-
quency, values <1 kHz, it collides with the conducting layer
being totally reflected and remaining confined in the system.

We show in Egs. (99) and (100) that the energy depends
strongly on the frequency and amplitude of the gravita-
tional perturbation. When a wave strikes a perfect absorber,
it transmits its momentum to the surface. Our calculations
show that the radiation pressure is P o (h + h%)w?.

During the coalescence, the frequency and amplitude
increase until they reach the highest values in the merger of
the system. Therefore, the radiation pressure also reaches
huge values. Theses characteristics are important to under-
stand the phenomenons that arise with BNSs, primarily, the
bursts and the high Lorentz Factor in the sGRBs.

Regarding the GRB 170817A, it was considered as
possibly being an sGRB due to its duration of (2 + 0.5) s.
However, the equivalent isotropic energy is (5.35 + 1.26) x
10%° J, which results in a value lower by three orders of
magnitude than the weakest SGRB known [105]. It is not
clear what the origin of this “weakness” is. However, some
authors have argued that the weak emission is consistent
with an off-axis viewing effect [110,111].

Our work shows that for @ = /2 the MSW mode could
reach energies ~10°° J. As this MHD mode remains in
coherence with the GWs for a wide range of values of 9, the
resonance condition between the GW-MHD is preserved.
The energies inferred for the event GW170817 could be
reached in our model if B, ~2 x 10° T. Even greater
energies could be obtained by increasing the initial mag-
netic field on the surface of the stars.

Another point to consider is that our formulation, in its
current state, allows us to consistently follow the evolution
of the system during the inspiral phase until very close to
the ISCO. The subsequent phase in which the formation of
HMNS occurs and the final collapse to form a black hole,
as shown in [64], are not followed in our model.

In particular, [64] argue that the magnetorotational
instability could be generated about 5 ms after the for-
mation of the black hole. Thus, a significant amplification
of the poloidal and toroidal magnetic fields can occur. This
can contribute to increasing the energy of the MHD modes
leading to values much higher than 10°° J.

We show that GWs can coherently excite MHD waves
that, in turn, carry energy and momentum. Therefore, the
GW-MHD coupling mechanism could become an impor-
tant player for studying the engine associated to the
generation of SGRBs.

Our results have consistency with the evolution of the
physical parameters shown in the full GRMHD simulations
of [64] and with the polynomial expressions to relate
energy with frequency as discussed in [59]. This can be
seen through our Egs. (85) and (86).

At last, the gravity participates as the fundamental force
to lead the coalescence of the stars in a binary system.
Furthermore, the GWs can be part of a more fundamental
mechanism to help produce the gamma-ray bursts and so to
accelerate the baryonic matter for high Lorentz factor.
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APPENDIX: TERMS E AND II OF THE
PERTURBED MAGNETIC FIELD

Equation (75) presents the perturbed magnetic field by
MSWs. The terms E and II are, respectively,

=l o) = 1350; {wz e {“’ T T {(”A A M;H
" _u];au; [‘” 1ui;ff (1 —kZZA 7 [(”A A u%”
i <f E Quf1227'f-_ﬁi1§2 | [wz = T [‘” e { 7 iiEuA >2} T
W o e My iﬁﬁlum} o ]} A
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